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ABSTRACT. This paper sheds light on inference problems for statistical models under alternative
or nonstandard asymptotic frameworks from the perspective of jackknife empirical likelihood.
Examples include small bandwidth asymptotics for semiparametric inference and goodness-of-
fit testing, sparse network asymptotics, many covariates asymptotics for regression models, and
many-weak instruments asymptotics for instrumental variable regression. We first establish
Wilks’ theorem for the jackknife empirical likelihood statistic on a general semiparametric in-
ference problem under the conventional asymptotics. We then show that the jackknife empirical
likelihood statistic may lose asymptotic pivotalness under the above nonstandard asymptotic
frameworks, and argue that these phenomena are understood as emergence of Efron and Stein’s
(1981) bias of the jackknife variance estimator in the first order. Finally we propose a modi-
fication of the jackknife empirical likelihood to recover asymptotic pivotalness under both the
conventional and nonstandard asymptotics. Our modification works for all above examples and

provides a unified framework to investigate nonstandard asymptotic problems.

1. INTRODUCTION

This paper sheds light on inference problems for statistical models under alternative or non-
standard asymptotic frameworks from the perspective of jackknife empirical likelihood, initially
proposed by Jing, Yuan and Zhou (2009) for one- and two-sample U-statistics. Examples of non-
standard asymptotics include (i) small bandwidth asymptotics for semiparametric inference using
average derivatives by Cattaneo, Crump and Jansson (2010, 2014a, b), and for goodness-of-fit
testing by a quadratic functional of the density by Bickel and Rosenblatt (1973), (ii) sparse net-
work asymptotics by Bickel, Chen and Levina, (2011), (iii) many-weak instruments asymptotics
for instrumental variable regression by Chao et al. (2012), and (iv) many covariates asymptotics
for regression models by Cattaneo, Jansson and Newey (2018a, b). These nonstandard asymp-
totic frameworks, which cover the conventional asymptotics as a special case, are developed to
provide better approximations for finite sample properties of statistics and more reliable infer-
ence methods. We investigate the behavior of the jackknife empirical likelihood statistics under
such nonstandard asymptotics and develop a unified inference approach that has good statisti-
cal properties under both the conventional and nonstandard asymptotics. In the main text, we
discuss the small bandwidth and sparse network asymptotics, and the results on the many-weak
instruments and many covariates asymptotics are presented in Supplementary Material.

In particular, we first consider a general semiparametric inference problem under the conven-
tional asymptotics, and establish Wilks’ theorem for the jackknife empirical likelihood statistic.
This is a natural extension of Jing, Yuan and Zhou (2009) toward semiparametric moment con-

dition models, which are typically written by U-statistics with varying kernels. Next, we show



that the jackknife empirical likelihood statistics may lose asymptotic pivotalness under the above
nonstandard asymptotic frameworks, and typically converge to quadratic forms of normal vectors
with unknown weights. A crucial point, made by Cattaneo, Crump and Jansson (2014b) for the
small bandwidth asymptotics, is that the mismatch between the variance of the normal vectors
and the weight matrix in these quadratic forms is understood as emergence of Efron and Stein’s
(1981) bias of the jackknife variance estimator in the first order. Under the conventional asymp-
totics, Efron and Stein (1981) presented a general higher-order bias formula for the jackknife
variance estimator. Under the nonstandard asymptotics, however, both the linear and quadratic
terms of U-statistics can be of the same order, and Efron and Stein’s (1981) bias violates as-
ymptotic pivotalness of the jackknife empirical likelihood statistic. Finally, based on this point,
we propose a modification of the jackknife empirical likelihood to recover asymptotic pivotalness
under both the conventional and nonstandard asymptotics. The basic idea is to incorporate
leave-two-out adjustments as in Hinkley (1978), Efron and Stein (1981), and Cattaneo, Crump
and Jansson (2014b) into the estimating equations to construct the jackknife empirical likelihood
statistics. Our modification works for all above examples and provides a unified framework to
investigate nonstandard asymptotic problems.

The literature on alternative or nonstandard asymptotic analysis is so broad that we limit
ourselves to mention only closely related papers for the examples discussed in later sections. In
a series of papers, Cattaneo, Crump and Jansson (2010, 2014a, b) advocated the small band-
width asymptotics to conduct robust statistical inference for semiparametric average derivative
estimators. See also Cattaneo and Jansson (2018) for further developments on bootstrap in-
ference. Cattaneo, Crump and Jansson (2014b) is particularly important for this paper since
they first pointed out the emergence of Efron and Stein’s (1981) bias in the first order. This
paper puts forward Cattaneo, Crump and Jansson’s (2014b) view toward the jackknife empirical
likelihood inference. We also consider goodness-of-fit testing based on a quadratic functional
of the density by Bickel and Rosenblatt (1973). In this case, we observe analogous robustness
for the bandwidth choices for our jackknife empirical likelihood statistic, cf. Hall (1984). For
the network asymptotics, our analysis is considered as robustification of the network method of
moments by Bickel, Chen and Levina (2011) and Bhattacharyya and Bickel (2015) for sparse
networks. See Supplementary Material for literature on the many-weak instruments and many
covariates asymptotics. Cattaneo, Jansson and Ma (2019) employed a jackknife method under
nonstandard asymptotics where the first stage of semiparametric generalized method of moments
estimation involves many covariates. They used the jackknife to remove the bias term due to
many covariates and to estimate their standard error, and then proposed to conduct bootstrap
inference. See also Cattaneo, Crump and Jansson (2013) for the jackknife bias correction for
weighted average derivatives under weaker bandwidth conditions. This paper focuses on the se-
tups where the bias term is negligible typically because the nonparametric components enter the
estimating equations in linear ways, and the asymptotic variance changes under the nonstandard
asymptotics.

This paper also contributes to the literature of empirical likelihood, see Owen (2001) for a

review. Since the seminal work by Jing, Yuan and Zhou (2009), jackknife empirical likelihood



has been extended to various contexts, such as Wang, Peng and Qi (2013) for high dimensional
means, Gong, Peng and Qi (2010) for receiver operating characteristic curves, Zhang and Zhao
(2013) for transformation models, Peng, Qi and Van Keilegom (2012) for copulas, and Zhong
and Chen (2014) for regression imputation, among others. Under the conventional asymptotics,
empirical likelihood inference has been studied by Bertail (2006), Zhu and Xue (2006), Hjort,
McKeague and Van Keilegom (2009), Bravo, Escanciano and Van Keilegom (2020), among others.

2. STANDARD ASYMPTOTICS

2.1. Semiparametric model. This section considers inference on parameters defined via semi-
parametric moment conditions under the conventional asymptotic framework. In particular, we

are interested in a vector of parameters 6 satisfying

E[g{Z797M(X)}] =0, (1)

where X and Z are observables, ¢ is a known function up to 8 and p, and p is a vector of unknown
functions. In this section, we focus on the case where (X)) takes the form of the conditional
expectation E(Y|X) for some variables Y or its derivatives. Many inference problems are covered

by this setup as illustrated by the following popular examples.

Example 1. Average treatment effect. Let Y (0) and Y (1) be potential outcomes for a treatment
D = 0 and 1, respectively. We observe Z = (Y, X, D), where Y = DY (1) + (1 — D)Y(0) and
X are covariates. Under the so-called ignorability assumption by Rosenbaum and Rubin (1983),

the average treatment effect is identified as

0 =E{Y(1) = Y(0)} = E{m(X) — po(X)},
where pg(X) = E(Y|X, D = d). This setup can be considered as a special case of (1) by setting
9{Z,0, (X))} = p (X) — po(X) — 0.

Example 2. Weighted average derivative. Let m(X) = E(Y|X) and w be a known weight

function or density function of X. The weighted average derivative of the regression function is

defined as
0=E {w(X)ang(X) } :

This object is often used for estimation of single index models as in Powell, Stock and Stoker

(1989), and some nonseparable models. This setup can be considered as a special case of (1) by
setting ¢{Z,0, u(X)} = w(X)u(X) — 6 with p(x) = Om(z)/0x. For the standard asymptotic
analysis in this section, w can be either a known weight function or density function of X. How-
ever, the small bandwidth asymptotic analyses are very different for these cases, see Cattaneo,
Crump and Jansson (2013) for a known weight case, and Cattaneo, Crump and Jansson (2014a)
for the density weighted case. We focus on the density weighted case for the small bandwidth

asymptotic analysis in Section 3.

Other examples include estimating equations for various semiparametric models, such as par-

tially linear and varying coefficient models.



Suppose a preliminary estimator f for y is available. Then the parameters 6 can be estimated

by solving the estimating equations
1 n
j=1

As shown in Newey (1994), under certain regularity conditions the influence function of 0 is given
by
09{Z,0, n(X 09{Z,0, n(X
0(2.%) = - | 2EZION (gz.0, w00y + £ | 222N x| iy - iy ) 2
and the asymptotic variance of 6 is obtained by var{¢(Z, X)}. To obtain the Wald-type confi-
dence set for 6, we need to estimate the asymptotic variance var{¢(Z, X)} that involves analytical
or often numerical derivatives of g and estimation of the conditional mean E {%}W‘ X }

W] . We provide an alternative inference approach based on

and average derivatives F [
the jackknife empirical likelihood, which does not require estimation of nonparametric compo-

nents in var{¢(Z, X)} nor even computation of the derivatives of g.

2.2. Jackknife empirical likelihood. We now introduce the jackknife empirical likelihood

approach for the setup in (1). Here we focus on the case where p(X) is estimated by the kernel

ﬂ(Xj)Z n_thd <X Xk>Yk’

k#j
where K is a kernel function, h is the bandwidth, and f(Xj) = = 1 Zk# hldK (X X’“) is

an estimator for the density f of X. Similar results can be established for local polynomial

estimator

estimators. For given 6, we construct the jackknife pseudo-values as
Vi(0) = nS(0) = (n = 1)$9(0), (3)

where

- izg{zj,e,mxj)}, 596 X))},

T Zk?éw 7 (X'_ k) Y}, is a leave-i-out counterpart of /i(X;). We treat

J#%

and 4 (X;) = f(X
the jackknife pseudo- Values as if they are estimating equations for 6, and construct jackknife

empirical likelihood as
n n n
(0)=—-2 sup > log(npi), st.p;>=0, > pi=1, Y pVi(f)=0.
P1y--,Pn i=1 =1 =1
By applying the Lagrange multiplier method, the dual form of ¢(0) is written as
n
£(0) = 2sup Z log{1 + \'V;(6)}. (4)
A =1
In practice we employ this dual formula to compute ¢(6). The asymptotic property of the

jackknife empirical likelihood statistic £(6) is obtained as follows.



Theorem 1. Under Assumption SP in Appendix, it holds ¢(6) A X;, where p is the dimension
of 6.

This theorem says that the jackknife empirical likelihood statistic £() is asymptotically piv-
otal and converges to the X]% distribution. Thus, the jackknife empirical likelihood confidence
set of @ can be constructed by {c : £(c) < x2,}, where x2, is the (1 — @)-th quantile of the
Xf, distribution. In contrast to the Wald-type confidence set based on the influence function in
(2), the jackknife empirical likelihood inference does not require estimation of nonparametric
components nor evaluations of the derivatives of g. Also we do not have to derive the influ-
ence function for each application. The above construction of jackknife empirical likelihood is
particularly attractive when computation of the estimator 0 is expensive. Indeed the jackknife
empirical likelihood statistic () does not involve any point estimator of § because we conduct

jackknifing on the estimating equations rather than the estimator.

3. SMALL BANDWIDTH ASYMPTOTICS

3.1. Density weighted average derivative. In this section we focus on the density weighted

average derivative

Op(X)
0=F X
{roo% .
where f is the density of X and u(X) = E(Y|X). Using integration by parts, this parameter is

alternatively written as 6 = —2F {Yag(;() }, and thus can be estimated by

gz_gzyjaf(Xj)’ 5)

where f (X;) = 5> £ ﬁK (Xj ;X’“) is the leave-one-out kernel density estimator. Note

that this estimator takes the form of the second-order U-statistic and admits the Hoeffding

decomposition:
n 1 n n 1 n n 1 n n
i=(5) XX ma=rd e YL (5) X w©
j=1 k=j+1 j=1 j=1 k=j+1
where Uj, = fﬁK <Xj;X'“> (Y; — Y;) with the derivative K of K, L; = 2{E(U;|Z;) —

E(Uj)}, and W, = Ui, — (Lj+Ly)/2— E(Ujj). Under standard conditions listed in Assumption
SB in Appendix, the bias term E(0)—0 is of order O(h®), where s is smoothness of f as well as the
order of the kernel, and the quadratic term (g)fl D i=1 2 k—j+1 Wik is of order Op(nflh_g_l).
Thus, by imposing both /nh® — 0 and nh®? — oo, the limiting distribution of @ is determined

by the linear term in (6) as in Powell, Stock and Stoker (1989), that is
1 o d
Vn( —0) = NG > Lj+0p(1) 3 N(0,3),
j=1

where ¥ = E(L;L’). In order to robustify inference on ¢ against the choice of bandwidths,
Cattaneo, Crump and Jansson (2014a) relaxed the requirement nhdt2 — o0, called the small

bandwidth asymptotics, so that both the linear and quadratic terms in (6) play the dominant



roles. In particular, they established

Vn(d —6) LN N(0,% + 2+ 1A) under nh@t? = k€ (0, 00),
<;’> hi+2( — 0) % N(0,A) under nh®t2 -0,

where A = lim, hd”E(ijWJ{k) = 2B {var(Y|X)f(X)} [ K(u)K (u)'du is the variance of
the quadratic term in the Hoeffding decomposition (6). Cattaneo, Crump and Jansson (2014a)
advocated inference based on the case of nht? — Kk by estimating the asymptotic variance
Y+ 267 1A.

3.2. Jackknife empirical likelihood. We apply the jackknife empirical likelihood method to
the density weighted average derivative estimator 0 in (5). Based on the estimator, we construct

the jackknife pseudo-values as in (3) with
SO =6-0, SDO) =09 9,

where 6 is the leave-i-out version of 6 in (5). The asymptotic property of the jackknife empirical

likelihood statistic in (4) is obtained as follows.

Theorem 2. Consider the setup of this section and suppose Assumption SB in Appendix holds
true. Then

x§ under nh@t? — oo,
0(6) A (2 4+ 4x7TA)E  under nh¥t? — k € (0, 00), (7)
X3 under nh?t2 — 0,

where £ ~ N(0,% +2571A).

Similar to the estimator é7 the limiting distribution of the jackknife empirical likelihood statis-
tic £(f) depends on the condition on nh®*2. If nh®2 — 0 or oo, then the jackknife empirical
likelihood statistic is asymptotically pivotal but obeys different limiting distributions. In par-
ticular, if we use the conventional X?l critical values for very small values of h, such inference
tends to be conservative. For the knife edge case of nh%*? — k € (0, 00), the jackknife empirical
likelihood statistic is no longer asymptotically pivotal and its limiting distribution depends on
k. It is interesting to note that discrepancy of the constants multiplied to k™' A in the variance
of ¢ and the term X + 4x ' A is analogous to the second-order bias in the conventional jackknife
variance estimator in Efron and Stein (1981). As pointed out by Cattaneo, Crump and Jansson
(2014b), this Efron-Stein bias of the jackknife variance estimator is exactly due to mismatch of
characterizing the quadratic term in the Hoeffding decomposition. Under the small bandwidth
asymptotics, the Efron-Stein bias emerges in the first order.

It is desirable to modify jackknife empirical likelihood to have the same limiting distribution
for all cases. To this end, we employ the bias correction method suggested by Efron and Stein
(1981) and Cattaneo, Crump and Jansson (2014b) and modify the jackknife empirical likelihood

statistic as follows. Let () be the leave-(i, j)-out version of 8, and define

Qij =10 — (n —1)(09 + 8D 4 (n —2)009).



This term is used in Efron and Stein (1981) to correct the higher-order bias of the jackknife

variance estimator. If 8 is scalar, the bias corrected variance estimator is given by

1 R
nn 309 )2 - n+1 Z Z (Qij — Q)%

=1 i=1 j=1+1

WhereQ n(n—1) Zz IZ] i+1 Ql]

Since Q;; is asymptotlcally expressed as a function of Wj;’s but not L;’s, see, eq. (C.13) in
Supplementary Material, it can be used to estimate the variance component A. We utilize this

term to modify the jackknife empirical likelihood statistic as follows

£"(6) = 2sup > log{1+NV™(6)}, (8)

i=1

where V/(0) = Vi(8) — TT{V;(§) — V;(#)}, and T and T are given by

NG00 zvé ey -1y 3 s
1=1

=1 j=1+1

Theorem 3. Consider the setup of this section. Under Assumption SB, ¢™(6) A X?i regardless

of the condition on nh4t2.

Therefore, the modified jackknife empirical likelihood ¢(#) is asymptotically pivotal and fol-
lows the XZ limiting distribution for all cases of nh%t2. Note that the modified jackknife empirical
likelihood inference only requires the estimators, é, é(i), and é(i’j), and circumvents estimation

of ¥ and A, which contains nonparametric components and requires additional smoothing.

4. GOODNESS-OF-FIT TESTING

In this section, we consider goodness-of-fit testing for a d-dimensional random vector X with

the density function f. In particular, for a specified density function fj, we wish to test

Ho:f=fo vs. Hi:f# fo.

Let f(z) = hd > K (x X ) be the kernel density estimator for some kernel function K :
R? — R and bandwidth h. As a test statistic, we consider a modified version of a quadratic
functional proposed by Bickel and Rosenblatt (1973):

- / (F(2) — Kn * fola))2de,

where Kj, * fo(z) = % [ K (%) fo(u)du. The idea of using the convolution with K}, is first
used in Héardle and Mammen (1993). The asymptotic distribution of J is the same for over,
optimally, or under-smoothed bandwidths, and it is the same as that of [{f(z) — fo(z)}?dx for
undersmoothed bandwidths, see, p. 332 of Fan (1994). The main reason of such robustness of
J for the bandwidth is due to the fact that the dominant term of J is given by a degenerated
U-statistic. Here we show that the jackknife empirical likelihood statistic applied on J enjoys

analogous robustness for the bandwidth choices.



Let f0)(z) = m > s K (x_hXj ) be the leave-i-out kernel density estimator and define

the leave-i-out counterpart of J as
JO = /{f(’)(a:) — K, * fo(z)}de.
In this case, we construct the jackknife pseudo-values V; = nS — (n — 1)S () by setting
S=J-B, SO=g0_p

where B = # J K(2)dz is a constant for centering. Then the jackknife empirical likelihood

statistic is obtained as

n n n
by = —2 sup Zlog(npi), s.t. p; >0, Zpi =1, Zpivi = 0.
{pitic) =1 i=1 i=1

The asymptotic property of the jackknife empirical likelihood statistic £y is obtained as follows.

Theorem 4. Consider the setup of this section and suppose Assumption GoF in Appendix holds
true. Then under A — 0, nh® — 0o, and the null hypothesis Hy, it holds

0% L.
Note that the jackknife empirical likelihood statistic ¢y is asymptotically pivotal regardless
the over, optimally, or under-smoothed bandwidths. In this example, the limiting distribution is
always $x?(1), which corresponds to the third case in (7). This is because of the fact that the
dominant term of S is given by a degenerated U-statistic. Therefore, in this example, there is
no need for modification on the jackknife empirical likelihood statistic as in the previous section.
Since Y | V; converges to a positive constant under the alternative hypothesis, we propose a
one-sided version of the signed root jackknife empirical likelihood statistic Sgr, = sgn(>_r_; V;i)v/20o.
Based on the above theorem, we reject Hy if Spr, > 21_4, where z1_,, is the (1 — a)-th quantile

of the standard normal distribution.

5. SPARSE NETWORK ASYMPTOTICS

Consider a random graph on vertices (1,...,n) represented by an n x n adjacency matrix A,
where Ag; = 1 if there is an edge from node k to [ and 0 otherwise. We assume that the graph
is undirected and contains no self-loops, which means A is symmetric and diagonals of A are
all zero. In this section, we focus on inference for the probability of an edge in the network,
0, = P(A = 1), which can be estimated by § = (g)_l D ket 2oimkg1 Art- In this setup, the
parameter 6, typically depends on n, and note that d,, = (n — 1)6,, is the expected degree. The
case of d,, = 1 is called the phase transition, and the case of d,, — oo is often considered as a
dense graph.

To study the asymptotic properties of é, we employ the nonparametric latent variable model
in Bickel, Chen and Levina (2011) and Bhattacharyya and Bickel (2015):

P(Aij = 1&,&) = BE(Ay16,&) = 0pw(&, &) Hw(&, &) < 6,1, (9)



for 4,5 € (1,...,n), where (&1,...,&,) are iidd U(0,1), and w(-,-) is positive, symmetric, and
fol fol w(s,t)dsdt = 1. This model is derived from a general representation theorem of the
adjacency matrix A by Bickel and Chen (2009) and is flexible to cover popular network formation
models, such as stochastic block models, latent variable models, and preferential attachment
models. See Kolaczyk (2009) for a review.

By using the latent variables in (9), the estimation error 0 — 6, can be decomposed as

n -1 n n
0—0, = :LkZlLkJr <Z> Z Z (Wit + Ria), (10)

k=11=k+1

where

Ly = 2{E(Anlé) — E(Au)},
Wi = E(Aulék, &) — {E(Arlék) — E(Ar)} — {E(Aul&) — E(Ar)} — E(Ag),
Ry = An— E(Aulék, &)-

The terms by Li’s and Wy;’s are analogous to the ones in the Hoeffding decomposition in (6),
but the conditioning variables (1,...,&,) are latent. The third term by Ry;’s is composed of

projection errors. In Section C.5 in Supplementary Material, we show that

n

n=o(om) () Ly wea(E). o
() X 5 m=0 ()

k=11l=k+1

Thus, as far as E(A;;|¢) does not degenerate to a constant, the limiting distribution of 0 is
determined by the first linear term in (10) in the dense case with d,, — oo. On the other
hand, in the sparse case with d,, = O(1), the limiting distribution of 6 is determined by the
first and third terms in (10). Finally, when E(A;;|§;) degenerates to a constant, the third term
dominates as far as d,, = o(n). Bhattacharyya and Bickel (2015) proposed a variance estimator
that is consistent only in the dense case with non-degenerate F(A;;|¢;). Our modified jackknife
empirical likelihood inference presented below will be valid for all these cases.

Based on the estimator § = (g)_l Y ko1 D ieps1 Arl, We construct the jackknife pseudo-values
as in (3) with

S(On)=0—0,,  SD(B,) =09 g,

where () = (ngl)_l D b1 koti 2kt 1,12 Akt 18 the leave-i counterpart of 6. The limiting distri-
bution of the jackknife empirical likelihood statistic is obtained as follows. Let ¥,, = var(Ly)/n
and T, = (g)flvar(sz).

Theorem 5. Consider the setup of this section under the model (9). Suppose fol fol w(s, t)?dsdt <
oo and d,, = o(n). Then

06,) % { Xi  under d, — oo and E(A;;[¢;) is random,

o72x? otherwise,



where 02 = limy, 00 (Zn +272)/ (S0 + Th).

Similar to the results so far, the limiting distribution of the jackknife empirical likelihood
statistic £(6,,) depends on the behavior of d,,. If the network is dense in the sense that d,, — oo and
E(A;j|&) is random, then the jackknife empirical likelihood statistic is asymptotically pivotal.
However, for sparse networks with d,, - oo and possibly degenerate E(A;;|&;), the jackknife
empirical likelihood statistic is no longer asymptotically pivotal and its limiting distribution
depends on ¢2. It is interesting to note that the discrepancy between 2Y, and Y, in the
expression of o2 can be understood as the Efron-Stein bias in this context.

It is desirable to modify the jackknife empirical likelihood statistic to have the same x? limiting

distribution for both cases. Let
Qij = 18(6a) — (n = D{SV(0) + S (6)} + (0 — 2)549)(0,),

where S7)(6,,) = (”;2)_1 D b1 ki Dlekt 1,0 Aki—On 18 the leave-(i, j)-out version of S(6),).
Then we define the modified jackknife empirical likelihood statistic £*(6,,) as in (8).

Theorem 6. Consider the setup of this section under the model (9). Suppose fol fol w(s, t)?dsdt <
oo and d,, = o(n). Then £™(6,,) LN X3 (for both cases).

This theorem shows that the modified jackknife empirical likelihood statistic using the 2
critical value is asymptotically valid for both dense and sparse networks as far as d,, = o(n).
Note that the currently available inference method by Bhattacharyya and Bickel’s (2015) variance

estimator is valid only in the dense case with non-degenerate E(A;;|&;).

6. SIMULATION

This section conducts a simulation study to evaluate the finite sample properties of the jack-
knife empirical likelihood inference methods. In particular, we focus on the jackknife empirical
likelihood inference under the sparse network asymptotics in Section 5, and consider a stochastic

block model with K = 2 equal-sized communities and the following edge probabilities
Foo=P(Ajj =1li €a,j €b) = 5,5, forl<ab<K.

06 04
We set S = 04 04 and vary s, such that 6,, = 7' Fr € (0.5,0.1,0.05) with = = (0.5,0.5)".

The network size is n = 100.

We compare four methods to construct confidence intervals for 6,,: (i) Wald-type confidence
interval (Wald), which is defined as [0 + 1.965] with 62 = o=l S (0% — )2, (ii) bootstrap
confidence interval (Boot), which is defined as [ — o7 50, 0 — cb 50] with the a-th percentile
of the bootstrap approximation c}, based on the node resampling network bootstrap by Green
and Shalizi (2017) with 999 bootstrap replications, (iii) jackknife empirical likelihood confidence
interval (JEL) in Section 5, and (iv) modified jackknife empirical likelihood confidence interval
(mJEL) in Section 5.

Table 1 gives the empirical coverage rates and average lengths of the confidence intervals

above across 1,000 Monte Carlo replications. The nominal rate is 0.95. The main findings

10



from the simulation study are in line with our theoretical results. The Wald and jackknife
empirical likelihood confidence intervals tend to over-cover especially when the network is sparse,
which verifies our theoretical results. The bootstrap-based intervals are more accurate than the
Wald and jackknife empirical likelihood, but still tend to over-cover for sparse network. The
modified jackknife empirical likelihood confidence intervals are most robust to the sparsity of
the network compared to the other intervals, and offer close-to-correct empirical coverages in
all cases. Furthermore, in terms of the average lengths of the confidence intervals, the modified

jackknife empirical likelihood outperforms other methods for all cases.

Coverage rates Average interval lengths

0, | Wald Boot JEL mJEL| Wald Boot JEL mJEL
0.5 10971 0.958 0.972 0.952 | 0.0583 0.0544 0.0581 0.0514
0.1 10.990 0.974 0.990 0.949 | 0.0253 0.0225 0.0254 0.0190
0.05]10.995 0.979 0.996 0.949 | 0.0178 0.0158 0.0179 0.0130

TABLE 1. Coverage rates and average lengths of 95% confidence intervals

We also analyze the power properties of the tests for the null Hy : 6, = 6y against the
alternative hypotheses H; : 6, = 0y + A for A € (—0.02,—0.01,0.01,0.02). Table 2 gives
the calibrated powers of all the tests across 1,000 Monte Carlo replications, i.e., the rejection
frequencies of these tests, where the critical values are given by the Monte Carlo 95th percentiles
of these test statistics under Hy. The results suggest that the proposed modified jackknife

empirical likelihood test exhibits good calibrated power.

0o A | Wald Boot JEL mJEL
0.5 -0.02|0.338 0.288 0.345 0.350
-0.01 | 0.131 0.105 0.135 0.142
0.01 [ 0.900 0.107 0.089 0.085
0.02 | 0.258 0.301 0.263 0.253
0.1 -0.02|0.984 0.976 0.981 0.977
-0.01 | 0.527 0.455 0.518 0.468
0.01 [ 0.398 0.456 0.428 0.394
0.02 | 0.953 0.958 0.956 0.946
0.05 -0.02 | 1.000 1.000 1.000 1.000
-0.01 | 0.878 0.864 0.871 0.842
0.01 | 0.767 0.814 0.798 0.760
0.02 [ 0.997 0.998 0.998 0.997

TABLE 2. Calibrated powers

7. REAL DATA EXAMPLE

To assess the practical utility of our method, we consider the automobile collision data an-
alyzed by Hérdle and Stoker (1989). There are n = 56 observations in the data set and the
response variable Y indicates whether the accidents are judged to result in fatality, where Y = 1
for fatal and Y = 0 for not fatal. We focus on three important covariates: X; =age of the
subject, X9 =velocity of the automobile, and X3 =the maximal acceleration. The variables are

standardized so that each of them has zero mean and unit variance.
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Table 3 presents the density weighted average derivative estimates 6 with the standard er-
rors calculated by the Powell, Stock and Stoker’s (1989) estimator, and the results for testing
significance of each covariate. We employ the data-driven bandwidth selector compatible with
the small bandwidth asymptotics proposed by Cattaneo, Crump and Jansson (2010) to imple-
ment the modified jackknife empirical likelihood tests. On the other hand we employ the plug-in
bandwidth selector proposed by Powell, Stock and Stoker (1989), which is compatible with the
standard asymptotics, to implement the point estimators and the Wald tests. The Gaussian
kernel is used for all the results.

From Table 3, both the Wald and modified jackknife empirical likelihood (mJEL) methods
indicate that X; with the estimated slope 6, = .0062 is statistically significant, and X3 with the
estimated slope 93 = .0016 is insignificant at the 5% level. On the other hand, for X5, Wald gives
p-value of 0.087 and hence suggests that Xs with the slope estimate 6y = .0025 is not statistically
distinguishable from zero, while our modified jackknife empirical likelihood gives p-value of 0.049

and hence delivers marginal significance at the 5% level.

Predictor variables

~

0 X3 Xo X3
estimate .0062 .0025 .0016
s.e. .0015 .0014 .0015

Significance tests

Hy Wald statistic mJEL statistic
#1=0 17.14 11.68
0, =0 2.93 3.88
03 =0 1.08 0.31

TABLE 3. Density weighted average derivative estimates and tests for Collision data
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APPENDIX A. ASSUMPTIONS

Assumption SP.
(i): {(Y3, X5, Z;)}7, is independent and identically distributed. X is compactly supported
in R? and its density f is uniformly bounded from above and away from zero. p and
f are continuously differentiable to order s. E{|Y — u(X)[***} < oo for some 6§ > 0,
E(YP) < oo for some p > 4, and E(YP|X = z)f(z) is bounded. g has bounded second
derivative in u.
(ii): K is an s-th order kernel function that integrates to 1 in its compact support. Also,

nh??/(logn)? — oo and nh? — 0 as n — co.

12



Assumption SB.

(i): fis (s+1) times differentiable, and f and its first (s 4+ 1) derivatives are bounded for
some s > 2. m is twice differentiable, e = m f has the bounded second derivative, v(z) =
E(Y?|X = z) is differentiable, v f has the bounded first derivative, and limj,_,{m(z)+
le(z)]} = 0. E(Y?) < 0o, E{var(Y|X)f(X)} > 0, and var {3;;” - yagg?} is positive
definite.

(ii): K is even, differentiable with the bounded first derivative K, and s-th order kernel.
Also, [ K(u)K (u)'du is positive definite and

/|K(u)|(1 + |ul®)du + / |K (u)|(1 4 |u)?)du < oc.

As n — oo, it holds min(nhd*2, 1)nh2* — 0 and n?hd — oco.

Assumption GoF.

[
[2

3

(4]

[5

[6]

7]

[8

(9

[10]

[11]

[12]

(13]

(i): f and its second order derivatives are bounded and uniformly continuous on R

(ii): K is bounded and nonnegative function on R? satisfying

/K(u)du =1, /uK(u)du =0, /ujulK(u)du =2kI(j =1) < o0,
for each 5,1 =1,...,d, where k is a constant that does not depend on j or [.
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SUPPLEMENTARY MATERIAL FOR “JACKKNIFE EMPIRICAL
LIKELITHOOD: SMALL BANDWIDTH, SPARSE NETWORK AND
HIGH-DIMENSION ASYMPTOTICS”

YUKITOSHI MATSUSHITA AND TAISUKE OTSU

ABSTRACT. In this file, we provide additional results on the many weak instruments asymptotics
(Section A) and many covariates asymptotics (Section B). Section C contains the proofs for all

the theorems.

APPENDIX A. MANY-WEAK INSTRUMENTS ASYMPTOTICS

A.1. Instrumental variable regression. In this section, we consider the instrumental variable

regression model

Y = X6+U,
X = Z'y+e (A.1)

where Y and X are scalar observables, U and € are scalar error terms, and Z is a K-dimensional
vector of instrumental variables. To simplify the presentation, we consider the case where X is
scalar, but an extension to the vector case is relatively straightforward.

Kunitomo (1980) and Bekker (1994), and Chao and Swanson (2005) advocated the many
instrument asymptotics and the many weak instrument asymptotics, respectively. Chao, et al.
(2012) and Hausman, et al. (2012) established asymptotic normality of jackknife versions of
the instrumental variable and limited information maximum likelihood estimators, respectively,
under heteroskedasticity and many instruments.

We assume Z is nonrandom, otherwise conditional on Z. For the coefficient vector ~,, we
assume

Tn = n_1/2

Hn T,
where p, is a scalar sequence and 7 is a K-dimensional vector of constants. We are interested
in the three cases: (i) K is fixed and p, = O(n'/?), (ii) K — oo and K/pu2 — a € (0,00) as
n — oo, and (iii) K — oo and K/u2 — 0o as n — oo. Case (i) is the conventional asymptotic
framework. Cases (ii) and (iii) are designed to the situations where the researcher has access to
many but possibly weak instrumental variables.

As an estimator of #, we focus on the jackknife instrumental variables (JIV) estimator by
Angrist, Imbens and Krueger (1999):

-1
n n

0=1{> > XePuXi| D> XiPuYi,

k=1 l£k k=1 £k



where Py = Z; (304 ZhZ,’l)f1 Z;. It is known that the jackknife instrumental variable estimator
is robust to heteroskedasticity and many instruments in contrast to the limited information

maximum likelihood and two-stage least squares estimators. Let o7 = E(U2).

Assumption MW,

(i): There are positive constants C' and C; such that maxj<j<p, P;; < C < 1 and Cfl <
(L0, Z;Z]) m < C4 for all n large enough. Also, n =237 | |7/ Z;|* — 0 as n — oo,
(ii): {(Ui,€)}, are independent with E(U;) = 0 and E(e;) = 0. Also for some positive

constant Cy, the minimum eigenvalue of var(Uj, ¢;) is larger than Cy ' and
maxi<i<n{ E(U), BE(U}), E(€}), E(€)} < Ca.
(iii): ¥, ¥, and Z exist. Also VK /u2 — 0 as n — oo.

Under Assumption MW in the appendix, the limiting distribution of the jackknife instrumental
variable estimator is derived as follows by Chao et al. (2012):

Case (i) : pn(f

Case (il) : pn(0

—0) % N, H'SH™),
—0) S N, H'SH + aH " OH ),

Case (iii) : 220 —0)% NO,H'WH™Y),

where
H = lim + En (1 — Py’ ZpZiw, ¥ = lim ! f 02 (1 — Py)*n' Zy Zmr,
n—oo N P} n—oo N ]
ol 2 27 2
vo= lim - k§:1 lgsk PylopE(er) + E(exUy) E(eUr)}

Based on this result, Chao et al. (2012) suggested a robust inference method by estimating the

unknown components H, 3, and W.

A.2. Jackknife empirical likelihood. In this case, based on the first-order condition of the
jackknife instrumental variable estimator, we construct the jackknife pseudo-values as in eq. (3)
in the main text with

n
S(0) = n(nl—l) ; ; Xy Pu(Y - X0),  S9(0) = (n—1)1(n—2) kz?;l g@% Xy P (Y, — X10).
The asymptotic property of the jackknife empirical likelihood statistic in eq. (4) in the main
text is obtained as follows. Let = = lim,, 0o 2 31, Dok L R AVAR

Theorem 7. Consider the setup of this section. Under Assumption MW,

3% under Case (i),
0o) % /(L 4+ Z+2a¥) under Case (ii),
%X% under Case (iii),

where £ ~ N(0,X 4+ a¥).



Similar to Theorem 2, the jackknife empirical likelihood statistic is not asymptotically pivotal
under the many weak instruments asymptotics of Case (ii). On the other hand, for Case (iii),
where the instruments are even weaker than Case (ii), the jackknife empirical likelihood statistic
recovers asymptotic pivotalness. The term % appears by setting ¥ = Z = 0 for Case (ii). The
additional term = emerges due to the fact that the matrix with elements Py; is not exactly the
projection matrix for the leave-i-out counterpart S ().

It is desirable to modify jackknife empirical likelihood to have same x? limiting distribution

for all cases. Let
Qis = nS(6) ~ (1~ {SV(®) + SV (@) + (n ~ 2)569)(0),

where

(1:3) (9) = XiPu(Y; — X
SI(0) = (n—2 Z Z kP (Y, — Xi0),
k;ﬁl 7 l#1,5,k
is the leave-(i,j)-out version of S(#). Then define the modified jackknife empirical likelihood

statistic £™(0) as in eq. (8) in the main text.

Theorem 8. Consider the setup of this section. Under Assumption MW, £ (9) 4 X3 (for all

cases).

Similar comments to Theorem 3 apply. The modified jackknife empirical likelihood ¢™(8)
follows the x? limiting distribution for all cases without estimating the variance components %,
=, and W.

APPENDIX B. MANY REGRESSORS ASYMPTOTICS
B.1. Jackknife empirical likelihood. We consider the regression model
Y = X0+ 7'y, + U, (B.1)

where Y and X are scalar observables, Z is a K-dimensional vector of covariates, and U is an
error term. We are concerned with inference on the scalar parameter 8 under two scenarios,
E 50and £ — 7€ (0,1) as n — oco.

Since Huber (1973), there is rich literature on regression analysis with a growing number of
covariates. Examples include Mammen (1993), El Karoui et al. (2013), Zheng et al. (2014),
among others. The analyses in Sections 5 and 7 on many covariates asymptotics are closely
related to Cattaneo, Jansson and Newey (2018a, b).

Let Py = Z,,(3 41 ZnZ;) "' Z; and My = I(k = 1) — Py. Also define X, = Yoy My X;. We

construct the jackknife pseudo-values as in eq. (3) in the main text with

S0) = %ZZXkMkz(K—Xﬁ),

k=11=1
. 1 ~ 1 5
@) = EXM Y, — X0 75 E XMy (Y — Xi0).
S(0) n—lk# e Mk (Y k)+n_2k#l#k kM (Y7 19)



Let

2
1 o - 1 « .
Y = plim— Y X2U? U = plim— X, MU, |
2
1, - 1 & .
By = plim— Y (XiPiZ{y)?, Sp=plim— > [ XpMuZjy
n—oofl i n—oo T S ki

The limiting distribution of the jackknife empirical likelihood statistic is obtained as follows.

Assumption MR. Let A\pin(-) denote the minimum eigenvalue of its argument.
(i): {(Y3, X, Z;)}7, is independent and identically distributed.
(ii): P{wmin(>oj1 ZiZ]) > 0} — 1, and

max |20y s {B(U X, Z)+B(Vil'|Z) )+ max [1/ B(U2X;, Z04+1 Dmind BOAV! 1 Z0)}] = Op(1),

(iii): B(|Xi|*) = O(1), nE[{E(Ui| Xi, Z:)}?] = o(1), and maxi<i<n | Xil /v = 0,(1).

Theorem 9. Consider the setup of this section. Under Assumption MR,

00 d b%i under % — 0,
E/(E+TV+E+5) under £ — 7€ (0,1),

where £ ~ N(0,3).

Similar to Theorems 2 and 7, the jackknife empirical likelihood statistic is not asymptotically
pivotal under the many regressors asymptotics with % — 7 € (0,1). The term ¥ emerges due to
mismatch of characterizing the quadratic term in the Hoeffding decomposition of % Sy X,U; =
%ZLI >y Xy My U;, which is analogous to the Efron-Stein bias. Again, the additional terms
=1 and =5 emerge due to the fact that the matrix with elements Pj; is not exactly the projection
matrix for the leave-i-out counterpart S (6).

It is desirable to modify jackknife empirical likelihood to have same X7 limiting distribution
for all cases. Let 4() be the leave-i-out ordinary least squares estimator for  from the regression
of Y; — X;0 on Z;, and

. R G
B = L LR - X0 - X0 - Z50),
1=
Kline, Saggio and Sglvsten (2018) proposed similar estimators for quadratic forms in the pa-
rameters of linear models with many regressors and heteroskedasticity. We define the modified
jackknife empirical likelihood statistic as in eq. (8) in the main text with the ordinary least

squares estimator 6 and I'T' = 3.

Theorem 10. Consider the setup of this section. Under Assumption MR, ¢(0) 4 X3 (for both

cases).

Similar comments to Theorems 3 and 8 apply. The modified jackknife empirical likelihood

£™(0) follows the x? limiting distribution for all cases without estimating the variance components



%, E, and ¥. Under the asymptotics £ — 7 € (0,1/2), Cattaneo, Jansson and Newey (2018a)
developed a robust Wald inference method for 6. It is interesting to note that the above theorems
on jackknife empirical likelihood allow 7 € (0,1). Therefore, we expect that our jackknife
empirical likelihood inference works better when % > % In the next section, we examine this

point by a simulation study.

B.2. Simulation. This section conducts a simulation study to evaluate the finite sample proper-
ties of the jackknife empirical likelihood inference methods. In particular, we adopt the simulation
designs in Cattaneo, Jansson and Newey (2018a).

First, we consider a semiparametric partially linear model (Model 1):

Y = BX+gW)+U, UX,W~N(0,0%), of=cyll+{t(X)+/W}",
X = h(W)+V, VIW ~ N(0,0%), ot = ey {1+ (/W)?}7,

where § = 1, W is a six-dimensional mutually independent U[—1, 1] random variables, the
unknown regression functions are set to g(w) = exp(—|w|/?) and h(w) = exp(|w|'/?), + =
(1,1,...,1), and t(a) = al(—2 < a < 2) + 2sgn(a){1 — (-2 < a < 2)}. The constants ¢y and
cy are chosen so that var(U) = var(V) = 1, and we consider two cases: Homoskedastic (¢ = 0)
and Heteroskedastic (0 = 1). We observe a random sample {(Y;, X;, W;)}"; form (Y, X, W)
of size n = 250 for each Monte Carlo replication. To approximate the unknown function g, we
employ power series expansions. To be specific, we consider the polynomial basis expansion in
Table 1.

K pr(w)
7 (1, w1, w2, w3, wg, w5, W)

13 <p7(w)7w%vw%7w§7wi7wguw(2i)

28  pi3(w) + first-order interactions

34 (p28(w)7w%vwngngiawngg)

84  p34(w) + second-order interactions

90 (p84(w)7w%aw§7w§7w2’wévwé)
210 pgo(w) + third-order interactions

4 04 4 A4 A 4 5
216 (pa10(w), wi, wy, w3, wy, ws, wg, W)

TABLE 1. Basis functions

Second, we consider a linear model (Model 2):

Y = BX4+4W+U,  UX,W~N0,0%), of=cy[l+{tX)+/W}*,
X =V, VW~N(©O0%), op=cf{l+ (W)},

where W = (1, Wy, ..., Wg) with W; =I{N(0,1) > 1.5} for j =2,...,K, =1, and 7 = 0.

We compare four methods to construct confidence intervals for : (i) Wald-type confidence
interval (Wald-HCO0) with the usual version of Eicker-White heteroskedasticity-robust standard
error, (ii) Wald-type confidence interval (Wald-CJN) with the heteroskedasticity-robust standard
error proposed by Cattaneo, Jansson and Newey (2018a), (iii) jackknife empirical likelihood
confidence interval (JEL) in Section 5, and (iv) modified jackknife empirical likelihood confidence
interval (mJEL) in Section 5.



Tables 2 and 3 give the empirical coverage rates of all the intervals across 1,000 replications
for Model 1 and Model 2, respectively. The nominal rate is 0.95. The main findings from the
simulation study are in line with our theoretical results. Wald-HCO intervals tend to under-cover
especially when the dimension K is large. Wald-CJN intervals offer close to correct empirical
empirical coverage when K/n < 1/2, but tend to under-cover when K/n > 1/2. The jackknife
empirical likelihood confidence intervals are conservative, which verifies our theoretical results.
The modified jackknife empirical likelihood confidence intervals are most robust to the dimension
compared to the other intervals and they offer close-to-correct empirical coverages in all cases. In
Table 2, all the intervals do not provide close-to-correct empirical coverage when K = 7, because
the semiparametric model clearly exhibits misspecification error when K is small.

We also analyze the power properties of the tests for Hy : § = 1 under the alternative
hypotheses Hy : f =1+ A for A = —0.2,—0.1,0.1,0.2. Tables 4-5 (Model 1) and 6-7 (Model 2)
give the calibrated powers of all the tests across 1,000 replications, i.e., the rejection frequencies
of these tests where the critical values are given by the Monte Carlo 95% percentiles of these test
statistics under Hy. The results suggest that the modified jackknife empirical likelihood tests

exhibit good calibrated power.

K Wald-HCO Wald-CJN JEL mJEL Wald-HCO Wald-CJN JEL mJEL

Homoskedastic Heteroskedastic

7 0.871 0.875 0.883 0.875 0.866 0.875 0.879 0.874
13 0.937 0.941 0.951 0.943 0.925 0.937 0.940 0.936
28 0.931 0.944 0.960 0.946 0.921 0.941 0.953 0.939
34 0.922 0.948 0.964 0.948 0.918 0.945 0.957 0.944
84 0.908 0.949 0.970 0.956 0.878 0.939 0.962 0.940
90 0.894 0.937 0.972 0.951 0.851 0.930 0.967 0.944
210 0.660 0.847 0.965 0.955 0.646 0.842 0.965 0.946
216 0.656 0.858 0.974 0.957 0.636 0.850 0.959 0.951

TABLE 2. Coverage probabilities of 95% confidence intervals (Model 1)

K Wald-HCO Wald-CJN JEL mJEL Wald-HCO Wald-CJN JEL mJEL

Homoskedastic Heteroskedastic
5 0.943 0.945 0.948 0.945 0.931 0.935 0.940 0.936
25 0.932 0.944 0.960 0.946 0.900 0.940 0.953 0.945
50 0.905 0.941 0.957 0.944 0.896 0.950 0.970 0.953
100 0.848 0.939 0.971 0.946 0.831 0.927 0.968 0.943
200 0.595 0.868 0.959 0.948 0.585 0.853 0.966 0.951

TABLE 3. Coverage probabilities of 95% confidence intervals (Model 2)

A Wald-HCO Wald-CJN JEL mJEL Wald-HCO Wald-CJN JEL mJEL

Homoskedastic Heteroskedastic
-0.2 0.687 0.673 0.655 0.667 0.616 0.611 0.578 0.596
-0.1 0.252 0.227 0.240 0.232 0.200 0.211 0.203 0.192
0.1 0.235 0.229 0.221 0.223 0217 0.231 0.207 0.212
0.2 0.709 0.687 0.651 0.672 0.633 0.643 0.571 0.571

TABLE 4. Calibrated power for Model 1 (n = 250, K = 90)



A Wald-HCO Wald-CJN JEL mJEL Wald-HCO Wald-CJN JEL mJEL

Homoskedastic Heteroskedastic
-0.2 0.259 0.162 0.212 0.202 0.239 0.121 0.194 0.191
-0.1 0.094 0.075 0.094 0.094 0.086 0.075 0.093 0.082
0.1 0.100 0.061 0.073 0.088 0.095 0.052 0.061 0.069
0.2 0.252 0.159 0.125 0.135 0.236 0.147 0.108 0.114

TABLE 5. Calibrated power for Model 1 (n = 250, K = 210)

A Wald-HCO Wald-CJN JEL mJEL Wald-HCO Wald-CJN JEL mJEL

Homoskedastic Heteroskedastic
-0.2 0.692 0.686 0.709 0.717 0.564 0.538 0.561 0.556
-0.1 0.231 0.225 0.247 0.248 0.211 0.202 0.216 0.209
0.1 0.238 0.236 0.254 0.257 0.181 0.161 0.177 0.169
0.2 0.665 0.653 0.687 0.688 0.574 0.533 0.564 0.544

TABLE 6. Calibrated power for Model 2 (n = 250, K = 100)

A Wald-HCO Wald-CJN JEL mJEL Wald-HCO Wald-CJN JEL mJEL

Homoskedastic Heteroskedastic
-0.2 0.335 0.230 0.321 0.323 0.280 0.154 0. 240 0.249
-0.1 0.123 0.100 0.121 0.122 0.099 0.070 0.087 0.095
0.1 0.130 0.120 0.122 0.118 0.112 0.070 0.104 0.104
0.2 0.295 0.210 0.280 0.283 0.291 0.184 0.255 0.266

TABLE 7. Calibrated power for Model 2 (n = 250, K = 200)

APPENDIX C. PROOFS

C.1. Proof of Theorem 1. To simplify the presentation, we focus on the case where both ¢
and p are scalar-valued functions. First, by Lemmas 2, 4, and 3 below, the same argument as in
the proof of Owen (1990, eq. (2.14)) guarantees A = O, (n~1/2).

Next, we obtain an asymptotic approximation for \. The first-order condition for \ satisfies
1 & "L V()30
0=— —_— == Vi(0) — — Vi(0 _—
I TR PR WL ESE D I )
where the second equality follows from the identity (1+2)~! = 1—2+2%(1+2)~!. By applying

Lemmas 2, 4, and 3, and \ = 0,(n~1/2), we have

N0 .
A= gep Yo )

By using this expansion for 5\, a Taylor expansion yields

+ 0p(1)

2
n : (& v}
2;10g{1+)\V _22 [AV {)\V( )N ] +0,(1) = IS SARATE

The conclusion follows by Lemmas 2 and 3.



C.1.1. Lemmas for Theorem 1. Let fj = f(Xj), it; = p(X;), and /lg-i) = 4% (X;). We use the

following identities.

Lemma 1. It holds

A 1 11 X, —X R
uy—u§”=n_2{fhd < L Z>Yz—u]},
J
1 & 1 1 —
- Z 7 Za(Xj) = a(Xj;),
i=1 JF#i 7=1
1 — 1 G 1 — 1 1 X
- Sax)i) b == alX)p = - > alX))iy
n “ n—14~ n 4 n 4 n—14
i=1 JFi j=1 i=1 J#i
for any function a.
Proof. Let Kj, = K (Xﬂ';Xk). For (C.1), note that
W 11 1 1 1 1 1
=iy = g D gt = 55 | 2 g KaYe = 1 KaYe
fin lk#h fin 2 k#h h
1 1 1 1 1 1
= — N K+ ————K;Y;
J gt
fj(n—l)(n—2);hd fin—2hd
1 11 .
ET <fthJY ‘“j) |
For (C.2), note that
1 — 1 1 — J— 1
EZ n_lza(Xj) = . {nlza(Xj)nla(Xi)
i=1 JF#i i=1 j=1
1 «— 1 " 1 —
= X;) — X;)=— X
n—l CL( ]) n(n—l)za( l) n 4 (1( .7)
J=1 =1 J=1



For (C.3), note that
- Z { Z Xj)ﬂg-i)}
J#Z
e D) Ip BRIAL NN

1=1 j#i k#i,j J
1 1
= nln—D(n—2)hd Z Z > al X)) 5 KYe — Za(Xj)iji)Q - Za(Xi)iKikYk
i=1 | j=1k#j f] j#i f] ki fz

n

1 1 1 1
= ZG(X )7 (n — > thjkYk)
k#j

1 1
B (n— {n1;; hdA Y+Z (MkZ#WKZkYk)}

- (nTQ_n32>i§n: %Z

=1 =1

Thus the first equality of (C.3) follows. The second equality of (C.3) follows from (C.2).
Hereafter by suppressing Zj, 0, and X;, we denote by u; = u(Xj), g9;(it;) = 9{Z;,0, i(X;)},
2
gi(") = 90250, 1D (X))}, 015 (ny) = 0125, 0, 1(X;)}, and g;(1s) = Lrg{ 25,0, n(X;)}.

Lemma 2. Under Assumption SP,

=3 4 vo.0)
=1

where Q = E{y(Z, X)(Z, X)'} with
(2. X) = B [ 2200 (97,0, u(X)} + B [ 225800 X [y - u(x)}).

Proof. We can write

jﬁ YVi0) = Vas() - ”Jﬁl > 1s1(0) - 50))

= \/15 > gi(i) — & _nl > {nl 1 > () - izgj(ﬂj)}
j=1 = j=1

J#i

= M; — M.



By Newey (Theorem 4.2, 1994), Assumption SP guarantees M; A N(0,9). Thus, it is enough
(1)

to show that My 5 0. An expansion of 9; (ﬂy)) around /1,7 = fi; yields
1< 1 (i) 1< .
My = Vam=1)|=% ¢ —=> 0i(i") p =~ 9;(iy)
i=1 i j=1
1 1
+vn(n—1)— Z ZQIJ _NJ) +\/ﬁ(”_1)ﬁZRi
i=1 j;éz i=1
= Mo+ Mo + Mo,
where
i = n — 1 ZQQJ ] ﬂ )25 (04)

]751

and ﬂg-i) lies between f1; and ﬂgi). By (C.2) and (C.3), we have Ma; = My = 0. For Maz = 0p(1),

it is enough to show that
1o _
- > Ri=o,(n 7). (C.5)
i=1

By using Lemma 1, decompose

n 2
1 i 1 11 X —X; R
DI S Pre o >n_2>2{ (B
i=1

7 pd
=1 ];éz f]h
X;— Xi\?
— YK [ =) Y2
2n(n — 1)( anZZZg% f2h2d ( h ) i
=1 j#i
X;—X; .
_n(nfl QZZQQJ T. K< h >Yiw
i=1 j#i
o —1)( n—QQZZQQJ
i=1 j#i
= A; — Ay + As.

Note that by applying Hansen (2008, Theorem 10) under Assumption SP, it holds.
| = —1/4 Y —1/4
lgljaé(n |t — | = op(n™"7%), lgljagn ‘fj F(X5)] = 0p(n™"7%). (C.6)

For A1, since gs is assumed to be bounded, it holds

X —X;
A1l < n4h2d ZZ < > vz,
i= 1j7éz

for some C > 0. Due to (C.6) and the law of large numbers, the assumption nh??/(logn)? — oo

guarantees A; = op(n*3/ 2). Similarly, for As, since go and K are assumed to be bounded, it
holds

\A2!_ Z\YHMJ ;7

1=1 j#i
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for some Cy > 0. Due to (C.6) and the law of large numbers, the assumption nh??/(logn)? — oo
guarantees Ag = op(n_g/ 2). Finally, for As, it holds

C3 -~ ~92
PEE S H W
i=1 j#i

for some C3 > 0. Due to (C.6), we have Az = 0,(n~3/2). Therefore, the conclusion is obtained.

Lemma 3. Under Assumption SP,
1 n
=) Vi) B Q
i

Proof. Note that

LSTWE? = S0 20— 1)S6) - S (SV0) ~ SO} + (1~ 1)? Z{S S(6)}
i=1 1=1
= N; — 2N+ Ns.

First, since S(f) = 1 w21 95(j15) = Op(n n~1/2) by Newey (1994, Theorem 4.2), it holds Ny =
)

op(1). An expansion of g; (,ugl)) around /1,7 = fi; yields
Ny = (n—1) Zgj HZ 0> 0i() =~ > i)
i=1 i j=1

+(n—1) %Zgj(/lj) %Z nilzgmm)(ﬂ?)—ﬂj) (n—1) Zgj i) %ZR“
j=1

i=1 j#i i=1
where R; is defined in (C.4). Since the first and second terms are zero by Lemma 1 and the third
term is 0,(n~'/2) by (C.5), we have Ny = 0,(1).

For N3, we have

n n 2 2
Ny = (n—l)Q;Z{S@)(ﬁ)—;Zs(i)(é)} +(n—1) { ZS() }
=1

i=1

n n 2
— (n— 1)2% 3 {s@(a) _ % 3 5@(9)} +0,(1)
=1 =1
= (n-1)° nl S (500~ SDOF + oy(1).
=1 j=i+1

where the second equality follows from the same argument as in Lemma 2, and the third equality
follows from direct calculation by Efron and Stein (1981, p. 589). Combining these results with
SO () = %Zj;ﬁi W(Zj, X;) + 0p(n~1/?) by applying Newey (1994, Theorem 4.2), we have

(

LS V0) = Ny + 0y(1) = (2 XY + 0p(1).
=1

i=1 j=1+1

Thus, the conclusion follows by the law of large numbers.

11



Lemma 4. Under Assumption SP, it holds

max [V;(6)] = o,(n'/?).

1<i<n

Proof. By an expansion around ﬂ(z)

;' = [ij, decompose

A ) A o~ 2
max [Vi(O)] < max lgi(u)] + max Zgu f1)( )| + max Zgzj Al — )
= T+ Ty + 15,
where ﬂg.i) lies between fi; and /l;i). For T1, an expansion around fi; = u; and boundedness of go

yield

< |2
Ty ax |gi (ps)| + max | g1i (s) | max |fvi — pi +Clrga<x | — i,

for some C' > 0. From E{g;(u;)?} < oo and E{g1;(11;)?} < oo guaranteed by Assumption SP,
we have maxi<i<n |g:(1i)] = 0p(n'/?) and maxi<i<p |g1i(pi)| = 0p(n'/?). Thus, (C.6) implies
T =o ( 1/2)

For T5, an expansion around fi; = p; and boundedness of g9 yield

N ONEEY R VN O R
T max > gim) (7 = y)| +C max > (g = ) (5" = i)
1
= To1 + Too.
For T5;, Lemma 1 yields

X—Xi
B < o o (St K (B ) vl o S a0

= 1511 + To12.

For 1511, due to boundedness of K,

C 1 ¢
< — A _ _ . .
Tonn < X lréllagxn‘yi‘ jnax. 7 nz:l‘glg(ﬂy)‘
j:
X; - X;
- s S ¢ (2
J#i
op(n'/?), (C.7)

where the equality follows from the assumption nh??/(logn)? — oo, maxi<i<n |Yi| = op(n'/*)

by the assumption E(|Y|P) < oo for p > 4, (C.6), the law of large numbers, and the uniform

convergence of ﬁ D it glj(ﬂj)f%K (th*fﬂ) over x as in Hansen (2008, Theorem 10). Similarly,

for Th12, the assumption nh??/(logn)? — oo, (C.6), and the law of large numbers imply Thio =

0p(n'/?). Combining these results, Th; = o0,(n'/?). Also, a similar argument guarantees Thy =
op(n'/?).
For T3, boundedness of g and Lemma 1 imply

12



2
C 11 (X;—X; .
< = S — - /2
Ty < 5 max ) {f- LS < - > Y; — u]} op(n'’?),
j#i NI

where the equality follows from a similar argument to the proof of (C.7). Therefore, the conclu-

sion is obtained.

C.2. Proof of Theorem 2. To simplify the presentation, suppose 6 is scalar. We only prove

the case of nh®2? — k. Other cases are shown in similar ways. As in the proof of Theorem 1,

we can prove the asymptotic equivalence

SVie) S N(0,E+2671A),
Vi(0)? B L 4+4rtA
For (C.8), since Y7 {5 () — S(#)} = 0, it holds

=0 = =D nS(0) — (= DSO(0))

= VnS(0) — (n—1)—=> {5V(0) - 5(6)} = VnS(0).

Thus, (C.8) follows by Cattaneo, Crump and Jansson (2014, Theorem 1).
For (C.9), note that

lzmwQ:fZ ~ (0= D{SD(6) - SO = 5(0)* +
:””*2&1 )Y + 0p(1)

_ % ZZ{s@(e)_s<j><e>}2+op(1>,

i=1 j=i+1

—1)2 zn:{s()
=1

0)}?

where the second equality follows from > ,{S @) (6) - S(6)} = 0, the third equality follows from
S(0) = Op(n=1/2) (by (C.8)), and the last equality follows from Efron and Stein (1981, p. 589).

Now, decompose
S(i)(g) = BW 4 1O 4 W(i)7

where

-1
i A(i 7 (i 1 = (i n—1
BY = E6%Y) -9, LU:n_lZLj, W():( ) ) SN Wi

JFL k>5kF

JFi

13



By plugging this into the above equation combined with Efron and Stein (1981, eq. (2.3)) and
Cattaneo Crump and Jansson (2014, eq. (9)),

2
1 n n n 1
- ; Vi0)r = > ) m(LJ’ —Li) + =1 > Wik —Wa) ¢ +0p(1)

i=1 j=i+1 k#i,5

= Y 44rTA +o0,(1).

Therefore, (C.9) is obtained.

C.3. Proof of Theorem 3. Again, we only prove the case of nh?*? — k with scalar 6. Other

cases are shown in similar ways. As in the proof of Theorem 1, we can prove the asymptotic

equivalence
n -1 n 2
1 9 1
mg)y =4 = m — m 1).
() {H;VZ 0) } {ﬁ;:ljm <e>} +o0y(1)
Thus, it is enough to show
— g m N0, X +4x" A 1
\/ﬁi:1 V; (0) - (07 + 4K )7 (C 0)
1§ Vo) L Y4+ 4rTlA (C.11)
n-

A similar argument to (C.9) combined with the consistency of 6 yields LS Vi(0)2 & %+

4k~1A. Thus, the consistency 6 implies (C.11). It remains to show (C.10). Since Yoy Vi(6) =0,

we have

1 < . 1 &
— Sy = M-S Vi)
Vi 2 Vi 2

_ n—t 3 Vil 0) Z
n~t Y Vi(0)2 —nmt 30, Z] i+1 Q2 \F
By (C.8), it holds = Y, Vi(0) % N(0,% + 25~ A). Also a similar argument to (C.9) yields
LS Vi(0)2 B % 4 457 'A. Thus, for (C.10), it remains to show that
1 n n
EZ > @ BenTA (C.12)
i=1 j=i+1
By the same argument as in the proof of Cattaneo, Crump and Jansson (2014, Theorem 2), we

have

Qij - % Zij - ni ZWzl + ZZWM +Op 71) (C.l?))

k;é] 1£i )i 1£k
Thus by using E(W;;) = E(W;jWy;) = E(WijWkl) = 0, we obtain

9D SRR B SR L IFERTHUEL SN

i=1 j=i+41 i=1 j=1+1
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C.4. Proof of Theorem 4. As in the proof of Theorem 1, we can prove the asymptotic equiv-

alence

o = (hdznjvf> (hd/QZV> + 0,(1).
=1

Thus, it is enough to show that

WS V 4% N(0,1) (C.14)

fo' < 9 ) *

hd . 2 P,

5 2 Vi 2, (C.15)
=1

where 0 = {[ f2(z)dz} [{[ K(u)K(u+v)du}2dv. Noting that > ; Vi = nS, we have

”\%SS 4 N(0,1) by following the proof of Hall (1984, Theorem 1). Thus, (C.14) follows.

For (C.15), note that S = th (Zl Wi +2570 Z] i1 ) where

- x Xz _ :D—XZ' $—Xj _ .I—Xj
o= [ (5 e e ()] I (57 - (552} oo
By using this expression, we have

- h < i 2 he 2, (n—
2022 - @Z{S_(n_l)(S()_S)} T 202 {”S '

— wzn: En: (80 — 5())2 + 0,(1)

20°n et L
=1 i =i+1

2

(n—1)%h? & 1 -
= T 202y Z Z n2h2d (Wi = Wii) +2 Z (Wirj = Wij) +0p(1)
i=1 i'=i+1 j=1,j#0
(n —1)2n4 4
202 n2had Var(Wiz) ¢ +0p(1)
= 2+ Op(1)7

where the second equality follows from the fact that > ; S () = nS, the third equality follows
from the fact that S = Op(n_lh_d/ 2), the fifth equality follows from the law of large numbers, and
the last equality follows from the definition of ¢2. Thus, (C.15) is obtained, and the conclusion

follows.

C.5. Proof of Theorem 5. We first show the orders in eq. (11) in the main text. For L, note

that 2
( ZLk>:nvar[E{w@z,@)m@}]— (%),
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where the first equality follows from eq. (9) of the main text, and the second equality follows
from var[E{w(&;,&;)|&}] = O(1) and the definition d,, = (n — 1)6,,. Similarly, we have

m«gfiw%@km»

k=11=k+1

— <Z>_ 02var (w(&r, &) — [E{w(é, &)|&} — 1] — [B{w(&, &)&} —1] - 1) =0 ( Z) ’

m«gﬁi%}@km»

k=11=k+1

and

n

_ <g>_1E{Var<Akl|sk,§l>} - <2)_1E[enw<£k,a>{1 (&} = O <Zs> |

We now prove for the case where the network is dense with d,, — oo and E(A;;|¢;) is random.
As in the proof of Theorem 1, we can prove the asymptotic equivalence

n -1 n 2
1INy LSy o
ewn)—{n;wm} { ﬁ;wn)} +op(1).

Thus, it is enough to show that

1 d
(6, N(0,1), 1
W;Vm = N(O,1) (C.16)
1 n
%MZWM2&L (C.17)
i=1

where w,, = var(f). Note that LS Vi) = 0 — 0,. By eq. (11) in the main text, we get

1 n
— 19 = nZEna
Var{niz;‘/( )} w

Thus, (C.16) follows from the central limit theorem for U-statistics under the assumptions.
For (C.17), we first note that

n n n

S Vio)? = Y {é — O+ (n—1)(f— é@))}2 =00 —0,)* + (n— 1) (6 - 60))?
=1 =1 i=1
=l —60) + (n— 1)2% S8 - 6y2, (C.18)

1<’
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where the second equality follows from Z?Zl(é — é(i)) = 0, and the third equality follows from

a direct calculation. Thus, we have

LSy = 2l 0 =12~ S a0 a2
wnn2;w9”) B wn{nw bn)”+ 3 > > (V-6

i=14'=i+1

—1)2 2 n . o
= M Z (9(1) _9(2))2 +Op(1)
S
(n—1°¢ © 1 2 n—1
- %”3;;1 (L= L) +opl(1) = o —gvar(Ly) +0p(1)
LT

where the second equality follows from w%ﬂ(é —0,)? 2,0 by the consistency 6 % 6, and the
fourth equality follows from the law of large numbers.
Finally, we consider the case where the network is sparse with d,, = O(1), or E(A;;|&;) degen-

erates to a constant. For this case, it is enough to show (C.16) and

1 n
— D Vibn)® B o, (C.19)
n =1

Using the fact that the terms in eq. (10) in the main text are uncorrelated, we get

1
- Vi(0 =wp =Yn + Ay Tnv
ar{n; ()} w +An +

where A, = (;)72 D ohet Dogep var(Wy) = (g)flvar(Wkl). Thus, (C.16) follows from the
central limit theorem for U-statistics under the assumptions.
For (C.19), we have

1 1 N 2 (n_1)2 n n A(Z AZ‘/) 5 (n_1>2 n n " Al

2
n

= Z;nlg ZZ nil(Lz-/—Li)Jr(n;l)_ Z {(Wy; — Wij) + (Ri; — Rij)}

J=Llj#i,0

n —1)2 | var n—1\"1!
= ( wnnlg) [ o (_Lll) + 2< ) 1) {var(Wi2) + var(Ri2)} | + op(1)
LN

where the first equality follows from (C.18), the second equality follows from Wln(é —60,)2 50

(by the consistency [N 6,,), the fourth equality follows from the law of large numbers, and the

convergence follows from eq. (11) in the main text.

17
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C.6. Proof of Theorem 6. As in the proof of Theorem 5, we can prove the asymptotic equiv-

n -1 n 2
£"(6) = {;ZWW} {iZVf‘(en)} +0,(1).
=1 =1

Thus, it is enough to show

alence

T n N ’ ’ 2
W;m (6n) 5 N, (C.20)
wnnZva 202 (C.21)
=1

where w,, = var(f). A similar argument to (C.19) yields

zn: Vi(0,)? & o (C.22)

2
WM
=1

Thus, the consistency | — 0,,| 2 0 implies (C.21).
It remains to show (C.20). Since S, V;(d) = 0, we have

I e 1O

(0,) = LT (O
W;m (62) W;w )

1 n ) n

ooz 2o Vi(0)? 1
R e L]
o2 Zi:1 Vi(0)* - Y Zi:l Zj:iJrl Qij wnt i
y (C.16), it holds \/Ln S Vil n) N(0,1). Also a similar argument to (C.19) yields
ﬁ S Vi(0)2 B o2, Thus, for (C.20), it remains to show that

n

1 R
32 V07— - n22 Z Q3 (C.23)

=1 =1 j=1+1

By a direct calculation, we have

1 1 1 1 -
Wi + Rij —75 Wij + Ri; —75 Wi + R; 75
(Wi + Rij) n—lk#( kit k]) n—ll#( Lt l>+n(n—1)

Qij =

n—2

Thus by using eq. (11) in the main text, we obtain (C.23).

C.7. Proof of Theorem 7. We only prove for Case (ii). Other cases are shown in similar ways.

As in the proof of Theorem 1, we can prove the asymptotic equivalence

(n—12 , | [n-1
00) = TZ%(@) Zv + 0,(1).
n =1 =1

Thus, it is enough to show
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-1
"M Vi) % N(0,%+a¥), (C.24)
=1
(n — 1)2 = 2 P —
— Vi(6 = X +IZ4 2aV. C.25
oz ; (©) (C.25)
For (C.24), note that
> 5D = mz SN X Pl - Xk Pl = > Xi Pyl
=1 n " i=1 \ k=1 Ik kti I#i
n n
B ErP Y e w;;fﬁm z

n

1
= DD XkPuli=n5(0).
k=1 ik
Thus, ”T:Ll S Vi) = ﬁ > k=1 21k Xk PrUi, and (C.24) follows from Chao et al. (2012,
Lemma A2).
We now prove (C.25). Observe that

(n—1)2”V92 (-2 S 1 <& 1
EE V02 = E Y [ Y Pl —5 > Y XePul

T — L — k=1 1k koti ik

n

1 1
= ZXkPkiUi + ZXiPilUl -— Z Z X PuU; [C.26)
- ki I£i ki I,k

For the last term in (C.26), we have
2

LY (LYY wnn ] = o S S mEedEe) fam =0, ().

Hin 5 27 ik )i Ik Halt

where the first equality follows from Chao et al. (2012, Lemmas A2 and A3) and the second
equality follows from 77 1 37, P% <30 Py = K. By using (A.1) and Y_p_; ZyPui = Zi,

the first two terms in (C.26) are written as

Y XePulUs = vZi(1— Pa)Ui+ Y exPuil,

k#i ki
SNOXiPUy = > AnZiPalUi+ > eiPall.
I#i I#£i I#i

Combining these results,
2

= 1 Z Vi(0): = — Z Y Zi(1 — Pyi)U; + ZﬁkpkiUz’ + Z’YZZiPﬂUz + Z eiPal; p +0p(1)

L ki I 1+

_ (021 = Pa)U + Css (2Pl +0,(1)
,Un. 1 +Zk¢z(€kpkl z) +Zl¢1(€z lel) +22k¢z Ek‘UkszelUl g ,

1=
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where the second equality follows from a similar argument in the proof of Chao et al. (2012,
Lemma A2). Therefore, Chao et al. (2012, Lemma A3) implies

— Z{% -P)U? 5 8, = ZZ VL Z:PyUp)? 5 2,

1 = I

i=1 l#i
LY S @R b alm > S B)F
T oi=1 ki i=1 ki
2 ZZekUkszerz 2 anlggo—ZZE exUp) PELE(;Us),
T oi=1 ki i=1 ki

and we obtain (C.25). Therefore, the conclusion follows.

C.8. Proof of Theorem 8. Again, we only prove for Case (ii). Other cases are shown in similar

ways. As in the proof of Theorem 1, we can prove the asymptotic equivalence

m(g) = {n—l va }_ {n—lzvm } +Op(1).

Thus, it is enough to show

Z Vo) 5 N(0,% + =+ 2a0), (C.27)
=1

n B 1 m D, —_
ZV L Y4+ E4 200, (C.28)

Zz IV()

>+ =+ 2a¥. Thus, the consistency 6 implies (C.28). It remains to show (C.27). Since
S Vi(h) = 0, we have

A similar argument to (C.25) combined with the consistency of @ yields

rr12

n_le

2
: > ict Z;L:i-i—lQQ -

Lm0
oy Vil0)? - 2

By (C.24), it holds *— Zl L Vi(6 —> N(0,X 4+ a¥). Also a similar argument to (C.25) yields
(= 1) S Vi) B E + =+ 2aV. Thus, for (C.10), it remains to show that

”_1 Z Z Q% L= +al. (C.29)

i=1 j=1+1
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Note that

(n— 1
Ut N
=1 j=i+1
2
D ket ik Xk PaUt = 3k 2 > izi i X LUt
’ + op(1)

% = 2oty 2t Xk PetUn + 2 pzi i 2 i gk Xk PrUi

i=1 j#i
— Z (Vo Z; PjiU; + €; P;iU; + 4, ZiPijUj + €,PU;)% + 0p(1)
241, =1 j#i

S S OMZ PR + (P + GV U} + oy(1),
g VS
where the first and third equalities follow from Chao et al. (2012, Lemmas A2 and A3), the
second equality follows from direct calculation and (A.1). Therefore, we have (C.29) due to the

following results in Chao et al. (2012, Lemmas A3):

2 ZZ VL ZiPiU;)? B

[1]

N oi=1 j#i
2 ZZ EJP]ZUZ 2 o lim —ZZPZ% 12E ),
=1 j#i n=oo K i=1 j#i
M2 ZZEJ TN anlggo—zz E(U;).
=1 j#i 1=1 j#i

C.9. Proof of Theorem 9. We only prove for Case (ii). Case (i) can be shown in the same

manner. Let

2
n n

1 1 _
Y = plim —ZXQUQ U =p lim 72 ZXZ-M,-ZUZ ,
i=1 i=1 \ l#i
1A - 1 ¢
p lim nZIXiPn-Zh, Z = p lim 2; gkakakv
= 1= 7

[
I

As in the proof of Theorem 1, we can prove the asymptotic equivalence

:{izwmz} {;HZVZ-(G)} +0p(1).

Thus, it is enough to show

n

1 d

— : N(0,% .

Vi & Vi(0) — N(0,%), (C.30)
1 n

- Vi(0)? B T4 U4E 45, (C.31)
=1
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For (C.30), a direct calculation yields

Z S(i)(e) = Z Xk;Mkk(Yk - Xke) + Z Z Xk:Mkl(Yl - Xle) = nS(Q).
i=1 k=1 k=1 I#k

Thus,

1 1 n.n 1 n_
7 ;Vi(e) = VnS(0) = ﬁ;;XkMMUl - \/HIZ;XIUI

4 N(0,Y),

where the second equality follows from (B.1) and ;' ; My Z] = 0, the third equality follows
from >}, XMy, = X;, and the convergence follows from Cattaneo, Jansson and Newey (2018a,
Lemma SA-2).

We now prove (C.31). Decompose

- L 1 -
Vi0) = Y XaMu(Y; = Xi0) + ) XiMa(Yi— Xi) — —— > > XpMu(Yi — Xif)

ki =1 ki Lk
n
= Y XiMuiZiy+ Y X MyUs + Y XiMyU,
ki k=1 i
1 ~ 1 -
+— ZXkMkk(Yk = Xpb) — —5 Z Z XM (Y — Xi0)
k#i k#i 144

= T+ 1o+ T3 + Ty — T,

where the second equality follows from (B.1) and > | M;;Z] = 0.
For T5;, note that

n n n < n 7 2
{ D ket 2oy XeMp(Yr — X30) = D701 XMy (Y — Xi0) }

1 — 1
- T52- e _ ”
n ; ' n(n —2)? — > XaMy (V) — X40) + X My (Y; — Xi6)

=1
1 n n n 2
% % % D,
= S > {Z XU = XiMyUp — X Py(Yi — Xie)} 50,
=1 =1 =1

where the second equality follows from » ;' | MyZ] =0 and > _, X, My, = X, and the conver-

gence follows from the law of large numbers.

For T4¢,
1< 1 " i 1 = 2
N2 = & X MupZ, S X MU,
n; 4i n(n—2)2; kzyéz kMpk 2y +n(n—2)2i:1 ; EMprUg
2 - - .
+m Z ZXkMka;Q’Y ZXkMkkUk
i=1 \ k#i ki
b=,

where the first equality follows from the direct calculation, and the convergence follows from the

law of large numbers.
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By applying similar arguments to the cross terms, we obtain

n

72‘/ Z(TIZ+TQZ+T31)+OP( )

=1
For Th',
1< 1< . . ’
=1 =1 \k=1

1, 5 .

= = (XiZiy — XiMyi Z{)?
n =1

2 og,

where the second equality follows from XMy, = X, and the convergence follows from

the law of large numbers and the definition of M;;. Similarly for T5; and Tj;, the law of large

numbers and Y, X, My = X, imply

1o 1
nz;TQZZ = EZXiUigza
1=

1 = o 1 & . »
EZT& = EZ X;MuU | B W,

Combining these results, we obtain (C.31).

C.10. Proof of Theorem 10. By using the definition of (%), we can decompose

1 Z %2{()1‘ - Xig)(h — XZ-@ _ Zz(:y(i))}
n
i=1

- fZXz {(Zly+Uy) ulemU}

1 g 1 ;
- EZXEUerEZXf(Z’ ule”U+ ZX2 uleZ]UU
i=1 i=1 JFi

= BI+BQ+B3a

where the first equality is the definition of 3, and the second equality follows from the relation
My (Y — X0 — Z’ ) Z] 1 M;;U;. Thus, it is enough for the conclusion to show that
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By = 0,(1) and B3 = o0,(1). Letting 02 = E(U?|X;, Z;), the conditional variance of By is

var(Ba|Zy, ..., Zy)

= nQZa ZZMngkJXQXkM "M (2 (Z))

=1 k=1
1
< = M XN Z}y) Pu X2 XPM M N (Zy) (Z,
< ergxécna Z ;g ik KM, we (Zi)( i)
1 1pd( ot
< -
. nz&%%ZM Xiz0)
X\ 1o
< 2. —1. A — X?
- 1réljagxn% 121%)%]\4“ 1@?22(2 ) 1<i<n \/n nz;XZ
P
= Op(1)>

where the last equality follows from Assumption MR (ii)-(iii). The conditional variance of Bj is

Val“(Bg|Zl, ey Zn)

1 2 o

_ 2 2 4 2 2 2 2v2y2par—1asr—1p7s2

_ 2§:§:ggx M 7§:§: o2 XXMM M
1=1 j#i j#i

)’ RO
o R e w2 K= M)
= op(1),
where we used > i 751 ZJ M5 — M 2 — M;;(1 — Mj;) in the inequality, and the second

equality follows from Assumptlon MR (11)—(111). Since E(Bs|Z1,...,2Z,) = E(Bs3|Z1,...,Z,) =0,

we obtain the conclusion.
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