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ABSTRACT. By utilizing intermediate Gaussian approximations, this paper establishes asymptotic lin-
ear representations of nonparametric deconvolution estimators for the classical measurement error
model with repeated measurements. Our result is applied to derive confidence bands for the density
and distribution functions of the error-free variable of interest and to establish faster convergence rates
of the estimators than the ones obtained in the existing literature. Due to slower decay rates of the
linearization errors, however, our bootstrap counterparts for confidence bands need to be constructed

by subsamples.

1. INTRODUCTION

This paper establishes asymptotic linear representations of nonparametric deconvolution estimators
for the classical measurement error model, where repeated noisy measurements on the error-free variable
of interest are available. For this problem, a seminal work by Li and Vuong (1998, hereafter LV)
developed a nonparametric estimator for the densities of the error-free variable of interest and the
measurement errors, which are identified via Kotlarski’s (1967) identity. A large body of the existing
literature on nonparametric deconvolution methods (see Meister, 2009, for a review) requires perfect
knowledge of the measurement error distribution, which is hardly available in practice. In contrast, the
LV estimator circumvents such a requirement by utilizing information from repeated measurements.
Another attractive feature of the LV estimator is that it does not require prior information on the
shape of the measurement error density, such as symmetry (as in Delaigle, Hall and Meister, 2008) or
auxiliary data drawn from the measurement error densities (as in Neumann, 2007).

Given this background, there is growing interest in the LV estimator and related methods. LV derived
the uniform convergence rates for their estimators under bounded support conditions. Comte and
Kappus (2015) studied a regularized version the LV estimator and established the Lo-convergence rates
under weaker assumptions than the ones in LV, which allow unbounded data support. Bonhomme and
Robin (2010) considered a general latent multi-factor model, which covers the repeated measurements
model as a special case, and established the uniform convergence rate without assuming bounded
support. Kurisu and Otsu (2021) derived faster uniform convergence rates than LV and Bonhomme
and Robin (2010) under even weaker assumptions by utilizing a maximal inequality for the multivariate
normalized empirical characteristic function process.

It should be noted that the existing literature mostly focuses on characterizing convergence rates of
the LV-type estimators, and their further theoretical properties are largely unknown. For example, it is
not clear how to construct confidence bands for the densities of the error-free variable of interest and the
measurement errors based on those estimators. Also optimal convergence rates, adaptive bandwidth
selection methods, and limit theorems for functionals of the LV-type estimators are open questions in

this setup. A recent paper by Kato, Sasaki and Ura (2021) developed confidence bands for the densities
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in the repeated measurements model by exploring the implied moment conditions approximated by
Hermite polynomial sieves. In contrast, this paper constructs confidence bands based on the LV
estimator.

As an initial step toward filling this gap, this paper establishes (uniform) asymptotic linear approxi-
mations for the LV estimators for the densities of the error-free variable of interest and the measurement
errors. Due to complicated structures of the LV estimators, there are at least two reasons that make
our asymptotic analysis non-trivial. First, it is involving to characterize the empirical processes for
the dominant terms of the characteristic function estimators by using intermediate Gaussian approx-
imations (e.g., Chernozhukov, Chetverikov and Kato, 2016). Second, we need to apply intermediate
Gaussian approximations again for the (regularized) Fourier inversions to establish the asymptotic
linear forms for the resulting LV density estimators. To the best of our knowledge, our applications of
intermediate Gaussian approximations seem new in the studies of the LV-type estimators.

Our asymptotic linear approximations immediately yield several important implications. First, our
intermediate Gaussian approximation approach allows to derive faster uniform convergence rates than
the existing ones, such as LV, Bonhomme and Robin (2010), and Kurisu and Otsu (2021). Second, by
perturbing the obtained linear forms, we can develop Gaussian multiplier bootstrap confidence bands
for the density and cumulative distribution functions of the error-free variable and measurement errors.
Although this is the first paper establishing the confidence bands based on the LV estimators, a draw-
back of the proposed confidence bands is that our bootstrap counterparts need to be constructed based
on subsamples because of the slower decay rates of the linearization errors. Finally, our intermediate
Gaussian approximation approach provides bootstrap pointwise confidence intervals without knowing
the limiting distributions of the LV-type estimators. Also we conjecture our linear approximations can
serve as building blocks for further theoretical analyses on the LV-type estimators, such as optimal
convergence rates.

In the context of constructing confidence bands for nonparametric measurement error problems,
Bissantz et al. (2007) considered the case where the measurement error density is known to researchers,
and developed confidence bands by showing that the supremum deviation of the deconvolution kernel
density estimator converges in distribution to a Gumbel distribution. Kato and Sasaki (2018, 2019)
studied the case where the measurement error density is unknown but auxiliary observations from
the measurement error density are available so that the deconvolution kernel can be constructed by
plugging in the empirical characteristic function of the measurement error distribution based on the
auxiliary data. In this setup, Kato and Sasaki (2018, 2019) considered nonparametric density and
regression estimation problems, respectively, established Gaussian intermediate approximations to their
estimators with suitable normalizations, and proposed multiplier bootstrap confidence bands. Their
setup covers repeated measurement models when the measurement error density is typically symmetric
around zero (see also Delaigle, Hall and Meister, 2008). The major difference of the present work with
Kato and Sasaki (2018, 2019) is that we do not impose such a shape constraint on the measurement
error density and construct confidence bands based on the LV estimator, which takes a substantially
different form from Kato and Sasaki’s (2018) estimator so that theoretical developments are very
different from theirs. See Remark 2 below for a further detail.

We also note that several empirical studies indicate asymmetric shapes of measurement error den-

sities, which motivate the LV-type estimation methods. For example, Li, Perrigne and Vuong (2000)



and Krasnokutskaya (2011) applied the LV estimator to auction data and reported asymmetric density
estimates for the measurement errors. Bonhomme and Robin (2010) applied the LV-type estimator for
multi-factor models to study earning dynamics in the US. Although their estimated densities (for the
objects corresponding to the measurement error densities) are overall symmetric, such information on
the shape of densities is typically unavaiable a priori. In this case, the LV-type estimator would be
useful to motivate the symmetry or other shape restrictions on the measurement error densities and
to proceed to more efficient estimation methods, such as Kato and Sasaki (2018).

This paper is organized as follows. Section 2 presents our main results, asymptotic linear approx-
imations for the LV estimators. In Section 3, we discuss applications of our main results for refined
convergence rates of the LV estimators (Section 3.1), confidence bands of the density functions of
the error-free variable of interest and the measurement errors (Section 3.2), and confidence bands of
the cumulative distribution functions of the error-free variable of interest and the measurement errors
(Section 3.3).

Notation. Hereafter, we use the following notation. For any a,b € R, let a V b = max{a,b} and
a A'b = min{a,b}. For any positive sequences {a,} and {b,}, we write a,, < by, if there is a positive
constant C' independent of n such that a, < Cb, for all n, a, ~ b, if a, < b, and b, < a,, and
an <K by if a, /b, — 0 as n — oo. For random variables X and Y, we write X 4 Y if they have the

same distribution.

2. LINEARIZATION LEMMAS

2.1. Setup and estimators. We first introduce our basic setup and define the density deconvolution

estimators. Consider a bivariate i.i.d. sample {Y7 j, YQJ}?:I of (Y1,Y2) generated by

Y = X+e, (1)
}/2 = X+627

where (X, €1, €2) are unobservables. This setup is called the repeated measurements model, where X
is an error-free variable of interest, (€1, €2) are measurement errors for X, and (Y7,Y2) are repeated
noisy measurements on X. We are interested in estimating the densities of X, €1, and e3. For sake
of simplicity and clarity, we hereafter concentrate on the bivariate case. It is possible to extend our
method to the case where more than two noisy measurements on X are available.

Let i = v/—1. We impose the following assumptions on the model (1).

Assumption M. (€1, €2) are independent copies of a random variable €, X is independent of (€1, €2),
X and € have square integrable Lebesgue densities fx and f., respectively, the characteristic functions
ox(u) = E[e"X] and ¢ (u) = E[e%] vanish nowhere, E[e] =0, and E|Y1|* < co.

Although these assumptions are standard for the classical measurement error model (e.g., Comte
and Kappus, 2015), they are weaker than some existing papers on the repeated measurements model,
such as LV (which impose bounded supports of fx and f¢), Delaigle, Hall and Meister (2008) (which
require f. to be symmetric around zero), and Bonhomme and Robin (2010) (which require the existence
of the moment generating functions of Y;? and Y1Y3). See also Remark 2 below for a comparison with
Kato and Sasaki (2018, 2019). The condition Ele] = 0 is a normalization to identify the densities fx
and fe.



This paper develops uniform confidence bands for the densities fx and f.. To this end, we first
introduce the LV estimator for fx and f.. Define the characteristic function for the observables
(Y1,Y3) as

Y(ur, ug) = Bl — o (uy + ug)pe(ur)pe (un),
and let 1 (uy, up) = O (u1,un)/Ou; = iE[Y1e(1Y1+1u2Y2)] be its derivative with respect to the first
argument. Since F|Y;| < oo under Assumption M, Kotlarski’s identity gives us an explicit identification

formula of px, that is

By taking the sample counterpart, LV proposed to estlmate px by

)= exp [0y, @)
OUQ

where Qﬁ(ul, up) = %EJ 1 elu1Y1j+u2Yz ) and ¢1(u1,u2) = %2?21 Yl,jei(ulylvﬁ“?y?»ﬂ'). Also based on

the expression ¢¢(u) = 1(0,u)/@x(u), the characteristic function ¢, of € can be estimated by

. (0, w)
Pe(u) = = : 3
(u) ¢x (u) )
By taking the Fourier inversions with regularizations, the densities fx and f. can be estimated by
. 1 ot
fxt) = 5o [ e ex(ex () )
~ 1 BT
fe(t) = 2 ). U Ge(u)pr (hu)du,

respectively, where ¢ (u) is the Fourier transform of a kernel function K and h = h,, is a sequence of
positive numbers (bandwidths) such that h — 0 as n — co. We impose the following assumption on

the kernel function.

Assumption K. The kernel function K satisfies fR x)dx =1, f]R 2'K(z)dx =0 forl=1,...,p—1,

and [ |z|PK (z)dz < oo with a positive even mteger p. Also, its Fourier transform g satisfies

vr(u) =0 for any |u| > 1.

This assumption requires the kernel function K to be a p-th order kernel, and its construction
is typically done by specifying the Fourier transform ¢g. Let ( : R — R be an even function,
which is supported on [—1,1], (p + 2)-times continuously differentiable, and ¢(Y(0) = 1 for £ = 0
and 0 for £ = 1,...,p — 1. Then the function K(z fR e ¢ (u)du is real-valued and satisfies
|K(x)] = o(Jx|7P~2) as |z| — oo (which follows from a change of variables) so that (1 V |z|P)K is
integrable and

1 (=0,

/ 'K (x)de =i~¢9(0) =
R 0 £=1,...,p—1.

Since K is even, we have [, 2PK(z)dz = 0 for even p. Examples of ¢ include ¢(u) = (1 — u?)*I{u €
[—1,1]} for k > p+ 3, and

1 if |u| < ¢,
—bexp(—b/(|Ju|—co)? .
C(u) = exp{ be pglull’{(l‘)i <o) )} if ¢p < |u| <1,
0 if 1 < |ul,



for 0 < ¢ < 1 and b > 0. For the latter case, ¢ is infinitely differentiable with ¢ (0) = 0 for
all £ > 1, so that its inverse Fourier transform K, called a flat-top kernel, is of infinite order, i.e.,
Jg2*K(z)dx = 0 for all integers £ > 1 (McMurry and Politis, 2004). We also remark that the sinc
kernel K (z) = sin(z)/z is another example of an infinite-order kernel and its Fourier transform is given
by prc(u) = Hu € [-1, 1}

To study the asymptotic properties of the estimators in (4) and develop confidence bands for fx
and f., we split into two cases based on the density of fx, i.e., the ordinary smooth (Section 2.2)
and supersmooth (Section 2.3) cases. As we show below, the estimators in (4) exhibit rather different

asymptotic behaviors.

2.2. Ordinary smooth case. In this subsection, we consider the case where the densities fx and f.

are ordinary smooth. In particular, we impose the following assumption.

Assumption OS. For some constants By, Be > 1, Wy, We, Wiz, 0 >0, Cp > ¢ > 0, C1p > 12 > 0, and
Ce > ce >0, it holds
colul P <lJox(w)] < Colul ™ for all [u] > w,,

dlog vx (u)
du

celul P < pe(u)| < Celu[ P for all [u] > w,.

clgc|u]*‘S < ’ < C’M\u\*‘s for all |u| > w1y,

The conditions on ¢x and ¢, are common in the literature of nonparametric deconvolution (see,
e.g., Meister, 2009). The conditions 3, 8 > 1 are introduced to guarantee consistency of the density
estimators. Since the estimators of the characteristic functions in (2) and (3) are defined by the ratios
of the (regularized) empirical averages, we need to use the lower and upper bounds of the characteristic
functions to obtain suitable bounds of the stochastic and deterministic bias terms of the estimators. A
popular example of an ordinary smooth density is the Laplace density. However, it should be noted that
our assumption allows the (unknown) measurement error density fe to be asymmetric. The assumption
on dlog ¢x(u)/du is very mild. For example, Comte and Kappus (2015) assumed square integrability
of |dlog vx (u)/dul.

Our goal is to develop confidence bands for the densities fx and f. over a given compact set 7 based
on Gaussian approximations for the density estimators f x and fe. To this end, we first establish the

asymptotic linear representations for f x and fe.

Lemma 1. [Asymptotic linear forms of fX and fe for ordinary smooth case| Suppose Assumptions M,
K, and OS hold true.

(@): If

1 1 3 \/ n B 2561+3 v n - Zﬁm‘li’QBe h 1 ~33 13
5 2 — <h< 2Pat 2Bt
n~6(logn) logn (Tog 1)’ (nlogn)

then it holds

fx(t) = fx(t) = % > {Lx;(t) = E[Lxa1(t)]} + op(n~2h P2 (logn)~2),
=1



uniformly over t € T, where

i it u H,jeiuzyz’j
Lx;(t) = 27T/Re ox(u) { ; Mduz} o (hu)du. (5)
(ii): If
_1 3 n 28,73 n ~ 3725 B 1
n~6(logn)2 Vv <1ogn> \% <(logn)3> < h < (nlogn)™ 2pa+2Be+1

then it holds
fe(t) - fe(t) = %Z{Lg,j(t) — E[Lgl(t)]} + Op(n_%h_ﬁm_%ﬂog n)_%)’
j=1

uniformly over t € T, where
1 . iUYQ,]' u Y . i’U42Y27j
Tt { ‘ —pe(u) [ THT
256 ('LL) 0 ¢(07 u2)

Remark 1. In contrast to Lx ;(t), the term L ;(t) involves two components due to the influences

Lc;(t) = dug} oK (hu)du. (6)

21 Ji

from the denominator and numerator of ¢, in (3). The conditions on the bandwidth h are to control
for the bias terms (by the upper bounds) and stochastic errors (by the lower bounds). In particular,
the component n=s (log n)% in the lower bounds of h is to control errors for the Gaussian coupling by
Chernozhukov, Chetverikov and Kato (2016, Theorem 2.1).

Remark 2. Kato and Sasaki (2018, 2019) developed bootstrap confidence bands for the density and
regression functions of nonparametric measurement error models, respectively, for the case where the
measurement error density is unknown but auxiliary observations from the measurement error density

are available. Their method is applicable to the repeated measurements model in (1) as far as
€1 + €2 and €; — €2 have the same distribution, (7)

which basically requires symmetry of the distribution of €5 (given €1). In this scenario, the transformed
data (Y1 — Y2)/2 can be regarded as the ones generated from f, so that the characteristic function ¢,
can be estimated by $pX5 (u) = 1 2?21 e(Y15=Y2,5)/2 Kato and Sasaki (2018, 2019) plugged in 55 to
the conventional deconvolution kernel density and regression estimators, respectively, provided inter-
mediate Gaussian approximations for suitably normalized processes of their estimators, and developed
valid multiplier bootstrap confidence bands.

In contrast to Kato and Sasaki (2018, 2019), this paper considers the LV estimator which is free
from the assumption in (7). Therefore, our confidence bootstrap bands proposed in Section 3.2 below
are more robust to the unknown form of f.. On the other hand, the estimators by Kato and Sasaki
(2018, 2019) are more efficient than the LV-type estimators because they exploit the restriction in
(7). For example, when both fx and fe are ordinary smooth, the uniform convergence rate of Kato
and Sasaki’s (2018) estimator for fx (obtained in their Corollary 2) is faster than the one of the LV
estimator derived in Corollary 1 (i) below.

Furthermore, due to the different forms of the estimators, the theoretical developments of this paper
are very different from Kato and Sasaki (2018, 2019). For example, even for establishing linear forms
in the above lemma, we need to invoke strong approximation results as mentioned in Remark 1. Such
technical arguments are not necessary for the estimators considered by Kato and Sasaki (2018, 2019)

which take simpler forms.



Remark 3. We note that Lx j(t) and L ;(t) are real-valued functions. For example, let Lx ;(t) be

the complex conjugate of Ly j(t). Then a change of variables yields

B Y €_IU2Y2]
Lx;(t) = /Rem { ’] 0 —ua) dUQ}SOK(—hu)du
‘h emmjd h)d
= i ————du —hu)du = Lx ;(t).
[ etexa {i [ (- hujdu = L0

2.3. Supersmooth case. In this subsection, we consider the case where the densities fx and f. are

supersmooth. In particular, we impose the following assumption.
Assumption SS. For constants B, Be € R, pg, W, We, Wiz, 01 >0, pe >0, Cp > ¢, >0, Cip > c10 >
0, and C¢ > c. > 0, it holds

colul™ exp(=lul? /pz) < lpx (u)] < Cplul exp(=[ul*/pe),  for all [u] > w,,

< C1x|u]61 for all |u| > wig,

dlo U
crlul® < ‘g;ZX( )

celul™ exp(—|ul®*/pe) < |pe(w)] < Celul® exp(~[ul?/pc),  for all |u] > w.

The conditions on ¢ x and @, are common conditions for supersmooth densities in the nonparametric
deconvolution literature. Similar to the ordinary smooth case, we need lower and upper bounds of the
characteristic functions. A popular example of a supersmooth density is the normal density. The
assumption on dlog¢x (u)/du is mild and Schennach (2004) imposed a similar condition.

For the supersmooth case, the asymptotic linear representations of f x and fe are obtained as follows.

Lemma 2. [Asymptotic linear forms of fx and f€ for supersmooth case] Suppose Assumptions M, K,
and SS hold true. Additionally, there exists ¢ € (0, 1] such that px(x) =1 for |z| < ec.

(@): If

L,Be 6z+ +51 _cPrhTPm  pTPe

> ha ha e

—1)3 —px —Ppe -1 . —Pe
Uosh)" o pofioron =t =150 \/Lgh < hBer i+t
n n

for some q > 1, then it holds

Fx(t) - Z{ 2 (0) = EDx ()]} + op(n b A3 =01e"5 (log h™)h),

uniformly over t € T, where

My ;(t) = 1 /R e Wy (u) { /0 "l (u2) e“”yz’j) dug}ng(hu)du. (8)

2m px (u2) ¥(0,uz
(ii): If
1 B R
nlogh=1 ’

log h—1)3 _hPT _ pPe [log h—1 _npr
( gn ) < h_ﬁw_ﬂe+5le i pe gn < h_ﬂx+%+51€ [



for some g > 1, then it holds
p 1 @& _l,g _3_5 b’ IR
Folt) = 1u(0) = D" (Mes(t) — EIMea(t)]} + op(n ™% 301" (log h™') 75),
j=1

uniformly over t € T, where

R B N R O R W
M) = o [ e { [ B EE i g )

Remark 4. The asymptotic linear representations in this lemma are different from the ones for the
ordinary smooth case in Lemma 1. This is due to the fact that the dominant term in the decomposition

in (10) is Aa(u) for the supersmooth case (instead of Aj(u) for the ordinary smooth case). Similar

to Remark 3, we can see that Mx ;(t) and M, ;(t) are real-valued functions. The ratio X (“2) {0 the

wx (u2)
'k (u2) _ 91(0,u2)
ox(u2) = P(Ouz) -

definitions of M ;(t) and M, ;(t) appears due to the equality

Remark 5. In this lemma, we can set ¢ = 1 when fx satisfies Assumption SS with 5, > 0 (for Part
(1)) and when f, satisfies Assumption SS with S > 0 (for Part (ii)). See the proof of Theorem in
Kurisu and Otsu (2021) for details.

2.4. Mixed case. We now consider mixed cases, where (a) fx is ordinary smooth and f. is super-
smooth, or (b) fx is supersmooth and f. is ordinary smooth. By adapting the proofs of Lemmas 1

and 2, the linearization results for the mixed cases are obtained as follows.

Lemma 3. [Asymptotic linear forms of fX and fe for mized cases| Suppose Assumptions M and K
hold true. Additionally, there exists ¢ € (0,1] such that o (x) =1 for |z| < c.
(a-1): Suppose that fx satisfies Assumption OS and f. satisfies Assumption SS. If
1

Vnlogh=1

—1\3 —Pe -1 —Pe
(logh7)? < BPePee e , 1/710gh < hPets e ,
n n

for some q > 1, then it holds

h—Pe

>> h_,Be'i‘,Ba:“F%e_ e ,

n

X 1 _ 1,3 _3 h”Pe 1,1
Px(®) = fx(0) = — 3 {Lxj(t) = BlLxa (O]} +0p(n~2h*2e 7 (logh™")72),
j=1
uniformly over t € T, where Lx ;(t) is defined in (5).
(a-ii): Suppose that fx satisfies Assumption OS and f, satisfies Assumption SS. If

h— Pz

> hﬂs*ﬁz‘l’%e* e

1
Vnlogh=1

—-1)3 —pz -1 —px
Qog M7 o petoe= ", \/ L
n n

for some q > 1, then it holds then it holds

Je(t) = Ju() = % S {Lej(t) — E[Lea(t)]} + op(n~ 2073 (logh™1)~2),
j=1

uniformly over t € T, where where Le j(t) is defined in (6).



(b-i): Suppose that fx satisfies Assumption SS and f. satisfies Assumption OS. If

Pz _ 1 _cPrhTPT
> B BetBety i,

)

nlog h—1
(logh~1)3

—Pzx / —1
< h761+66+51 ei hMZ , 1Og h < hﬂe+%+61 ,
n n

for some g > 1, then it holds

F(t) = Fx(t) =+ (M s(6) — EIMxa ()]} +op(n™sh~ 55 (log ™) 7%),
j=1

uniformly over t € T, where Mx j(t) is defined in (8).
(b-ii): Suppose that fx satisfies Assumption SS and f. satisfies Assumption OS. If

1 S BBt

Vnlogh=1 ’

—1)\3 —px —1
(logh—1) « pBetBetor T ’ [ logh < Bt
n n

for some g > 1, then it holds

_cPen"Pe
n

; l¢ h=b
fe®) = felt) = D AM(t) - EIMa(0)]} + op(n3hPr 30 i (log h™1)~3),
=1
uniformly over t € T, where M j(t) is defined in (9).

Remark 6. Note that the forms of the asymptotic linear terms for both fX and fe are determined
by whether fx is ordinary or super-smooth. For the case of ordinary smooth fx and supersmooth
fe, the linear terms of f x and fE are same as the ones in Lemma 1. For the case of supersmooth fx
and ordinary smooth f,, the linear terms of fX and f€ are same as the ones in Lemma 2. Technically,
this is due to the fact that the dominant linear terms are determined by the relative orders of the
terms Aq(u) and Ag(u) in (10), which depend only on the tail behaviors of fx. The conditions on the

bandwidth are analogous to the ones in Lemmas 1 and 2.

3. APPLICATIONS

3.1. Refined convergence rates. As direct applications of our linearization lemmas in the last sec-
tion, we can derive the convergence rates of the density estimators fX and fg, which are faster than
the ones obtained in the existing literature. Inspections of the proofs of Lemmas 1 and 2 yield the

following theorem.

Theorem 1. Suppose Assumptions M and K hold true.

(i): Suppose Assumption OS holds true. If

1 1
1 3 n T 2Be+3 n T 2Bz +28c
6l 2V V| ——= h 1
e logn) <10gn) <(logn)3> s

then

sup |fx (t) — fx(t)] = Op(n~3h =53 (logn)F + K1),
teT



Moreover, if

1 1
~ TS ~3mtome
n_é(logn)gv< - > v<( n >3> < h<1,

logn logn
then

sup | f.(t) — fo(t)| = Op(n~sh™"=3 (log n)% + K1),
teT

(ii): Suppose Assumption SS holds true. If h < 1 and

—1)\3 —Px —Pe —1 h, —Pe
(log:, ) << h_ﬂm_ﬁe‘i‘éle_h'ux _hT’ A / log: << h_ﬁe+%+51€_}‘u€ ,

then for ¢ = R Pa—1 exp (—szﬁijz), it holds

N 1 6*§*5 h—Pe 1 1 .
sup | (1) = Fx(t)] = Op(n™ 2hP~ 5= 1e 5 (log h™)z + 7).
te

Moreover, if h < 1 and

—-1\3 —pz —Ppe / -1 —pz
(logh ) < hfﬁz*,ge‘i’(sl 67 h#;’ 7%’ logh < h*ﬁz‘i’%‘f’éle*huz ,
n n

Then for g , = B Pt exp (—Cpéﬁigpe), it holds

2 _l.g 3 5 hP2 L c
Sup |fe(t) = Je(D)] = Op(n 2772 "%e i (logh™7)2 4 i ).
Remark 7. The uniform convergence rates in this theorem are faster than those given in Kurisu and
Otsu (2021) even though the rates in Kurisu and Otsu (2021) are faster than the ones in LV or Bon-
homme and Robin (2010). For example, under Assumptions M, K, and OS and n_m(log n) <
h < 1 (for fx) or nfm(log n) < h < 1 (for fe), the convergence rates in Kurisu and Otsu
(2021) are

sup [fx () = fx()] = Op(n~2h=25=252(log ) 4 poe),
teT
sup | fe(t) — fe(t)] = Op(n~2h="2%"2(logn) + hP).
teT

A main reason for this refinement is that we employ intermediate Gaussian approximations for both
the characteristic and density functions estimators instead of bounding those functions via maximal

inequalities.
Similarly, the uniform convergence rates of the estimators for the mixed cases are obtained as follows.

Theorem 2. Suppose Assumptions M and K hold true. Additionally, there exists ¢ € (0, 1] such that
vr(z) =1 for |x| < c.
(a-i): Suppose that fx satisfies Assumption OS and f. satisfies Assumption SS. If h < 1 and

(logh=1)3

—Pe —1 —Pe
< hﬁz—ﬁse_hﬂé , / logh < h_Be—l—%e_hMe ,
n n

~ —Pe
sup () = f(t)] = 0 (w4135 g h 1) 051
teT

then

10



(a-ii): Suppose that fx satisfies Assumption OS and fe satisfies Assumption SS. If h < 1 and
—1)3 —px -1 —px
\/ 7(logh ) < hﬁe_[jwe—huz , \/ logh™ < h_’Bﬂc"'%e_huz ,
n n

3
2

sup | fo(t) = fo(8)] = Op (n™ 30~ H(logh™)% 4, ).
teT

then

(b-i): Suppose that fx satisfies Assumption SS and f satisfies Assumption OS. If h < 1 and

[ (ogh™1)? « BBt Bethi gt flogh7! & pPtion
n n

sup|fx(t) = fx (D) = Op (n™ 5P 80 tog )3 4 f ).
teT

then

(b-ii): Suppose that fx satisfies Assumption SS and f. satisfies Assumption OS. If h < 1 and

/ —1)3 —pz / —1
(].Og h ) << h_ﬁz"!‘,@e"l‘(sl e_ huz , 1Og h << hﬁz“l‘%"’él’
n n

~ —Px
sup | fe(t) — fe(t)] = O, <n_;hf8”_g_6lehuz(log h_l)% + h56_1> )
teT

then

The proof of this theorem is analogous to the one in Theorem 1, and similar comments to Remark 7
apply, i.e., our uniform convergence rates are typically faster than the ones obtained in the literature.
To clarify this point, we choose the bandwidth h to balance the terms in the convergence rates in
Theorems 1 and 2 and derive the uniform convergence rates depending only on n as follows. Let

l, =n/(logn) and ¢, = n/(loglogn).

Corollary 1.

(i): [Both fx and f. are ordinary smooth] Under the assumptions of Theorem 1 (i), it holds

N 1—Bx _ 1
sup ‘fX(t) _ fX(t)| — Op (lfbﬂm-‘rQﬁe-‘rl) by Settmg h o~ ln 2Bz +2Be+1 7
teT
) 1—Be _ 1
sup | fe(t) — fe(t)] = O, ( 55I+2B6+1> by setting h ~ I, 2= 2P
teT

(ii): /Both fx and f. are supersmooth] Under the assumptions of Theorem 1 (ii) with ¢ =1 and
Pz = Pe = p, it holds

~ ____He 3/2481—Be Bz+l—pz/q
sup F(0) = (0] = 0 (677 ogt)™ 5 g og 2
teT
N Mz < 3/2+401—Bx Bet+l—pe/a
sup |fe(t) — fe(t)] = Op <€n 2uz+2pe (logﬁn)ma { i }(log log n)l/Q) ,
teT

by setting h ~ (2_1/~L10g En)_l/p with p = pigpie/(z + pe)-

11



(iii): [fx is ordinary smooth and f. are supersmooth] Under the assumptions of Theorem 2 (a-i)
(for fx) or (a-ii) (for f.) with ¢ =1, it holds

~ l o 3/2—Be 1-Bx
suplf(®) — Fx(0)] = O, (w S (log £,) 5 (log log n) /2 + (log £,) 7 )
teT

~ _1 3/2-0-5:0 Be+1l—pe/q
sup | f(t) — f(t)] = O, (zn2(1ogz) (loglogn)'/? + 0, 2(log€ )),
teT

by setting h ~ (2 Yoy log £,)~VP< for a € (0,1].
(iv): [fx is supersmooth and f. are ordinary smooth] Under the assumptions of Theorem 2 (b-i)
(for fx) or (b-ii) (for f.) with ¢ =1, it holds

3/24+Be+46 Bx+1—pz/q
sup ()~ (O] = 0y (3 0g) ™5 togtogm) 2 + 6% o )5 ),
teT
~ _l_A'_Q 3/2+51—f3m 1/2 1—Be
sup |fe(t) — fe(t)] = Op(€n? 2(logly) re (loglogn)™= + (log €,) »= |,
teT

by setting h ~ (2~ apg log £,)~YP= for o € (0,1].

The additional assumption p, = p. = p in Part (ii) of this corollary is imposed to simplify the
presentation and may be relaxed. The above uniform convergence rates are faster than those in Li and
Vuong (1998) and Kurisu and Otsu (2021) except for the cases of Part (iii) on fx and Part (iv) on f,

where the rates are same as theirs.

3.2. Confidence bands for density functions. In this subsection, we apply our linearization lem-
mas to construct confidence bands for the densities fx and f.. In particular, we develop Gaussian
multiplier bootstrap approximations by perturbing the sample counterparts of the linear terms in Lem-
mas 1 and 2. Let ($x, P, 1&, @ZAJl) be the estimators defined in Section 2 based on the full sample of size

n. Then we define the sample counterparts of the asymptotic linear terms as

R i . Y 1u2Y2 J
Lx;(t) = o Je g {/ = 300 }@K(hu)du,
“ 1 . iugYs Y elu2Y2
Lej(t) = o [ e™ - / T ] oK (hu)du,
27 R SOX 0 UQ
M (t) 1 —iut ( ) /u ((pr(UQ)) elv2Y2, d (h )d
; = — [e u - U u)du,
* 27 Jr X o \wx(u2)/ (0, u9) 2K
. 1 » u QOI/(U\Q) eiu2Y2’j
M. .(t) = —— [ e ™. (u / ( X . du hu)du,
S0 = = [ >{ () o ot

where <i/§ EZig) = <7’f/}1((0(?£;2))> = %((007;22)). Although it is natural to apply the multiplier bootstrap these

sample counterparts, the approximation errors for the linear terms decay too slow to construct the

bootstrap counterparts by using the full sample. Therefore, we propose to approximate the distribu-
tions of (suprema of) fX — fx and fE — fe by using the subsample-based bootstrap counterparts of the

linearization terms:

L5 (t) = %ij {ﬁx,j(t) - % Zﬁx,k(t)} , o LE) = %ng‘ {ﬁe,j(f) - % Zﬁe,k(t)} 7

k=1

12



for the ordinary smooth case, and

ng {MX] — 7ZMX]€ } ME(t) = %Zé]‘ {Me,j<t) - TlnzMe,k(t)}>
= k=1

for the super smooth case, where m < n is the subsample size, and &1, . .., &, ~ N(0, 1) are independent
from the data Y, = {Y1;,Y2,;}7_;
To show validity of our bootstrap approximations, we impose the following assumptions in this

subsection.

Assumption OSB.

(1): Assumptions in Lemma 1 hold true by replacing n with m.
(ii): /Undersmoothing| Let

hmlt) = Var(Lxa (), 5 = inf 0% (1)

a?,m(t) = VGT(LEJ(t)), S?,m = t1n7f,o-e m(t)

Assume that

msy, T =0 og_%m or fx,
Vs WP = o1 for f
Vms Pl = o(log™2m) for f.

2

(iii): [Variance estimation| Define ox,m(t) = \/0%,,(t) and oem(t) = /02, (t). There exist

estimators 6% ,,,(t) and 62,,(t) such that

sup |6x,m(t)/oxm(t) — 1] = op(log_1 m) for fx,

teT
SUp |Ge,m(t)/0em(t) — 1| = op(log_l m)  for fe,
teT

where Gx m(t) = ag( (t) and Gem(t) = 1/62,,(1).

(iv): [Bandwidth and subsample size] As n — oo, it holds \/m/n = o((log n)fé),
m™ b5y, h P2 (log m) = o((logm)”3),

n_%s}}mh_ﬁ‘_Q(log n)(log m)% =o(1), and

n logm
m~is_ Lh % 2(logm)F = o((logm)~?),
n_%s;lnh_ﬂx_Q(logn)(logm)% =o(1), and

(%)5 sg%lh*'gl‘*? (logm) = 0((logm)*%) for fe.

Condition (ii) is an undersmoothing condition. Condition (iii) is on approximation error of ox ., (%)

and o¢m(t) by 6x,m(t) and G¢m(t), respectively. We need the condition to approximate %{X)m
fe®—fe(®) fx(®=fx (@) fe@®)—fe(t)

(or S ) by ol (o )

Indeed, for fx, we need the first assumption in Condition (iv) to approximate the supremum of

. Condition (iv) is a set of other technical assumptions.

Oe,m(t

UX’T’”(t) > i=1{Lx,j(t) = E[Lx1(¢)]} by the supremum of a Gaussian random variable. We also need the
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second and third assumptions to show asymptotic validity of our bootstrap-based uniform confidence
bands. Precisely, we can replace IA/X’j(t) (or f/e,j(t)) for j = 1,...,m in the definition of ﬁi(t) (or
ﬁg(t)) with Lx ;(t) (or Lej(t)) for j =1,...,m under the second and third assumptions in Condition

(iv). The same comment applies to Assumption SSB.

Assumption SSB.

(i): Assumptions in Lemma 2 hold true by replacing n with m.
(ii): /Undersmoothing| Let

mt) = Var(Mxa (1), s = inf 0% 1),

2 2
t) = Var(Mc1(t)), = inf 02, (1)
Tem(t) = Var(Mca(t)), s inf oc, (t)

e,m €,m

Assume that

P _a Pz h =Pz
\/ms)_(lmhpq AL oxp <—C ) = o(log*% m)  for fx,
: iz

(iii): [Variance estimation| Define ox m(t) = ag(,m(t) and oem(t) = y/o2,,(t). There exist

estimators 6% ,,,(t) and 62,,(t) such that

sup [Gxm (1) /ox,m(t) = 1] = 0p(log™" m)  for fx,

teT
SUp |Gem(t)/oem(t) — 1| = op(log_1 m)  for fe,
teT

where 6x,m(t) = /6%, (t) and Gem(t) = /62, (t).

D=

(iv): [Bandwidth and subsample size] \/m/n = o((logn)~2),

h-
m_is}lmh5€_2 exp <

hee

_1 o
n 28X71mh56 2=01 exp(

1
M\z _1 3925 h=re logn
= h 1
(n) "X om eXP< He ) (10g

1 _ —
m 4567%1h'8“‘ 2 exp

()
)

1 o h=P=
n 2567,171115’” 201 exp<

(m)l —L pPem2701 exp (h pz) (log ) zo((logm)’%) for fe.

n

For the variance estimation, one may use

. 2
— I L% () = <i Sy Lx ok t)) under Assumption OSB

~2
UX,m(t) = )
1 >t M)Q(J( ) — < Yoy My k(t)) under Assumption SSB
2
L — Dl L2 () — ( ST Leg(t) under Assumption OSB
G2(t) =

%ZFI 2 ( ) — ( Sy M, (t)) under Assumption SSB

14



Theorem 3. [Bootstrap approzimations| Suppose Assumptions M, K, and OSB or SSB hold true.

Then as n — oo,

¢ . ¢
sup Pr { ymsup | XU =IO U p | BxO )y Uy
z€R teT x,m(t) teT | 0x,m(t)
£ B 533
sup |Pr{ vmsup M <zp—Prmsup ABe(t) <2\ Vn 5o,
zER teT Uf,m(t) teT Ue,m(t)

where (B§(,B§) = (ﬁg(,lf) under Assumption OSB and (Bg(,BE) = (M§,M§) under Assumption
SSB.

Let ¢ "and ¢!~ be the conditional (1 — 7)-th quantiles of v/m sup,cr |ﬁ§( (t)/6xm(t)] (or

Vi supger I () /3 xm(8)]) and v/ supier | L) /em(t)] (0r v/ supyer [VIE(E) /deum(t)]) given the
data ), respectively. Then the confidence bands of fx and f. over T are constructed as

Cx(t) = [fx(t) = oxm)ex ™ /Vm, fx(t) + oxm(t)EyT/v/ml,
Cet) = [felt) = Gem(D)ET/Nm, fe(t) + Gem(t)el ™ /v/m),

for t € T, respectively. For completeness, we present the asymptotic validity of these confidence bands.

Proposition 1. Suppose Assumptions M, K, and OSB or SSB hold true. Then Pr{fx(t) € Cx(t) for all t €
T} =1 —7 and Pr{f(t) € Cc(t) for allt € T} =1 —17 as n — oo.

3.3. Confidence bands for distribution functions. Adusumilli et al. (2020, Theorem 2) proposed
a bootstrap confidence band for the distribution function of X. Their theoretical development relies
upon the uniform convergence rate in Kurisu and Otsu (2021), which restricts the growth rate of the
subsample size to construct the bootstrap counterpart.

Based on the faster convergence rates obtained in Theorem 1, we can relax the requirements on
the bandwidth in Adusumilli et al. (2020, Theorem 2). In particular, we can replace Assumptions
OS’ (v) and SS’ (iv) in Adusumilli et al. (2020) by n*%(h_V_ﬁ +h73 + h*77%)(log h~1)% — 0 and
n"z (h’\01+’\_51 exp(% + %) o exp(%)) (log h_l)% — 0 as n — oo, respectively, in
their notations. These weaker conditions on the bandwidth in turn allow faster growth rates for the

subsample size m in their notation.

APPENDIX A. PROOFS

Notation. Hereafter, we use the following notation. For an arbitrary set T', let ¢*°(T") denote
the space of all bounded functions ' — C, equipped with the uniform norm sup,cr|f(t)]. For a
probability measure () on a measurable space (5,S) and a class of measurable functions F on S such
that F C L?(Q), let N(F, || -|lg.2,€) denote the e-covering number for F with respect to the L?(Q)-
seminorm || - [|g2. See Section 2.1 in van der Vaart and Wellner (1996) for details. Let G, (f) =
ﬁ Z;‘:l{f(Yl,j,Yg,j) — E[f(Y1,Y2)]} be the empirical process, and

= lop (XN [ (910ua)  1(0u) |
Au) = lg<ng(u)> /0 (1&(0’“2) w(O,u2)>d 2-
N 1 1

Rl(u) = wl(ovu) —¢1(07U)7 RZ(U) - w(o u) - 1,2)(0 ’LL)
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We decompose A(u) as

A(u) = /Ou 12%(10(’1;2; dug + /Ou ¢1(0,U2)R2(U2)dﬂ2 + /Ou Rl(UQ)RQ(UQ)dUQ

A.1. Proof of Lemma 1.

Proof of (i). Step 1: Linearization of ¢ox(u) — ¢x (u).
Observe that

|Px (u) = px (W) [I{|A(u)] <1} + |Px (u) — ox (W) [I{[A(u)| > 1}

|£x (1) = px (W) |[I{|A(w)] <1} + |¢x () — ox (W) [[A (W) [I{]A(u)] > 1}

px (u)l[1 = AN A )] < 1} + [x (w) — ox ()| A(w) {]A(w)| > 1}
2]ex (Wl AW){|AW)] < 1} + [Ex (u) = px (w)[|Aw)[{]A(w)] > 1}

20ex (AW + [ox (u) = px (W) |Aw)], (11)

[Px (u) — px(u)|

IN A

IN

for p > 1, where the first inequality follows from the fact that |¢x(u) — px(u)| < 2, the second
equality follows from the definitions of ¢x(u) and A(u), and the second inequality follows from
the fact that |1 —e?*| < 2|z| for 2 € C with [2] < 1. Note that we will show supj,j<j-1 |A(u)| =
O, (n=12h=Be=P< (log n)'/2) = 0,((logn)~") below. Then for sufficiently large p > 1, we have

sup |@x (u) — px (W)[[Aw) [ < ( sup IS?DX(U)—SDX(U)I) ( sup IA(U)|>

Jul<h—1 ful<h—1 Jul<h—1
= ( sup |Px(u) —wx(U)l) x op((logn)™"),
ful<h—1

which implies that (¢x(u) —ex (u))I{|A(u)| > 1} does not contribute to the uniform convergence rate
of ¢x and

3
sup [@x (u) — ox(u)] = Op < sup SOX(U)HA(U)O =0p (Z sup ISOX(U)HAe(UN) :
|u|<h—1 |lu|<h—1 —1 lul<h—1

Now we investigate stochastic orders of |px (u)||Ag(u)| for £ = 1,2, 3. Define

u Y1 elu2y2

o ¥(0,us)

Gn = {gu(') L (y1,y2) — iR px (u) dug,u € [—h_l,h_l]}-

Then we can write as

20 ox (u)| A1 (w) = Gu(f) for f € G,
For any g, (+), gu,(-) € Grpwith v1,v2 € [~h~!, h™1], we can show that gy, (-) — gu,(*)| < |v1 — val.
Therefore, Andrews (1994, Theorem 2) implies that G, is a Vapnik-Chervonenkis (VC) type class with
envelope function G, (y1,y2) = Doh~!|yi1| for some positive constant Dy, that is, there exist constants

Aq,v1 > 0 independent of n such that

up N G |-l clGilloa) < (A1/0)",0 < Ve < 1,

where supy, is taken over all finitely discrete distributions on R2. See also Pakes and Pollard (1989,
Lemma 2.13). Furthermore, Gy, satisfies Assumptions (A)-(C) in Chernozhukov, Chetverikov and Kato
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(2016) with B(f) =0, A~ 1, v~ 1,06 =b~ h™! and K, ~ logn. Let U, be a tight Gaussian
random variable in £°°(Gyp,). Then applying Chernozhukov, Chetverikov and Kato (2016, Theorem 2.1)
with ¢ = 4 and v = 1/logn yields that there exists a random variable U,, with U, 4 supseg, [Un(f)]
such that

1+41/4
s G,(1)] - Un| = O, (“‘)i% a 711‘156’2)  oy((logn) /). (12
Moreover, Dudley’s entropy integral bound (van der Vaart and Wellner (1996, Corollary 2.2.8)) guar-
antees
E fsugp |Un(f / V1 + log(1/eh)de < (log h™1)Y2 < (logn)'/2. (13)
€op

By (12) and (13), we have supseg, |Gn(f)| = Op(supseg, [Un(f)]) = O,((logn)'/?), and thus

Sup. |<Px( AL ()| = n 2R sup |Gy (f)| = Op(n~"/2hP<(logn)'/?). (14)
[u|<h f€Gn

Similarly, we can show that

| Isgflb)fl ox ()| As(u)| = Op(n™2h= P (log h™1)/2) = 0, (n~ /1P (log n) ~1/2),

o lox(w)]|Az(u)| = Op(n~th= =28 (log h=1)1/2) = 0, (n~V2hP(logn) ~/?).

Combining these results, we obtain

sup [A(u)] = Op(n~ 2P (logn)'/?) = 0p((logn) /).
|u|<h—1
Therefore,
ox (1) — px (u) = ox (W) Ay () + 0p(n™/2h P (logn) ~1/2), (15)

uniformly on u € [-h~1, A1

Step 2: Linearization of fx(t) — fx/(t).

Let fx(t) = % Jr € ox (u)pk (hu)du. Then (15) yields the following asymptotic linear represen-
tation of fx(t) — fx(t) uniformly on ¢t € T

1 .
o e "ox(u)Ar(u)er (hu)du
T JR
1 n 1 s }/i 1u2Y2 ] E Y €1u2Y2
f— — - 1ux d h d ‘ 1
H;QW/RG ‘PX(U){ ) ¢0u2 / 0u2 UQ}(pK( u)u (6)

Let

H = {(yla Ya2) > 7156'%3/2L / e oy (u) </u et du2> vr(hu)du :t € 7'} :
2 Jr o ¥%(0,uz)

A similar argument to show (14) yields

sup [fx(t) = fx(t)] = n~V/2p A3/ sup |G (/)] = Op(n~2h=03/2 (10g n)/2).,
cT c

Note that
sup | fx () — fx(t)| < sup | fx () — fx (t)| +sup | fx (t) — fx(1)],
teT teT teT
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and

sup ]fX(t) fx(@)] < / lox (u)||1 — ¢ (hu)|du < h™ / (u/h)_'g’“du < pB=—1,
teT (1,1

Thus, the conclusion follows.

Proof of (ii). By the definition of ¢, we decompose

ot = L0 w0 _ 0 (Px() — ex )
) =) = b0 —vio,m) = S8 (BT
== @1(u) — @2(U)

From the results in Part (i) of this lemma, we can show that both supy,j<,-1 [©1(u)| and supy, <, -1 [©2(u)|
are of order O,(n~"2h=P=(logn)'/?). From (15) in Part (i) of this lemma, the asymptotic linear rep-
resentation of ¢ x(u) — px(u) is given by px(u)Ai(u), and thus

pel) — o) = YO VM) Ay () + 0y (7 2h B (log m) 1/2), an)
ox(u)

uniformly on u € [-h~1, h~!]. This implies

iuYs ; E[eiuYg]

fet) - 2271'/ it o) or (hu)du

1 i U YL'ei“ZYQ’j E[Ywi“?YQ]
—nj;Qﬂ-/Re tSOe(U) {/O (wj(O;UQ) N (0, uz) )dUQ}SOK(hu)du

+op<n-1/2h—ﬁz-3/2<1og n)72),

uniformly on ¢ € T, where fE = fR u)x (hu)du, and a similar argument to the proof of

Part (i) of this lemma yields the Conclus10n.

A.2. Proof of Lemma 2. The proof is similar to that of Lemma 1. The only differences are: (i) the
term supy,<p—1 [px (u)|[Az2(u)| will be dominant, and (ii) the bias term for sup,cs |fx(t) — fx(t)] will
be evaluated as in Kurisu and Otsu (2021).

A.3. Proof of Theorem 3. We only give the proof of the bootstrap approximation for fx when fx
and f are ordinary smooth (i.e. under Assumption OSB) since the proof of other cases ( f. under
Assumption OSB, and fX and fe under Assumption SSB) are similar. The same comment applies to

the proof of Proposition 1.

Proof of (i). Define Lx(t) = + deillxj(t) — E[Lxa(t)]} fort € T.
Step 1: Gaussian approximation to Lx.

elu2y2
fe(y1,y2) = 1/ _lm { 5(0, ua) dUQ}(pK(hu)du,

it can be written as \/msup,cy |Lx (t)/0x,m(t)] = supier |G (fi)|. For each ti,t2 € T, we can show
that

Letting

h—2
|feo (v, 92) = fro(y1,92) S m’ylml —

for all y; and yo. Therefore, by Andrews (1994, Theorem 2) and a similar argument to Stepl in
the proof of Lemma 1 (i), F, = {f; : t € T} is a VC-type class with envelop function F},(y1,y2) =
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Dh=2|p(h™1)| 7ty for a positive constant D. Let Fp, = {fi/oxm(t) : t € T}. Note that the set
{1/ox,m(t) : t € T} is bounded with sup;er |05, (£)] < sx',. Then from Chernozhukov, Chetverikov
o (

and Kato (2014, Corollary A.1), there exist constants A’,v" > 0 independent of n such that

Sup N(Fms |- lo,2, DR 253, /1o (BH]) < (A'/e)”,

for all 0 < € < 1. Furthermore, F,, satisfies Assumptions (A)-(C) in Chernozhukov, Chetverikov and
Kato (2016) with B(f) =0, A = A, v =/, 0 = 1, b = Dh7 %5 /lpc(h™")|, and K, ~ logm.
Let Zy, be a tight Gaussian random variable in ¢*°(F,,) with mean zero and the same covariance
function as G,,. By applying Chernozhukov, Chetverikov and Kato (2016, Theorem 2.1) with ¢ = 4
and v = 1/log m, there exists a random variable V,,, with V}, 4 sup;et | Zm(ft)| such that

(log m)5/4 n logm
mY4h2sx m|pe(h1)| m1/6h2/3s¥?n\goe(h—1)|1/3

sup |G (fi)| — Vm' =0y = 0,((logm)~1/?).
teT

Therefore, Chernozhukov, Chetverikov and Kato (2016, Lemma 2.1) guarantees

Pr{suplG ()] < =}~ Pr{sup 2, ()] < = |

sup
z€R teT teT

< supPr{ sup |Zm (f)] — 2| < 6m(logm)_1/2} +o(1),
zER teT

for some sequence 6,, — Oas m — oo. Now the anti-concentration inequality for the supremum of a

Gaussian process yields

1
sup —Pr {
2€R,6>0

sup |Z (f1)] — 2| < 5} <E [Sup \Zm(ft)]] < (logm)'/?, (18)
teT teT

where the second inequality follows from Dudley’s entropy integral bound. Combining these results,
we obtain

sup
z€R

Pr { Vs [Lx(0)/2xm(0)] < 2} = Pr {supl ()] < 2| 0. (19)

Step 2: Approximate v/m sup,cr | L (£)/6x.m(t)| by v/msuper |L (£)/0x.m(t)].
Define Lg((t) = PINIRRY {Lx;(t)— L3 Lxy(t)} for t € T. In this step, we show

—m

S S o)
) j=1 k=1

T ox ; @25 {LXJ(t) - % 2 Lx,k(t)} +0p(m"*(logm)~1/2), (20)
AT =1 k=1

uniformly in ¢ € 7. Let

_ 1 —iu by (0, uz)
g = o Re Lox (u) (/0 Mdm) or (hu)du,
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Then we have

m

e DA~ Ly (1)

J=1

1 . (0,u
gt —9t = {/ —hutg ( Q’Z)l 2 du2> o (hu)du
2 (0, u2)

_i —1ut < wl (0, ug) > @K(hu)du}

27 (0, u2)

i —1ut A wl 0 u2 ¢1(0,u2)
* {27r/ (/ (0, ua) du2> o (hu)du

1 —iut “ ¢1 (07 UQ) - 1/}1 (07 UZ)
“or i€ px(u) (/0 (0, u) du2> ¢K(hu)du}

=: I, +1L,.

Define Ry (1) = ¢x (u) — @x(u), Ry(u) = 1/9(0,u) — 1/1(0,u), and R}(u) = 1)(0,u) — (0, u). The
term I, can be further decomposed as

1 - Y10, u2)
]In - 1utR hu\)d
o [ o) ([0 ) et

<

sup gt — gt|-
SXm teT

sup
teT

Note that

+% Re—iutan(u) </0 ¢1(0,u2)Rw(u)du2> o (hu)du

1 ) u
+/ e R, (u) (/ 1/11(0,”2)Rw(u)du2> v (hu)du
21 Jr 0
= Hl,n + ]I2,n + HS,ny

and these terms are bounded as
R (0, up)
sup [Iin| S sup |Ryy(u / / DD 20 dus | du
t€p| 1 ‘ |u|§h—1| SOX( )’ _p-1 ( 0 |¢(07u2) |
= 0p(n VW2 |pc(h™ 1) (logn)/?)

h=t |ul
suplloal S sup Ry [ lex(s) (/0 B §\du2>

= 0p(n W 2|p (k1) logn)
I < R R ( . wl )d d
Suplsnl S osup |Rpy(u)] sup [Ry(u) ; 0 )I us | du

teT lu|<h—1 Ju|<h—1

= Op(n~ 1 2lox (B e(h™ )\_l(logn)?’”):Op(n_l/zh‘s_Q(logn)l/QL

20



which implies sup,c1 [In] = Op(n=2h0=2|p(h=1)| ' logn). Likewise, we can show that sup,c |II,,| =
Op(n™21h72|@(h=1)| 7' log n). Combining these results,

. 1
sup | ——— Z{LXJ —Lx;(t)} < sup |gr — gt| < —— (sup |I,| + sup \]Uln|>
teT | Ox,m(t SX,m teT SX,m \teT teT

= Op(n_l/zs;(}mh_Qlcpe(h_l)\_1logn)
mN\LY/2 e 1y
= 0 (%) st e o)

n

which implies

sup ij W Z{LX,] — Lx ()}

1/2
- Op<(n) 855mh‘2!s0e<h‘1>\‘110g”)=0p(m1/2(1ogm>-1/2>.

Now define

1

wzy
_ —lut
gt(y) = or < w 0 u2 dUQ> cpK(hu)du,

gly) = i e " ox(u) / ety dug | ¢k (hu)du.
27 R 0 ¢(0,UQ)

We decompose

> &V {an(Yay) — gi(Ya )}

j=1

1 ot m u eiUQYQJ‘

= — i Y| ——d hu)d
1 vt (S [ ) s

1 —lut - u2Y2
+% Z@Ym/ e"2723 Ry (u)dus | ¢k (hu)du
1 —iu - “ U i
—1—5 Re "Ry (u) ;ijLj/o e"2Y20 Ry (w)duz | ¢ (hu)du
= Al,n + A2,n + A3,n-
For Ay, the Cauchy-Schwarz inequality yields

2 1/2
u/h 6iu2Y2’j

1/2 m
Arw] <0 ( / \R¢X<u/h>12|w<u>|du) / Soemis [ gyt bextul

Since

2
. . 2
u/h QZUQYQJ u/h 6zu2Y27j

- . . _ 2 2
;§]Y1’J o )™ | T ZE Yy 0, w)

S mh_2190X( DI lee(hHI7,

dus
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we obtain

Al S B0 ek log n)2) x Op(m!2hHox (| ek

~

m ogn 1/2
= Op <<n>1/2 ml/Qh_Q‘(Pe(h_l)’_l <(11§g7)n >> .

Similarly, for Ay ,,, we have

Aowl S 07 ( / rsoxw/h)uso;((u)rdu)l/z

1/2

2
u/h M ]
< / ox (u/h)| / S &5V Ry (un)dua| | pie ()| du

2
[ul/h | ™ ,
S h—l /|@X(U/h)| (/0 Zngl,jeZquz,j dUQ)

j=1

lul /A 1/2
< ( /0 |R¢<u2>|2du2) w(u)du).

1/2

Since

E Y gV e | =3 By Sm,
j=1

Jj=1

we obtain

Aol S B0, (m2h112) x Oy V2 2 ()| el (log )
_ m\1/2 1/21,—2 —1y—1 [ logn
= 0, ((B) w7 (1),

Likewise, for A3, it holds

m ogn 3/2
Asnl = 0, ((n) m2h 2 ()| <m>> .

Combining these results,

IN

s)}’lm <sup | A1 | + sup|Az,| + sup |A27n\)
teT teT teT

my 1/2 1 ,_ 1y [ logn
= o, (%) w2 (1)),

Since supyer |Gx.m(t)/oxm(t) — 1| = 0,((logm)~1/?), we obtain (20).

m
sup oxn (D&Y {a(Yay) — g1(Ya)}
j=1

Step 3: Conditional approximation of sup,cs |Zm (f)| by v/msup,cr |L§((t)/ax7m(t)|.
By applying Chernozhukov, Chetverikov and Kato (2016, Theorem 2.2) with ¢ = 4 and v = 1/ log m,
there exists a random variable Vi, with V5|V, 4 supet | Zm(ft)| such that

Vimsup L5 (1) /o x.m(t)] — VS| = 0p((logm)~1/2).
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Therefore, there exists a sequence d,, — 0 such that

Pr { Vmsup |L (1) /o x.m(t)] < 2
teT

yn} = Pr{Vi<z+ 5m(1ogm)*1/2\ In} -+ op(1)
= Pr {sup | Z(f1)] < 2+ 5m(logm)_1/2} + 0p(1)
teT

< Prfsup 2, (8] <2} + 0,00
teT

uniformly in z € R, where the inequality follows from (18). Similarly, we can show that
Pr { Vmsuper | L& () /o xm(t)] < z’ yn} > Pr{sup;er | Zm(f2)| < 2} — 0p(1), and thus

sup
z€R

Pr { Vinsup | LS (1) /o xm()] < 2
teT

v} -refswpiz, (ol <} =0 @

teT

Step 4: Proof of the theorem and asymptotic validity of the uniform confidence bands.
Observe that

VI(fx (t) = fx () /oxm(t) = Vm(l+op((logm) ™) (fx (1) = fx(1)/oxm(t)
(1 + 0p((logm) ™)) (VmLx (t)/oxm(t) + op((logm)~/?))
= VmLx(t)/ox,m(t) + 0p((logm) /%)

uniformly on ¢t € 7. Combining this and the result of Step 1 in the proof of 3, and using the anti-
consentration inequality, we can show that

sup — 0.

z€R

Pr{Vimsup |(7x(0) - £x(0)/ox,m(0)] < =}~ Pr {sup 2, ()] < =}

teT teT
Therefore, the conclusion follows from (19) and (21).

Proof of (ii). The proof is similar to Part (i) of this theorem.

A.4. Proof of Proposition 1. We wish to show that Pr{fx(¢t) € Cx Vt € T} — 1 — 7. Note that

fx()eCxVoreT o sup (fx(t) = fx()/xm(t)] < .

Together with the result in Step 1 in the proof of Theorem 3 and Efsup,cr |Zm (fi)|] < (logm)/?

have /m super | Lx (t)/0x.m(t)| = Op((logm)/?). Observe that
VI(fx (t) = fx () /oxm(t) = Vm(l+op((logm) ™) (fx (1) = fx(1))/oxm (1)
= (L+0p((logm)™ ")) (VmLx(t)/oxm(t) + 0p((logm)~"/?))
= VmLx(t)/oxm(t) + 0p((logm)~"/?),

, We

uniformly on ¢ € 7. The result of Step 4 in the proof of Theorem 3 implies that there exists a sequence

of constants €,1 — 0 such that

sup
z€R

Pr {msup (Fx(t) = Fx(®)/oxmlt)] < } —Pr {sup Zn(f)] < H < e,

teT teT
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Moreover, the results of Steps 2 and 3 in the proof of Theorem 3 yields that there exists a sequence of

constants €, 2 — 0 such that

sup
z€R

Pr { Vmsup | L5 (8) /6 x.m(t)] < 2
teT

i} = pr fsup () <} < s

teT
Let €, denote the event on which these inequalities hold and let ¢(1 — 7) denote the (1 —7)-th quantile
of sup;e7 |Zm (ft)|- Note that Pr{Q,} — 1 as n — oco. Define €, = €1 V €5,2(— 0). Then on €, we

have

Pr { Vmsup |Ls (1) /6 x.m(®)] < ¢(1 =7+ €))
teT

yn} > Pr {sup|Zm(ft)| < (1 —7’+6;1)} - =1-7
teT

We used the continuity of the distribution of sup,cs |Zn,(f¢)| to obtain the last equation (this follows

from the anti-concentration inequality). This yields that on €,
T <ce(l—T14+6)).

Likewise, we can show that ¢(1 — 7 —€,,) < &7 on Q,. Then we have

teT

Pr {\/ﬁsup ](fx(t) — fx(@)/oxm(t)] < éé(_T}

IN

Py {m sup | (Fx (6) — Fx(£)/6xm(t)] < (1 — 7+ e;>} (1)

teT

= Pr{sup|Zm(ft)| <c(1 T+E;l)} +o(l)=1—-7+¢€,+0(1)=1—-7+0(1).
teT

To obtain the third equation, we used the continuity of the distribution of sup;cs |Zy,(f;)|. Likewise,

we have
Pr {msqu |(fx () = fx(8)/Gxm(B)] < éﬁf} >1—7—o(1).
te
Therefore, the conclusion follows.
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