Supplement to “Unfolding-Model-Based
Visualization: Theory, Method and Applications”

A Bi-Cluster Analysis

The applications of multidimensional scaling, including multidimensional unfolding
as a special case, are often followed by cluster analysis (e.g., Kruskal and Wish, 1978;
Borg and Groenen, 2005) for better understanding and interpretation of the data
visualization. In our context, it is often of interest to cluster the respondents and the
items, respectively. This task is known as bi-clustering or co-clustering (Hartigan,
1972; Dhillon, 2001), which is often studied statistically under the stochastic co-
blockmodel (Choi and Wolfe, 2014; Rohe et al., 2016), an extension of the widely
used stochastic blockmodel (Holland et al., 1983).

Following multidimensional unfolding, it is natural to bi-cluster the respondents
and the items based on the estimated ideal points, using the Euclidian distance as
a natural measure of dissimilarity. In particular, we use the K-means algorithm
(MacQueen, 1967) to cluster the respondents and the items into k; and ks clusters,
respectively, for some pre-specified numbers of clusters k; and ky;. This two-step

procedure for bi-cluster analysis is described in Algorithm A.1.
Algorithm A.1 (Two-step procedure for bi-cluster analysis)
Step 1: Apply Algorithm 1 and obtain estimates {91, Oy, 4y, .agt.

Step 2: Perform the K-means algorithm to {91, ...,éN} and {4y, ...,a;} given

k1 and ko clusters, respectively.



Output: The cluster membership of respondents U; € {1,...,k1} and cluster

membership of items U; € {1,...,ko} (i=1,...,N; j=1,..,J).

We provide a connection between the multidimensional unfolding model studied in
this paper and the stochastic co-blockmodel. Consider a special case under the
multidimensional unfolding model, where there are finite possible locations for the
respondent ideal points and also for the item ideal points, independent of N and
J. We denote the possible locations for the respondent ideal points as {bj,..., by }
and denote those for the item ideal points as {cJ,...,cj,}. Under this setting, there
exist k; respondent latent classes and ks item latent classes, regarding two respon-
dents/items as from the same latent class when they have the same location. We
denote J; € {1,...,k 1} and vj € {1,..., ko} the true latent class memberships of re-
spondent ¢ and item j, respectively. In this sense, the model becomes a stochastic
co-blockmodel, for which the distribution of Y;; is only determined by the latent class
memberships of respondent ¢ and item j and Y;;s are conditionally independent given
all the latent memberships of the respondents and items. In what follows, we show
that the proportions of misclassified respondents and items converge to 0 in probabil-
ity, when both N and J grow to infinity, if the K-means algorithm in Algorithm A.1

has converged to the global optima.

Theorem A.1 Suppose A0, A3 and Aj are satisfied, and K, > K. Further sup-
pose the multidimensional unfolding model degenerates to a stochastic co-blockmodel,
satisfying 0; € {by, ..., by } and aj € {c7,...,c;,}. If both K-means algorithms in

Algorithm A.1 converge to the global optima, then the clustering result satisfies

(A.1)

max
CEBy, N " CEBy, J

N J
R PP Lo = (o
min{ Zz_l {Di=¢(97)} s ZJ_1 {;=¢( J)}}

goes to 1 in probability as both N and J grow to infinity, where By denotes the set of

all permutations on {1,...,k}, for k = ky, k.
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Remark A.1 To handle “label suitching indeterminacy” in clustering, in the loss
function (A.1) we find permutations that best match the true latent class memberships

and their estimates for both the respondents and the items.

B Proof of Theoretical Results

B.1 Definitions and Notations

In this appendix, we use ¢, C, C1, Csy to represent constants which do not depend on
N, J, the values of which may vary according to the context. With a little abuse of
notation, we use Ay s to denote the specified events, which may differ in different
proofs. For x € RE | we use BX(C) to denote the closed ball in R¥ centered at x
with radius C. Unless otherwise specified, all balls in the appendix is assumed to be
closed. For a set G C R¥ | let int(G) denote the set of all its interior points. For a
positive integer n, we denote [n] := {1,...,n}. We start with some notions which will

be used in the proof of theorems, propositions and lemmas.

Definition B.1 For pointsx;,x; € RE i =1,....n, we write (xy,...,x,) ~ (X}, ..., x),

if there exists an isometry F € Ak, such that X, = F(x;),i = 1,...,n.
Remark B.1 [t is easy to show that “~7 is an equivalence relation.

Definition B.2 (Configuration) We define an n-point configuration as an equiv-

alence class. That s, we define a configuration

as the equivalence class of (x1,...,Xp).

Remark B.2 By the property of isometry mapping, it is easy to see that all the

elements in the same configuration have the same distance matriz.



We now consider the space of all n-point configurations in R, denoted by

H, k= {[Xl,...,Xn] x; e RE i = 1,...,n}.

)

For two configurations 7 = [X1, ..., X,], 72 = [¥1, ..., ¥n] € Hn k, we define

First, we note that d(-,-) is a well-defined mapping from H,, x X H, x to R. That is,

for any (x},...,x}) € [x1,...,x,] and (y},...,¥,) € [¥1,---» Yl

inf 3 IFG) =yl = nf S PG -

1<i<n 1<i<n

Second, we notice that d(-,-) is a metric on H, g, as summarized in Lemma B.1

below.

Lemma B.1 d(-,-) is a metric on H, k.

Remark B.3 For [xi,...,x,] € Hux, we have [(x{,0)7,...,(x),0)"] € Hpxe1 in
which sense we can say Hpx C Hnx+1. Thus Horx, C Hux, if Ki < Ky, For
T = [X1, s Xn) € Hokys T2 = [Y1s o, Y| € Hikey, the d(T1,72) is defined in the same

way by seeing both 1 and T2 as elements in Hy max{K, Ko}

We further denote P, i as the set of a x b partial distance matrices for configu-

rations in R¥X :

Papx = {(sz - YjHZ)axb : [Xla s Xay Y1, "'7Yb] € Ha+b,K}-

It is easy to check that P, x C Paprt1-



For Ay, ..., A, C RX denote [Ay,..., A,] as a subset of H,,  :
[A1, . Anl = {[x1, -, Xn] x5 € Ajyi =1, ...,n}.
For A, B C H, k, the distance between A and B is defined as

d(A,B) .= inf d(m, 7). (B.1)

T1€A,EB

We further denote
Hn,K,C = {[Xb aXn] € Hn,K : ”XZH S C}
as a compact subset of H,, i, and

Pa,b,K,C = {(sz - YjH2)a><b : [X1> e Xay Y1, '-'7yb] € Haer,K,C} (B-Q)
as a compact subset of P, k. We consider a mapping defined as following:

. +b)x K
(I)a,b,K  REFOXE Pa,b,K;

(X1, ooy Xagp) |+ D,

where D is the a x b partial distance matrix of {(x1,...,X4), (Xat1, s Xasp)}. 1t is
not difficult to check that ®,; x is invariant with respect to isometry. Then, for

T = [X1, ..., Xq1p], We denote

(I)a,b,K (7—) = (I)a,b,K<X)7

where X T = (X1, ..., Xa1p)-

Having introduced the notions above, we give the following lemma, which is crucial



to the proof of Theorem 1. It essentially shows that for any partial distance matrix
D" € Py, k,.x.,m that approximates to another partial distance matrix D € Py, r, k0,
whose configuration 7 contains a collection of anchor points, then any configuration

7" of D' will also approximate to 7.

Lemma B.2 For compact subsets By, ..., Bg,,C1, ...,Cr, C BE (M), let

B=Bi,... B, Ci, .o, Ci)-

Suppose that for any (X1, ..., Xk, 1ky) € By X -+ X Bg, X C1 X -+ X Cryy {X1, 00y Xpy }
and {Xp, 41, -, Xpy ks b are a collection of anchor points in RE. Then, for any e. > 0,

there exists eq > 0 such that for any 7' € Hi 4k, k. . and T € B satisfying

[Py n i, (T7) = Py o i, (T) || P < €4

we have

d(t',7) < e..

We end this section by the following lemma, which will also be used in the proof

of Theorem 1.

Lemma B.3 Suppose {b},....b; }, {ci,....ci,} C B§(C) are a collection of anchor
points in R Then, for any x € B§(C), the {x,b},...,b} },{ci,...,c},} are also a

collection of anchor points in RY.

B.2 Proof of Theorems

Proof of Theorem 1. We first show the proof of (5). For e which is given in

condition A3, there exist constant p. € (0,1), and balls of radius € in R¥, denoted by



Bi(e), ..., By, (€), Gi(€), ..., Gy, (), such that for N, .J large enough,

N
2=t Loreny,: (0,810
N
J
>im1 1{af€Bc: (),a,€G5(e)}
J

> pe,i = 17 ...7]€1,

> pe,i = 1, ...,]{?2.

This comes straightforwardly from condition A0 and requirement (2) of anchor points
in condition A3. Note that the centers of By(e) and Gj(e) may vary through N, J.
We also use Bj(¢) and Gj(€) to denote By (€) and Be (€), respectively.

We first focus on the set of person points

and the set of item points
ks .
Le):=|J{j € [J]: a; € G(e),4; € Gi()}.
I=1

Let 0 = ((49;‘)T,OT)T ,al = ((a;)",0"7) € R+, We will show that there exists

an isometry mapping Fy ; € Ak, , under which Fx.;(6;) = 6 and Fy ;(a;) ~ al,

for all i € I;(e) and j € Iy(e). This is formalized in the following lemma.

Lemma B.4 For N, J large enough, there exists an isometry Fn ; € Ak, , such that
| Fns(x)|| < 4M, for all x € By (M),
and for all i € I,(€) and for all j € Iy(e),

| Fn,7(0;) — 67 || < 5e,



and

1Fn.s(85) — af || < 5e.

We then show that for most of the person points ¢ ¢ I1(€) and for most of the
item points j ¢ I»(e), we still have Fiy ;(0;) ~ 6, and Fy ;(a;) ~ a;, under the same

isometry mapping Fy ; as in Lemma B.4. This is formalized in Lemma B.5 below.

Lemma B.5 For N, J large enough, there exists a constant k > 0, such that for the

isometry mapping F j defined in Lemma B.4, the proportions

N
Zz‘:l 1{||FN,J(EJZ~)70$||>N6}

AN, = N
and Z‘] X )
\ _ Zaj=1 H||Fn s (@) -af [|>ke}
2,N,J = 7
satisfy
)\k7N7J — O, (BS)

for k=1,2, as N,J grow to infinity.

Since by Lemma B.4, we have Fy; maps By + (M) to By *(4M), then for all 6,
and for all a;,

| Fn,7(0;) — 6 || < 5M

and

1Fn,s(8;) —af|| < 5M.



Combining this with Lemma B.5, we have

{ziil |F(6) — 67| | i IF(E) —a;||2}

Fg}é{ng N J
Zi Fns(8) ~ 6117 | Y 1P (&) — &) |
= N J (B4)

S (25<M)2)\]_7N7L] + H262) + (25<M)2)\27N7J + /€2€2)

§25(M>2()\17N7J + )\27]\[7]) + 2%262

By (B.3), (5) holds. (6) holds if € can be arbitrarily small. We complete the proof. m
Proof of Theorem 2. Combining Theorem 1 and Proposition 3, we have the
result. m

Proof of Theorem 3. Theorem 3 is a special case of Proposition 5. See the proof
of Proposition 5. m

Proof of Theorem A.1. For simplicity of writing, we suppose K, = K in this
proof. We only prove the result for the respondents. The proof for the items is the
same. Under the conditions of Theorem A.1, the result of Theorem 2 is satisfied and

with a slight change in the proof, we can get

~ 2
o Sl FR)
FE.AK N P '

Consequently, there exists isometry Fy ;, such that

SN 118 — Fy (b))
= 0(0), (B.5)

noting that bj. = 6;.

Lemma B.6 Under the same conditions as Theorem A.1, suppose that

Y 116; = Fi (0517
I = 0p(1).




Then we have

>t Ligi—c(in
=0 ).
Jax N op(1)

With Lemma B.6, we complete the proof for the respondents. m

B.3 Proof of Propositions

Proof of Proposition 1. It suffices to prove in the case when ) ", x; = 0 and
S yi = 0. Denote D = (d;j)nxn, where d;; = [|x; — x;]|* = [ly; — y;||* and let
B = (bjj)nxn = —%JDJ, where J = I,, — 1,1 /n. Then B is inner product matrix of
both {x1,...,x,} and {yi,...,y»}. That is, b;; = x/x; = yiij, for 1 <i,5 <n. We

refer readers to Critchley (1988) for the relation between inner product matrix and

distance matrix. So if we denote

P = (Xl, ...,Xn)T, P = (yl, ---,Yn)Ta

then we have

PP = P,P =B.

Let

Pl =Q\R;, P} =Q:R,

be the QR decomposition (see Cheney and Kincaid (2009)) of P;, Py, where Q1, Q2

are k X k orthogonal matrix and R, Ry are k X n upper-triangular matrix with non-

T

negative diagonal entries. Since x; x; = y,'y;, for 1 < i,j < n, it is not difficult to

check that Ry = R,. If we define O = Q,Q7, then

OP = OQ1Ry, = Q2Q{ Q1 Ry = Q2R = Q2Ry = Py,
which means Ox; = y;, for 1 <7 <n. We complete the proof. m
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Proof of Proposition 2. We first introduce a lemma as following.

Lemma B.7 There exists a collection of anchor points {bj,...,b; },{ci,....c},} C

int(G), where G is the ball defined in Proposition 2.

We fix such collection of anchor points. For any € > 0, we denote Bj(¢), Gj(e),
for 1 <k <k and 1 <[ < ks, as balls centered at bj, and c;, respectively. For

sufficiently small € > 0, it is easy to see that for any

by € Bi(e),...,bx, € By, (€),c1 € Gi(e), ..., ch, € Gy, (e),

the {by,...,by, },{c1,...,cp, } are a collection of anchor points in RX. Therefore, the

(1) of A3 holds. We define

1 . * *
e = 2 15heky {P1Bi(e), PG (€) }
1<I<ko

and use Ay s to denote the following event

Sﬁe; k':17...,]€1,

N
1 *
2 Horenzo) — PiBi(e)
= (B.6)
< B 1=1,.ks,

J
1 *
7 Y laseci oy — BGile)
j=1

where P, B; (€), PoGj(€) represent the probability measure of Bj(e), G (¢) with respect

to P, and P, respectively. By Hoeffding’s inequality, we have
L a2 Lo
Pr((B.6) holds ) > 1 — 2k, exp(—iNﬁe) — 2k, exp(—EJﬁe). (B.7)

So we have

PI"(ANJ) — 1
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as N, J grow. On Ay, s, we have

{O*GB* €} > 667 1<k< kl?

2 |

{a EG* /867 1 S l S kQ-

k |

On Ay s, (B.8) holds. Then, the (2) of A3 holds almost surely. m
Proof of Proposition 3. Proposition 3 is a special case of Proposition 4. See the
proof of Proposition 4. m
Proof of Proposition 4. The proof of Proposition 4 is similar to Theorem 1 of
Davenport et al. (2014). We only state the main steps.

We denote D as the partial distance matrix of (64,...,60y) and (ay,...,ay) (to
simplify the notation, we ignore the subscripts N and J for D). Since the likelihood
function depends on (64, ...,0y) and (ay,...,a;) only through their partial distance

matrix, we re-parameterize the likelihood function by D. We denote
loy (D) =log L0, ...,0N, 2, ...,a,),

where the subscripts Q = (w;j)nyxs and Y = (Y;;)nx, indicate the random variables
in the likelihood function and D contains the parameters.
Let

loy (D) = loy (D) — loy(0), (B.9)

where 0 represents an N X J matrix whose elements are all 0 and let
G= {D e RV . ||D||, < 4M2\/(K, + 2)NJ}. (B.10)

Lemma B.8 Under the same conditions as Proposition 4, there exist constant C
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and Cy such that

Pr (Sup llay (D) — Elgy(D)| > 4M?Cy Lypp2 /Ky +2¢/n(N + J) + NJlog(NJ))
DeG

&

< .
TN+ J

Let H = {D . dij = ||0Z - aj||2, where ||01||, ||a]|| < M,Z = 1,...,N,j = 1, 7J}

It is easy to check that H C G. Consequently,

Pr (Sup llay (D) — Elgy(D)| > 4C1M?Lyp2 /Ky +2v/n(N 4 J) + NJ log(N.J)
DeH

< Pr (sup lloy (D) — Elgy(D)| > 4C, M?Lyp2 /Ky + 24/n(N + J) + NJlog(NJ))

Given the above development, Proposition 4 is implied by the following lemma.

Lemma B.9 Under the same conditions as Proposition 4,

I 16 i
N_JHDN — Dy |l% < —54M2 sup |lo,y (D) — Elay (D).
DeH

Therefore, with probability at least 1 — Cy/(N + J),

N Jlog(NJ)

N+J
NJ”DNJ Dy.s||% < 64C M2 Lypp Banse /Ky + 24/ \/ TJ)

We complete the proof by absorbing 64/ K, + 2 into C;. =

Proof of Proposition 5. We use Ay to denote the event that the result in
Proposition 4 holds. By Theorem 1 and Proposition 2, on Ay ;, we have
~Q J A0
i, |6 = F(6:)] N > lla) = F(&))”

min =
FE%\KJr N J
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goes to 0, as N, J grow to infinity. Since Pr(Ay ;) — 0, we complete the proof. m

B.4 Proof of Lemmas

Proof of Lemma B.1. Let 7y = [x1,....,X,], 72 = [y1, ..., ¥ul, T3 = [Z1, ..., Zp|. Define

dlr,m) = Fnel,i& max | F(yi) — x|
and it is easy to check that

(2(71,72) <d(rm,m) < \/ﬁ(Z(Tl,TQ).

So we just need to verify that function CZ(, -) satisfies the triangle inequality. Let

isometries Fyy, F3; satisfy

d(11,72) = miax | Fo1(ys) — Xill = | Foa (ye) — xul,

d(my,73) = max 1 F51(2i) — xil| = (| F31(2Zm) — X |-

Then

(15, 73) < max {[|Fs1(z:) — Far (vi) [}
< m?X{HF:ﬂ(Zz‘) = Xi|| + | Fa(yi) — x|}
< Foi(yr) — xill + 1F51(Zm) — X ||

= d~(7'1,7'2) + d~(7'1,’7'3).

We complete the proof. m

Proof of Lemma B.2. Otherwise there exist ¢ > 0 and sequences {Tl(n)};f’:l C
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Hiy ko5, M, and {72(”)};’10:1 C B such that

n n ]‘
H(I)k1,k27K+(7—1( )) - (I)k1,k2,K+ (7—2( )>HF < E

and

d(Tl(n), TQ(n)) > €.

Since both Hy, 44,k ,m and B are compact, there exists a subsequence {ng}e, C NT,
such that limj_, 7‘1("’“) =T € Hpythy i, v and limg_, 7‘2("’“) =1, € B. The two
configurations 7 and 7y have the same partial distance matrix but d(7, 79) > €. This
makes a contradiction because 7y € B is the only configuration of its partial distance
matrix, by the requirement of B. m
Proof of Lemma B.3. For a collection of points {x,b7,...,b; },{c},...,ci }, it is
not difficult to verify that condition A2 holds. So we only need to verify Al.

To verify Al, it suffices to show that if {by,...,bg, },{c1,...,cx, } is a collection
of anchor points, then for any x € BE(C), [x,by,...,by,, 1, ..., Ct,] is the unique
configuration corresponding to its (k1 + 1) X ko partial distance matrix.

Suppose that 7 = [x, by, ..., by, c1,...cp,] and 7" =[x/, b, ..., b}, ¢, ...c}, ] satisfy

Dy 1,k & (T) = Py, (7).

Then

(I)k1,k2,K([b1>-'-7bk27C17'--7Ck2]) = CDkl,kg,K([ /1,..., 2/,1,C/1,...C;62]).

Since {by, ..., bg, }, {c1, ...cx, } are a collection of anchor points, then [by, ..., by, 1, ...Cx,] =

/

(b, ..., by, ¢}, ...ci,]. Without loss of generality, we suppose b; = bj and ¢,, = c/,.

Then, the two configurations, [x, c1, ..., ¢x,] and [x, ¢}, ..., ¢}, ], have the same complete
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distance matrix, which further leads that
[X, €1, ...y Cy| = [X; €1, oony Cy )

Since cy, ..., €y, can affine span R it is not difficult to see that x = x’. Then, we get
7 =171', and Al has been verified. m

Proof of Lemma B.4. We define

S}k\/,J(e) = [Bik(E)?"wBZl(E)vGT(E)?"'7 22(6)] - Hlirkz,K,Ma

Sxal€) = [Bile). s Bia (), G1(6), e Gia(€)] € Hiyarrconr

where B} (€), By(€), Gi(€), Gy(€) are defined in the proof of Theorem 1. Let
on,s = d(Sn,s(€), Sy (6)) (B.11)

By (B.1) and triangle inequality, there exists an iosmetry Fy j € Ak, , such that for

all ;. € Bji(e),yj € Gj(€), %y, € Bi(e), ¥ € Gile),

| Eng(X) —xf || <de+ong, 1<k<k,
(B.12)

1 Ens(3) =y || <det+ony, 1<I1<ks.

In what follows, we will show that ox ; < € for NV, J large enough. We first define

v = I {|Phy 10, (F) — ooy iy (79|17 7 € Syg(€), 7° € Sy y(€)}  (B.13)

and we have
Vs PeN)(peJ) < || Dy,y — Dy yll3 = o(NJ),
which leads to

g = o(1). (B.14)
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By (B.11), there exist 7 € Sy s(¢) and 7 € Si.(€) such that
| Prey ko i (T) = Py oo i, (T7) || 2 < 279,
Then by (B.11), we have
on.g = d(Sn.(e), Sy.(e)) < d(r", 7). (B.15)

As shown in the beginning of proof for Theorem 1 and according to Definition 1,
the 7* is the unique configuration corresponding to its ky X ko partial distance matrix.
Since 7 € SN’J(G) C Hpy 4k iy M, Dy Lemma B.2, we know d(7*,7) — 0 as N, J grow
to infinity, and thus

d(t,7) <€ (B.16)

for N, J large enough.

Finally, since
Bi(e), Gi(e) C B (M),  By(e), Gile) C By *(M),
we have, for N, J large enough,
| F,s(x)|| < 4M, for x € By " (M).

To see this, if there exists x € By " (M) such that ||Fy s (x)|| > 4M, then by simple
geometry,

min || Fy(x) — x| > M.
x€Bg T (M)

According to (B.12) and (B.16), we will get

M < ||Fn (%) — X || < 4de+ on.y < be,
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which contradicts with the fact that € < %OM < %OM :

Proof of Lemma B.5. Let &, ..., &, denote the centers of Gy(e), ....

¢ =(¢/,0M)T € RE". We first give the following lemma.

Lemma B.10 For any

= [X,X1, ..., Xp,) € [Bo (M), G (e), ..., 5 (€)]

Ty = [Y7y17 "'7y1€2] € [Bé(*—(M))Béj(e)v "'7Béz (6)]7

we have

|IxT — y|| < cmax < d(11, ), Z % —will? ¢,
for a constant c, which only depends on the set {c3, ...,c;,} and M.

Define

Hy(e) == {i € [N]: |Fns(0;) — 0| > 5max(c, 1)\/ky + koe}

and

Hy(e) :={j € [J]: | Fns(a;) —aj|l > 5max(c, 1)\/ ki + kae},

, G, (€) and

(B.17)

(B.18)

where c is the constant in Lemma B.10. We set the constant x in Lemma B.5 to be

bmax(c, 1)v/ ki + koe. and then we have [Hy(e)| = NAin.s, |H2(€)] = JAg .. Note

that I, (e) N Hy(e) = 0, I(e) N Ha(e) = 0 for N, J large.

We choose iy, ..., i, € I1(€) and ji, ..., jx, € I2(€) such that

0;. € B;(e), 0;, € By(e),

a; € Gj(e), a; € Gi(e)

for 1 <k < ky and 1 <[ < ko. For any i € Hy(e), we consider the following
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configurations

x __ [0* O* * * *
T = [01'701'17 "'79ik17aj17 ...,aij] € Hk1+k2+1,K,M7
T = [027 0i17 ceey Giklvaju "'7ajk2] € Hk1+k2+1,K+7M

and
m=10;,a},...a; ] € [By (M), Gi(e), ..., Gy, (e)],

17 T g

= [éi’éju“'?éij] S [B§+(M),G1(€),...,Gk2<6)].

It is obvious that

d(t,7) > d (7, 71]).

By Lemma B.4, we have

ko
> I1Fn(a5) — ag||> < 5v/kae < 53/ ky + kae.
=1
Combining it with (B.17) and Lemma (B.10), we have
d(7~'1, 7'1*) > 5v ki + ]{ZQE,

which leads to

d(7,7) > b/ k1 + kee. (B.19)
According to Lemma B.3, {6;,6;, ...,Gfkl}, {aj,, ...,a;kQ} are a collection of an-

chor points. Let D, D € Pri41ko,k,,m be the partial distance matrix of 7 and 77,

respectively. Combining (B.19) and Lemma B.2, there exists a constant 6. > 0 such

that

|D — D||p > 6.

(B.20)

For each i € Hy(€), we choose iy, ...,ix, € I1(€) to form a group {4,y ...,i, } C [N]
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such that

(67,07 ,...,0; ) € By (M) x Bi(e) x - x By, (€)

(R SRR (235

and

(0:,0:,,....,0;, ) € Byt (M) x Bi(e) x -+ x By, (e).

We could find at least min{A; x s, pc} x N such groups which are mutually exclusive.
We could also find at least p.J mutually exclusive groups of {ji,...,Jx,} C [J] such
that

(@;,,...,a; )eGi(e) x - xGy,(e)

TRRERE

and

(éjm ...,é_ij) € Gl(E) X oo X Gk2<€).

By (4) and (B.20), we have
min{\; .7, p }NpeJ62 < o(NJ).

So

min{)\l,N,Jape} = 0(1)7

which means Ay x; — 0, as N, J grow to infinity. Similar result holds for Ay x ; and
we do not repeat it. m
Proof of Lemma B.6. Consider the K-means clustering of the person points in

Algorithm A.1. We define a loss function

N
1 .
L0 O3) = 5 2 16 = o |1
1=1

as the loss function for K-means clustering, where ¥; € {1,...,k;} represents the

20



cluster membership of person i and

v o
> i1 0ilw,—r)
N
Zz’:l 1{79i:k}

B =

denotes the centroid of the kth cluster. Under the conditions of Theorem A.1, the

K-means clustering converges to the global optima, which implies that

L(V1,....,0n) = me{l’“glll}n’i:l ..... N,C(QS‘I, e UN). (B.21)

So for any isometry F' € Ay,

N
Z ||9 Ky, 1> < Z ||9 bﬂ*
i=1

By triangle inequality,

(leug F(bj:) 2>é§ (i(“uar@iIF) (ZIIG — F(by,) I2>é,

i=1

<2<Zy|e — F(bj. H2>

1
2

Define d = min,,; [|b; — b}| and for F' € Ak, define

Ap={l<i<N:|py — F(b).)

<3h

and denote AS, := {1,...,N}/Ap.
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Then

Zz‘eAFK]’J 1 L ZieAfmJ 1
N N N
Dicac, lwg, = Fr (0517
1 4 N ’
d? N
N * *
1 izz‘ﬂ g, — FN,J(bﬁ;) ?
- d? N
N 0 * * 2
1 EZi:l 10; — FN,J(bﬂ;)
- d? N
L |

(B.22)

Lemma B.11 Under the same conditions as Lemma B.6, if there exists (; € By,

satisfying

* * d
HI'LC1(1) - FN,J(bl)H < 5

where p, is the centroid of the lth cluster, Fy ; is defined in (B.5) and d is defined

above, then there exists (3 € By,, such that for alli € Apy, |, V; = G (97).

Let Qn y = {w: 3¢ € By, st. |[peqy(w) — Fi (b)) < 4 i=1,..,k}. Notice that

Q. is a subset of the whole probability space. By Lemma B.11, for any w € Qu s,

there exists (n,; € By, , which corresponds to ¢, in Lemma B.11, such that

N ) N ) , 1
2 i 1{19;‘:4‘(19@-(&)))} 2 i1 1{191-:CN,J(193)} ZZEAFJ*V,J
max > >
CEBy, N N N

Lemma B.12 Under the same conditions as Lemma B.6, we have

s P =

where Qy ;7 15 defined above.

By Lemma B.12 and (B.22), we complete the proof. m
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Proof of Lemma B.7. Without loss of generality, we suppose that the ball G C R¥
has center at orgin. By Theorem 2.1 of Alfakih (2005), we know there exist ki, ky >
K +1 and two sets of points, {b}, ..., by },{c],...,cj,} C int(G), satisfying condition
A2 whose partial distance matrix D* has unique configuration. Furthermore, points

near b}, ¢} also have this property. Specifically, there exists € > 0 such that for
b, € Bli(e) C G, «c¢; € BL(e) CG,
1 J

the {by, ..., by, }, {c1, ..., ck, } satisfy condition A2 and their partial distance matrix D

has unique configuration. Then, by Lemma B.2, condition A1 holds and {b7, ..., b} },{c7, ..., c;,}
are anchor points in RX. m

Proof of Lemma B.8.  The proof of Lemma B.8 is similar to Lemma A.1 of
Davenport et al. (2014). m

Proof of Lemma B.9. We have

0 <loy(Dn.) = loy(Di ) =lay(Dn.s) = Eloy(Dy.s) + Elay(Dy ;) — Bloy(Dy. ;)
+ EZ_Q,Y(D}(V7J) - Z_Q,Y<D7V,J)

S (El_gly(DN’J) — EZQ’y(D}kV’J)> + 2 sup ‘Z_Q’Y(_D) - l_Q’Y(D)|

DeH

So

E (loy(Dy.) = loy (Dy.y)) < 2sup [l (D) ~ oy (D)].
S

Notice that

E (Z_Q,Y(DTV,J) - [Q,Y(DN,J)) =E (lQ,Y(D}kV,J) - ZQ,Y<EN,J)>

_n N oo i) VRN A 1))
= NJ;jf<dij)l g(—f(czij)>+(1 f(di;))1 g(l—f(czij))
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For two distributions P and Q, let Dy, (P||Q) denote the Kullback-Leibler divergence

Dis(PIQ) = [ platog (%) dr,

where p(z) and ¢(z) are the density functions for P and Q, respectively. For 0 <
p,q < 1, we use
1 —

p
_q)

Dics(plla) = plog(() + (1 p) log(; -

to denote the Kullback-Leibler divergence between two Bernoulli distributions with

parameter p and ¢, respectively. For P,Q € (0,1)V*/, we define
DKL PHQ JZDKL HQU

For a partial distance matrix Dy ;, denote f(Dx, ;) as the matrix (f(d;;))nxs. So

from above, we know that

nDir(f(Dy. )l f(Dy.s)) < 2;1611}31 o,y (D) — la,y(D)].

Still for 0 < p,q < 1, let

d(p.a) = (VP = V@)’ + (V1-p—V1-0q)

denote the Hellinger distance between two Bernoulli distributions with parameters p

and ¢, respectively. For P,Q € (0,1)V*7, we define

di(PllQ) - NJZd2 Py, Q).
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It is easy to check that d%(p,q) < Dk(pllq). So

(D)) F(D.s) < > sup [Ty (D) — Iy (D)

N pex

By Lemma A.2 of Davenport et al. (2014), we have

~

1 - * *
N—JHDN,J — Dy 1% < 8Bun2d3 (f(Dxy), f(Dn,s))

16 - -
< —Burez sup |loy (D) — loy(D)].
n DeH

Proof of Lemma B.10. Denote

ko
n = max <} d(71,T2), Z %" — yul?
=1
and then d(7y, ) <n and
I =yl <0 1=1, .k (B.23)

Therefore there exist A € Ok, and b € R¥+ such that

ko
[Axt +b —y[2 + Y [ Ax +b -y <,
=1

which leads that

[Ax" +b—y| <n (B.24)

and

A%, +b—y|| <n, 1=1,.. k. (B.25)
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Combining (B.23) and (B.25), we get
|Ax" +b—x|| <2n, 1=1,.. k.

According to condition A2, xy, ..., X3, can affine span RX. Then there exists ay, ..., o,

satisfying Zfﬁl a; = 1, such that x = Zfﬁl ayX;. So we have

ko

Zal Axl —|—b—xl

=1

HAX +b-— X+H =

< 2( Z’aJ’

k1

Combining it with (B.24), we have ||x™ —y| < (2> |a;| + 1)n. We complete the
j=1

proof by setting the constant ¢ in Lemma B.10 to be

max inf 22|al|.

xeBE (M) X, =1
xlEG*( ) X=Xy

|
Proof of Lemma B.11. For 7,7 € AF]*VJ, if ¥ = vj and suppose they are
both equal to k, then ||py, — Fy ;(bp)[| < d/2 and [|p;, — FY ;(b})[| < d/2. Given
the condition in Lemma B.11, it is easy to check that there is only one p; among
{wy, ., g, } satisfying

i — Fie s (67 < df2.

then 0; = 9;. If 9% # U7, then ||y — Fy ;(bj:)

<d/2and |y, = F (b5 )| < d/2.
So

lees, = 1y, | = 1 Fx s (by:) = Fiy 5 (by:)

d d

|~ g, = F 3l = s, — Fis (b))

which means 191 #* 1§j. So there exists (5 such that for i € AF;*V - 1@1 =((UF). =
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Proof of Lemma B.12. Let

which is a subset of the whole probability space. By (B.22), for any € > 0, we have

: €)Yy —
N,I}IBOO Pr(I'y ;) = 1.

For any w ¢ Qy,, there exists [ such that [|p,,(w)—Fy ;(b})|| > d/2,form =1,.... k.
So for i satisfying J; = I, we have ||p; (w) — Fy ;(b}.)[| = d/2. According to (2) of
condition A3, for sufficiently small €, if N, J are sufficiently large, then w ¢ Fg@:?,,
which means FS\E,/?, C Qn,y. By (B.22), for sufficiently small €,

: : ()
> =
i P 2 Prlaa) =1

We complete the proof. m

C Algorithm-based MDU: Real Data Examples

To compare the proposed method with classical algorithm-based MDU methods, we
apply ordinal MDU (Busing et al., 2005) to both real datasets analyzed in the paper.
The application is based on the implementation in R package smacof (de Leeuw and
Mair, 2009). For both examples, the latent dimension is set to two, and all the tuning
parameters are set to be the default ones. The results below show that the ordinal
MDU approach provides similar visualization results as the proposed one, especially
for the roll call voting data due to its unidimensional nature. The results for the movie
rating dataset are also similar for the two methods, but the interpretable patterns

from the ordinal MDU approach is not as clear as the proposed one.
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O movie
A user

-2

Figure C.1: Analysis of movie rating data: Simultaneous visualization of the esti-
mated movie and user points.

Figures C.1 through C.3 show the same plots as in Figures 4 through 6 in Sec-
tion 5.1, respectively, for the movie rating dataset. Figure C.1 provides the simul-
taneous visualization of the movie and user points. Similar to the plot in Figure 4
given by our method, the movies and the users tend to form two giant clusters that
only slightly overlap.

Figure C.2 is similar to Figure 5, where the two panels show the same scatter plot
for the movie points. In the left panel, the movies are stratified by the the numbers
of ratings that they received, where different stratums are marked by different colors.
In the right panel, the movies are stratified by their release time. Recall that the
patterns of popularity and release time are captured by the proposed method as
shown in Figure 5. Figure C.2 seems also to capture these patterns, but not as clear
as those in Figure 5. According to panel (a) of Figure C.2, the more popular movies
tend to be located near the origin, while the less popular movies tend to be located
away from the origin. According to panel (b) of Figure C.2, the clustering patten of
the movies can be largely explained by the three categories of release dates. From

the left to the right of the space, the points correspond to movies from the relatively
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(a) (b)

Figure C.2: Analysis of movie rating data. Panel (a): Visualization of movie points,
with movies stratified into four equal-size categories based on the numbers of rating.
Movies with numbers of rating less than 127, 128-169, 170-229 and more than 230 are
indicated by black, red, green and blue points, respectively. Panel (b): Visualization
of movie points, with movies stratified into three categories based on their release
time. Movies released in 1997-1998, 1995-1996, and before 1995 are indicated by
green, red and black points, respectively.

older ones to the relatively more recent ones.

Figure C.3 shows the same plots as in Figure 6. Similar pattern is shown that the
shorter the average distance from a user point to the movies points, the more active
the user is. In Figure C.3, users are classified into four equal-size groups depending
on the numbers of movies they rated. These groups of users, from the most active
one to the least active one, lie from the top left to the bottom right.

Figures C.4 through C.6 show the same plots as in Figures 7 through 9 in Section
5.2, respectively, for the roll call voting dataset. Figure C.4 provides the simultaneous
visualization of senators and roll calls. Similar to the plot in Figure 7, most of the
points tend to lie on a straight line.

Figure C.5 provides a scatter plot of the senator points. Similar to Figure 8,
most of the senator points tend to locate around a straight line, with the Democrats

on one side and the Republicans on the other side. Also similar to Figure 8, the
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Figure C.3: Analysis of movie rating data: Visualization of user points, with users
classified into four equal-size categories based on the numbers of rating. Users who
rated less than 24, | 25-47, 48-103 and more than 104 movies are indicated by black,

red, green and blue points, respectively.

O senator
A roll call

Figure C.4: Analysis of senator roll call data: Simultaneous visualization of the
estimated senator and roll call ideal points.
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Figure C.5: Analysis of senator roll call data: Visualization of senator points, where
senators are classified by their party membership. Specifically, The Democrats, Re-
publicans and an independent politician are indicated by blue, red, and green, re-
spectively.

independent senator, Jim Jeffords from the state of Vermont, is mixed together with
the Democrats, while the Democrat senator, Zell Miller from the state of Georgia, is
mixed together with the Republicans.

Finally, Figure C.6 shows the unfolding results for the roll calls. The pattern
in panel (a) of Figure C.6 is similar to that of Figure 9, where from the right to
the left, the proportion of “Yeas” from the Republicans increases. Also similar to
Figure 9, although most of the roll calls lie near the z-axis, there are still quite a
few of them spreading out along the y-axis. According to panel (b) of Figure C.6
based on the cross entropy measure, the voting behavior on these roll calls tends to

be heterogeneous within both parties. This result is similar to that given in panel (b)

of Figure 9.
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Figure C.6: Analysis of senator roll call data. Panel (a): Visualization of roll call
points, where roll calls are classified by the proportion of Yeas from Republicans.
Specifically, roll calls who have the proportions less than 0.068, 0.068-0.52,0.52-0.73
and larger than 0.73 are indicated by black, red, green and blue points, respectively.
Panel (b): Box plots of min{CEg.l), CEE»Q)}, for roll calls lying near the z-axis (|a;q| <
0.05) one the left and for those spreading out along the y-axis (|a;2| > 0.05) on the
right.
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