Discounted optimal stopping problems for maxima of
geometric Brownian motions with switching payoffs
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We present closed-form solutions to some discounted optimal stopping problems for
the running maximum of a geometric Brownian motion with payoffs switching according
to the dynamics of a continuous-time Markov chain with two states. The proof is based
on the reduction of the original problems to the equivalent free-boundary problems and
the solution of the latter problems by means of the smooth-fit and normal-reflection con-
ditions. We show that the optimal stopping boundaries are determined as the maximal
solutions of the associated two-dimensional systems of first-order nonlinear ordinary dif-
ferential equations. The obtained results are related to the valuation of real switching
lookback options with fixed and floating sunk costs in the Black-Merton-Scholes model.

1. Introduction

The main aim of this paper is to present closed-form solutions to the discounted optimal
stopping problems with the values:

V= sEpE[e—” ((1 —0,) (LO max X, — K0> +0, (Ll max X; - Kl))] (1.1)

0<t<r

and

Wi = sup E[e (1= 00 (Ly s X — Ko Xc) + € (L max X, - K1 X) )] (12)
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for some given constants L; > 0 and K; > 0, ¢« = 0,1. Here, for a precise formulation
of the problem, we consider a probability space (£2,G, P) with a standard Brownian motion
B = (By)t>0 and a two-state continuous-time Markov chain © = (©;);>o with the state space
{0,1} and transition intensities A; > 0, i« = 0,1 (the processes B and © are supposed to be
independent under the probability measure P). We assume that the process X = (X;);>0 is
given by:

X; =x exp <(u—02/2)t+03t> (1.3)

so that it solves the stochastic differential equation:
dXt :,UXt dt+0'Xt dBt (XO :.]7) (14)

where x > 0 is fixed, and ¢ > 0, u < r, and r > 0 are some given constants. For simplicity,
we assume that the coefficients of the geometric Brownian motion X are independent of the
dynamics of the Markov chain ©. The consideration of a model for the process X with switching
coefficients would lead to less explicit formulas for the values of the optimal stopping problems.
In our application, the process X describes the current state of technological progress, which
changes over time due to the active process of research and development in a branch of the
industry, where r is the discount rate. The running maximum of X can be interpreted as the
productivity of the best technology available in the market and corresponds to the best state
of technological progress achieved so far under constant returns to scale. Suppose that the
suprema in (1.1) and (1.2) are taken over all stopping times 7 and ¢ of the process (X,0),
and the expectations there are taken with respect to the risk-neutral probability measure P.
In this case, the values of (1.1) and (1.2) can be interpreted as the rational (or no-arbitrage)
values of (perpetual) real lookback switching options with present values, which are linear in
the running maximum of X, as well as sunk cost investment amounts, which are constant or
linear in X, in the Black-Merton-Scholes model, respectively (see, e.g. Dixit and Pindyck [12;
pages 303-309] for the examples of standard real options with switching payoffs).

Our specification of productivity development is suitable for the industries, such as green en-
ergy production, for which technological progress can be characterised by steady and continuous
improvements not essentially influencing the resulting market price, and where the productivity
linearly depends on the state of the technology. In addition to the technological uncertainty, the
profitability of investment projects in the green energy industry is affected by the uncertainty
in the government regulation. In fact, the regulatory mechanisms aimed to support the green
energy producers have frequently and unexpectedly been revised. Chronopoulos et al. [9] note
that green energy investments rely on government support, but the absence of a clear policy
framework increases uncertainty in revenue streams. In our model, the policy is present in the
form of a subsidy with the aim to stimulate green energy projects. The subsidy switches be-
tween the implementation state when the subsidy is "on” and the abolishment state when the
subsidy is "off”. In several countries, such as Spain, Belgium, Czechia, Bulgaria and others, the
subsidies for green energy producers were retroactively adjusted, which considerably reduced
the profitability of the existing plants (see, e.g. Dalby et al. [11]). The idea of having switching
payoffs as a result of policy uncertainty originally comes from Hassett and Metcalf [27] (see also
[12; pages 303-309]). They argue that government regulation is of a mean-reverting nature and
therefore introduce the payoffs switching back and forth as a result of policy uncertainty. Once
subsidies are introduced, the debate starts about retracting them and the other way round. In



addition, this situation can, for instance, be motivated by a change in governments leading to
different environmental policies. The implications of policy uncertainty was analysed in other
recent contributions like Boomsma et al. [5], Boomsma and Linnerud [4], Adkins and Paxson
[1], Eryilmaz and Homans [15], Ritzenhofer and Spinler [42].

For the case of non-switching payoffs with Ly = L; and K, = K, the problems of (1.1)
and (1.2) were solved by Pedersen [34], Guo and Shepp [24], and Beibel and Lerche [8], for
models with geometric Brownian motions, and in [16], for a geometric model driven by a
Brownian motion and a compound Poisson process with exponential jumps. More recently,
Guo and Zervos [25] and Rodosthenous and Zervos [40] derived solutions for discounted optimal
stopping problems related to the pricing of perpetual American options with more general payoff
functions depending on the current values of the process X and its running maximum. In the
case of a Russian option with Ly # L, and K; =0, ¢ = 0,1, the problems of (1.1) and (1.2)
were explicitly solved by Guo [23] for a model with geometric Brownian motions with switching
coefficients. In contrast to the switching Russian option problem studied in [23], the problem
of (1.1) is necessarily three-dimensional in the sense that it cannot be reduced to an optimal
stopping problem for a two-dimensional (time-homogeneous strong) Markov process having ©
as one of its state-space components. It is shown that the optimal stopping boundaries for
the process X can be expressed as functions of the current value of its running maximum also
depending on the current state of the Markov chain ©. We obtain closed-form expressions for
the associated value functions and characterise the optimal stopping boundaries as the maximal
solutions to the resulting two-dimensional systems of first-order nonlinear ordinary differential
equations.

In the case of Ly = L; and K; = 0, i = 0,1, the problems of (1.1) and (1.2) provide
the classical Russian option problem introduced and explicitly solved by Shepp and Shiryaev
[43], by means of reducing the initial problem to an optimal stopping problem for a two-
dimensional (continuous) Markov process and solving the latter problem by using the smooth-
fit and normal-reflection conditions. It was further observed by Shepp and Shiryaev [44] that
change-of-measure arguments allow for the reduction of the Russian option problem to an
optimal stopping problem for a one-dimensional diffusion process with reflection. This feature
explained the simplicity of the structure of the solution obtained in [43]. Gerber et al. [20]
and Mordecki and Moreira [32] obtained closed form solutions to the perpetual Russian option
problems for diffusions with negative exponential jumps. Asmussen et al. [2] derived explicit
expressions for the prices of perpetual Russian options in the dense class of Lévy processes
with phase-type jumps in both directions by reducing the original problems to first passage
time problems and solving the latter problems by means of martingale stopping and Wiener-
Hopf factorisation. Avram et al. [3] studied exit problems for spectrally negative Lévy processes
and applied the results to solving optimal stopping problems associated with perpetual Russian
and American put options. More complicated optimal stopping problems and games within the
framework of models based on spectrally negative Lévy processes and their running maxima
processes were studied by Baurdoux and Kyprianou [6], Ott [33], Kyprianou and Ott [30], and
Baurdoux and van Schaik [7] among others. Optimal stopping problems for three-dimensional
continuous Markov processes containing the running maximum or minimum as well as the
running maximum drawdown or drawup as components were recently studied by Peskir [37]-
[38], Glover et al. [21], and [17]-[19] among others.

Models of financial markets with parameter values switching according to the dynamics



of continuous-time Markov chains have recently found a considerable amount of applications.
For instance, the closed-form solutions to the perpetual American lookback and put option
pricing problems were obtained by Guo [23] and Guo and Zhang [26] in an extension of such
a diffusion model with both the drift and volatility coefficients of the underlying asset price
process switching between two constant values according to the change in the state of the
observable continuous-time Markov chain. Jobert and Rogers [29] considered the perpetual
American put option problem within an extension of that model to the case of several states
for the Markov chain, and solved numerically the corresponding problem with finite expiry. In a
model with a two-state Markov chain and no diffusion part, Dalang and Hongler [10] presented
a complete and essentially explicit solution to a similar problem, which exhibited a surprisingly
rich structure. These results were further extended by Jiang and Pistorius [28], who studied the
perpetual American put option problem within the framework of an exponential jump-diffusion
model with observable dynamics of regime-switching behaviour parameters.

The rest of the paper is organised as follows. In Section 2, we formulate the fized sunk costs
real switching lookback option optimal stopping problem for a necessarily three-dimensional
continuous-time Markov process which has the current states of the technological progress X
and its running maximum, as well as the Markov chain ©, as the state-space components.
The original optimal stopping problem is reduced to the associated free-boundary problem for
the value function which satisfies the smooth-fit conditions at the optimal stopping boundaries
and the normal-reflection conditions at the edges of the state space of the three-dimensional
process. In Section 3, we obtain closed-form solutions of the associated free-boundary problem
and derive systems of two first-order nonlinear ordinary differential equations for the sought
boundaries as well as specify their asymptotic behaviour under various relations between the
parameters of the model. In Section 4, we apply the change-of-variable formula with local time
on surfaces from Peskir [36], to verify that the resulting solution of the free-boundary problem
provides the expressions for the value function and the optimal stopping boundaries for the
current state of the technological progress in the original problem. In Section 5, we present
explicit solutions of the associated floating sunk costs real switching lookback option optimal
stopping problem under various relations between the parameters of the model. The main
results of the paper are stated in Theorems 4.1 and 5.1.

2. Preliminaries

In this section, we describe the structure of the three-dimensional optimal stopping problem
of (1.1) which is related to the fixed sunk costs real switching lookback option pricing problem.
For the problem of (1.1), we formulate an equivalent free-boundary problem.

2.1 The optimal stopping problem. It is seen that the problem of (1.1) can be embedded
to the optimal stopping problem for the (time-homogeneous strong) Markov process (X, S,0) =
(X¢, St, ©1)1>0 with the value function:

Vi(z,s) = sup Eusile™ (1= 0;) (Lo Sy — Ko) + O, (L1 S; — K1))] (2.1)

for some L; > 0 and K; > 0, ¢ = 0,1, fixed, where the supremum is taken over all stopping
times 7 with respect to the natural filtration (G;)i>o of the process (X, ©). Here, S = (S¢)i>0
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is the associated with X running maximum process defined by:

S;=sV ( max Xu> (2.2)
0<u<t
for s > z > 0. We denote by E,; the expectation with respect to the probability measure
P, ;; under which the three-dimensional (strong Markov) process (X, S, ©) starts at (z,s,) €
E x {0,1}, and by E = {(z,s) € R*|0 < z < s} the state space of the process (X,S5).
We further assume that © has the transition-probability matrix {(Age™oF )t 4 X} /(Ng +
)\1), )\0(1 — 6_(>\0+>\1)t)/<)\0 + )\1)7 )\1(1 — 6_(>\0+>\1)t)/<)\0 + )\1), ()\16_(>\0+)\1)t + )\0)/()\0 + )\1)} s and
the intensity-matrix {—Xo, Ao; A1, —A1}, for all ¢ > 0, and some \; > 0, i =0, 1, fixed. In other
words, the Markov chain © called a telegraphic signal process changes its state from 7 to 1 — 4
at exponentially distributed times of intensity A;, ¢ = 0,1 (see, e.g. [31; Chapter IX, Section 4]
or [14; Chapter VIII]). It can be assumed without loss of generality that \; is the government
subsidy implementation intensity and A;_; is the abolishment intensity, for any ¢ = 0,1 fixed.

2.2 Structure of the optimal stopping time. Let us first determine the structure of the
optimal stopping time in the problem of (2.1).

(i) By applying the arguments from [13; Subsection 3.2] and [35; Proposition 2.1 to the
optimal stopping problem in (2.1), we see that it is never optimal to stop when X; = S;, for
each ¢t > 0 (this fact will be also reproved independently in part (iii) below). It also follows
directly from the structure of (2.1) that it is never optimal to stop when S; < K;/L;, for all
t >0 and any ¢ = 0,1 fixed. In other words, this fact shows that all points (z,s) from the set:

Ci={(x,s) e E|0 <z <s<K;/L;} (2.3)
and from the diagonal {(z,s) € R*|0 < x = s} belong to the continuation region:
Cr ={(z,s) € E|V*(z,s) > L; s — K;} (2.4)

for every i = 0,1. It is seen from the solution below that V;*(z,s) is continuous, so that C; is
open, for i =0, 1.

(ii) It follows from the definition of the process (X,S) in (1.3)-(1.4) and (2.2) and the
structure of the reward in (2.1) that, for each s > K;/L; fixed, there exists a sufficiently small
x > 0 such that the point (z,s) belongs to the stopping region:

D ={(z,s) €e E|V(x,s) = L;s — K;} (2.5)

for every ¢ = 0,1. This property can be explained by the fact that the costs of waiting until
the process X coming from such a small x > 0 increases to the current value of the running
maximum process S may be too large due to the presence of the discounting factor in the
reward functional in (2.1). Let us now denote by 7 = 7*(x, s,4) the optimal stopping time in
the problem of (2.1) and take another starting point (z/, s, ) for the process (X, .S, ©) such that
0<2' <z<sand s> K;/L;, forany ¢ = 0,1 fixed. Then, using the fact that the running
maximum S from (2.2) of the process X from (1.3) started at the point 2’ is less or equal to
the running maximum started at x, by virtue of the linear structure of the reward functional
in (2.1), we get V.*(2',s) < V*(z,s) = L;s — K, so that (2/,s) € Df, for i = 0,1. On the
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other hand, we can take a point (z,s) € C} and consider the associated optimal stopping time
T = 7*(x,s,1), for every ¢ = 0,1. Hence, for any other starting point (x,s’,7) of the process
(X, 5,0) such that 0 < K;/L; <x < s < s, we obtain:

V¥ (x,s') — (L s — K;) (2.6)
= [6_”* ((1 — 0:+) (Lo Sev — Ko) + O+ (L1 S7- — Kl))} —(L; s — K;)

*

Z Ex,s,i |:€7TT ((1 - @T*) (LO ST* - Ko) + @T* (Ll ST* - Kl)):| - (L,L S — Kz)
=V*(z,s) —(L;is—K;) >0

so that (z,s") € Cf, for ¢ = 0,1. Thus, combining these arguments together with the comments
in [13; Subsection 3.3] and [35; Subsection 3.3], we may therefore conclude that there exists a
non-decreasing function g¢;(s), for s > K;/L; and i = 0,1, such that the continuation region
CF in (2.4) is an open set consisting of C! from (2.3) and of the set:

Ci\C ={(z,8) e E|gi(s) <x<s,s>K;/L;} (2.7)
while the stopping region D} in (2.5) is a closed set of the form:
D ={(z,s) e F|0 <z <g/(s),s > K;/L;} (2.8)

for i = 0,1. Note that the existence of such a boundary gf(s) can also be deduced from the
convexity of the function x +— V*(z,s) on (0,s), for each s > K;/L; and every i =0, 1.

(iii) Let us now determine the location of the optimal stopping boundaries ¢;(s), ¢ =0, 1.
For this purpose, we denote by U(z,s) the value function of the optimal stopping problem
in (5.1) below, which can be obtained from the one of (2.1), by means of setting K; = 0,
so that U (z,s) = W(z,s;0,0) with W (z,s) = W (z,s; Koy, K1) defined in (5.1), for every
1 = 0,1. The resulting problem reflects the extreme case scenario in which the change of
the policy affects only the revenue of the firm, while the costs always remain constant at a
level of zero. It is shown in [23] that the function U/ (z,s) = Wj(z,s;0,0) with W (x,s) =
Wi (x, s; Ko, K1) from (5.1) admits the explicit expressions in (5.29) and (5.30) below, and the
optimal stopping time has the structure n* = inf{t > 0| X, < a§, S}, where a; is defined by
af = bf(0,0) with bf = bf(Ko, K;) determined from the expressions in (5.15) with (5.16), or
(5.19) and (5.22), or (5.25) and (5.28), for every i = 0,1 (see Theorem 5.1 below). Suppose
that afs < gf(s) holds, for some s > K;/L;, i = 0,1. Then, for each = € (a}s, g/(s)) given
and fixed, we would have Uj(x,s) — K; > L;s — K; = V;*(z, s), contradicting the obvious fact
that U} (z,s) — K; < V*(z,s), for all (x,s) € E with s > K;/L;, i = 0,1, as it is clearly seen
from the structure of the payoff in (2.1). Thus, we may conclude that ¢ (s) < afs < s should
hold, for all s > K;/L; and every i = 0,1 (see Figure 1 below for a computer drawing of the
optimal stopping boundaries g¢f(s), i =0, 1).

(iv) In order to further characterise the asymptotic behaviour of the boundaries g;(s),
i = 0,1, we observe that for the value functions V*(z, s) from (2.1) and U/ (x, s) = W}(z, s;0,0)
with W (x,s) = W (z, s; Ko, K1) from (5.1) the inequalities:

0<U(x,s) — K; <V*(z,s) <U(x,s) (2.9)



are satisfied, for all (x,s) € E such that s > K;/L;, i = 0,1, so that the inequalities:

Ui*(878) - & < ‘/i*(S?S) < Ui*(87s)
S s S - S

0<

(2.10)

hold, for all s > K;/L; and every i = 0,1. Therefore, letting s go to infinity in (2.10), we

obtain: v e -
lim inf Vil(s;s) = limsup Vil(s:s) = lim Uils:s) (2.11)

S—00 S S—00 S §—00 S

for i =0,1.

2.3 The free-boundary problem. By means of standard arguments based on an applica-
tion of It6’s formula, it is shown that the infinitesimal operator LL of the process (X, S) from
(1.3)-(1.4) and (2.2) acts on an arbitrary function F(z,s) from the class C*! on E according
to the rule:

2,.2

(LF)(x,8) = pxd F(x,s)+ 02

OraF (2, ) (2.12)

for all 0 < z < s. In order to find analytic expressions for the unknown value functions
V*(x,s) from (2.1) and the unknown boundaries g/(s), ¢ = 0,1, from (2.7)-(2.8), let us use
the results of general theory of optimal stopping problems for Markov processes (see, e.g. [39;
Chapter IV, Section 8|) as well as optimal stopping problems for maximum processes (see, e.g.
[39; Chapter V, Sections 15-20] and references therein). We can therefore reduce the optimal
stopping problem of (2.1) to the equivalent free-boundary problem:

(LV; — (r+ X)) Vi)(z,8) = =\ Vii(x,s) for (x,s) € C; suchthat z #s (2.13)
Vi(z, S)}x:gi(s)—ﬁ— = L;s — K; (instantaneous stopping) (2.14)
0, Vi(z, s)‘gg:%(s)Jr =0 (smooth fit) (2.15)
OsVi(x, 3)|x=37 =0 (normal reflection) (2.16)
Vi(x,s)=L;s—K; for (z,s)€ D; (2.17)
Vi(z,s) > Lis— K; for (z,s) € C; (2.18)
LV, = (r+ X)) Vi)(z,8) < =N\ Vii(x,s) for (x,s) € D; (2.19)

where C; and D; are defined as C} and D} in (2.3) and (2.7)-(2.8) with g¢;(s) instead of g(s),
1 = 0,1, respectively. Observe that the superharmonic characterisation of the value function
(see, e.g. [39; Chapter IV, Section 9]) implies that V;*(z, s) are the smallest function satisfying
(2.13)-(2.14) and (2.17)-(2.18) with the boundaries ¢f(s), ¢ = 0,1. Here, the condition of
(2.14) is satisfied, for all s > K;/L;, while the conditions of (2.15)-(2.16) are satisfied, for all
s> K;/L; and any i = 0,1 fixed.

3. Solution to the free-boundary problem

In this section, we obtain solutions to the free-boundary problem of (2.13)-(2.19) and derive
systems of ordinary differential equations for the candidate optimal stopping boundaries in
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(2.7)-(2.8) under various relations between the parameters of the model in (1.3)-(1.4) and
(2.2). For simplicity, we further assume that K;/L; < Ky_;/L;_; holds, for some i = 0,1 fixed.
This assumption, which is particularly satisfied if L; > L;_; and K; < K;_;, also yields that
Vi(z,s) > Vi_i(x,s), so that g;_;(s) < g¢;(s) holds, for all s > K;_;/L1_; and any i = 0,1
fixed. In this case, the subsidy may positively influence the investment payoff, for instance, by
a feed-in premium implying that L; > L;_;, or by an investment grant, so that K; < K;_;, for
1 = 0,1. The cases corresponding to the other relations between the costs rates L; and K;,
1 = 0,1, can be considered in a similar way.

3.1 The solution to the problem in the case of \; > 0, i = 0,1. Let us first assume
that A; > 0, ¢ = 0,1, holds. In this case, following the arguments of [12; pages 303-309], we
introduce the functions Vo (z,s) = Vo(z,5)/Xo + Vi, s)/A; and Vi(z,s) = Vi(z,s) — Vo(z, s),
forall 0 < x <s.

(i) It is shown by means of straightforward calculations that the functions V;(z, s), j = 0,1,
satisfy the system of second-order ordinary differential equations:

o’x? —

5 OpzV i(,8) — (r+ (Ao + Al)j)vj(x, s)=0 (3.1)

for all g;(s) <x <s and s > K;_;/L;_;, and any i = 0,1 fixed. It follows that the equations
in (3.1) admit the general solutions:

Vj (x,8) = 63-,1(5) 1l 5]-72(3) 792 (3.2)

pxd,V;(x,s)+

for gi(s) <x < s and s > K;_;/L,_;, where C;(s) are some arbitrary (continuously differen-
tiable) functions, and ~;x, k = 1,2, are explicitly given by:

- %—%—(—nk\/ (1- L)+ e bo e -

o 2 o2 o

so that 7,2 < 0 <1 < 7,1 holds, for 7 = 0,1. Then, the general solution for the system of
second-order ordinary differential equations in (2.13) with (2.12) has the form:

Vi(z,s) =) <Aj Cir(s) 2t — (=1)! Cjx(s) ﬂl’”) (3.4)

k=1

for all ¢;(s) < x < s and s > Ky_;/L;_;, where C;;(s) are some arbitrary (continuously
differentiable) functions, for every j = 0,1 and k = 1,2. By virtue of the fact that V;(z,s) =
Lis — K; for g1_(s) <z < g;(s), it is seen that the general solution of the equation in (2.13)
with (2.12) for Vi_;(z, s) takes the form:

‘/i_i(l', S) = Dl—i,l(s) lﬁlﬂ"l + D1_Z‘72(S) J,’Bl*w + )\1_2‘ (Lz S — Kl)/(’l“ + >\1—i) (35)

for g1_i(s) <2 < gi(s) and s > Ky_;/Ly_;, where Dy_;(s) are some arbitrary (continuously
differentiable) functions, and fi_;x, k = 1,2, are explicitly given by:

Biin = 1w _ (_Dk\/(l _ ﬂ) i 2(7”+—2)‘H) (3.6)

2 o2 2 o2 o
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Figure 1. A computer drawing of the optimal stopping boundaries g;(s), j=0,1.

so that 81,2 < 0 <1 < ;1 holds, for ¢ = 0,1. Hence, by applying the conditions of
(2.14)-(2.15) to the functions in (3.4) and (3.5), we obtain that the equalities:

2
> (N Cinls) 7 (5) = (<1) Crials) g4 (5)) = Lis — K, (3.7)
k=1
2 .
(Az‘ Ci(8) Vi 91 (s) = (=1)" Crin(8) Y1k gzlfi’k(5)> =0 (3.8)
k=1
Dioia(s) 975 (8) + Dicia(s) 65 () + A (Lis — K) /(r + M) = Licys = Koy (3.9)

S —_—
Di_;1(8) Pizix glﬁ:“(S) + D1 2(8) Bi—iz2 gf:i’Q(S) =0 (3.10)

hold, for s > K;_;/Ly_; and any i = 0, 1 fixed. Moreover, since the function in (3.5) should be



(at least) twice continuously differentiable at the boundary g;(s), we get that the equalities:

2

> (M Croanls) g7 () = (<1)'7 Cuals) g7 (5)) (3.11)
=1

= Di_11(5) g/ (5) + Di—sa(s) g7 () + M (Lis — K3) /(r + M)
22: (>\1—i C1—z‘,k(5) V1—i,k g?l””k(s) - (—1)1_i Ci,k(s) Vi k gZ’“(s)) (3~12)
k=1
=D1_;1(8) B1min g; 7" (8) + Di—ia(s) Briz g "2 (s)

2
Z (/\l—i Croin(8) M—ik(Vimie — 1) g7 7" (s) = (=)' Ciel(8) Yi (v — 1) gzk(8)> (3.13)
k=1

= Di1ia(s) froia(BPr-in — 1) gfl_i’l(s) + Di_io(s) Proiz(Biziz — 1) gfl_m(s)

hold, for s > K;y_;/L;_;. Finally, by applying the condition of (2.16) to the functions in (3.4),
we conclude that the equalities:

2
3 (Aj C(s) 5755 — (=1 O}, 1 (s) s'“*“) —0 (3.14)
k=1
hold, for all s > K;_;/L;_; and every j =0, 1.
Solving the system of equations in (3.9)-(3.10), we obtain that the candidate value function
admits the representation:

/\1—1'(Li3 — Kz)
T+ /\l—i

2
Vii(@,5:91-4(s) = > Dizin(s; gi—i(s)) 2= + (3.15)
k=1

for g1-i(s) <z < gi(s) and s > K;_;/Ly_;, with

D1 _ix(s;91-i(s)) = 61—i,3—k<L/1—i3 - Kiﬂ')/((ﬁl—z‘,s—k - 51—i,k)gf:i’k(5>) (3.16)

for k = ]_, 27 where we set Lll_z = Ll—i_)\l—iLi/(r_’_)\l—i) and K{—z = Kl—i_/\l—iKi/(r+)\1—i))
for any ¢ = 0,1 fixed. Then, solving the system of equations in (3.7)-(3.8) and (3.11)-(3.12),
we obtain that the candidate value functions admit the representations:

Vi(x, 519i(5), g1-i(s)) (3.17)

<)\j Cin(s:9i(5), roi(s)) 2% — (=1)7 C1_jx (53 gi(5), 1-i(s)) l’”‘““)
k=1

for gi(s) <x < sand s > Ky_;/Ly1_;, and every j = 0,1, where the functions C; x(s; ¢:(s), g1-i(5)),
7 =0,1, k=1,2, admit the representations:

Ci,k(s;gz'(5>791—z‘(3)) = (_1>i/(()\0)\1 + 1)(%‘,3—k - %k)gf’“ S)) (3.18)

X (Z Dy i(8591-i(8)) (Viz—k — 51—¢,l)gfl—i,l(8) + A4 (=) + M) )vig—k(Lis — Ki))

T+ )\1—1‘
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and

Croik(8;9i(5), g1-i(s)) = /\i/((AO)\l + 1) (Y1ig—k — V1—ig)g; " (s )) (3.19)
- —y AoAr — (=1)(r 4+ Moi))vizis—k(Lis — K;
X (;Dl_i,z(ssgl—i(S))(%—i,:a k= B1—i1)Y; J (s) + ( (=D )\i(T‘ﬂL))\iZ’) ( )>

with Dy x(s;01-i(s)), k& = 1,2, from (3.16). Hence, we may conclude that the candidate
boundaries g;(s), j = 0,1, satisfy the coupled system of first-order nonlinear ordinary differ-
ential equations in (3.14) with:

C; 1(559i(5), 9i(5), g1-i(5), g1_4(5)) = —Cin(s; 9i(s), 91-4(5) Vi (9 (5)/ 9i(5)) (3.20)
(—1)° ((1 + (=1)i(r + )\1_1))%73_;@Z
(MoA1 4+ D) (Yiz—r — ir)g: " (s) T4 Ao

+Z( 551086 90) 4 Drcaals n s B ) e = B9

and

Cl_ik(s59i(5), 95(5), g1-i(5), 91_i(5)) = —Ci_i(5: gi(5), g1=i(8)) 1=k (4}(5) / 9i(s)) (3.21)
i Ai <()\0)\1 — (=1)"(r + M—i))y—iz—kLi
(Mo + D) (isisr — Y—ix)gi " (s) Ai(r + i)

+IZ (Dll—i,l(s;gl—i(s)agi—z‘(s)) +Dl—i,z(s;gl—i(S))ﬂl—i,zm) (V1-i3—k — Bi-i1)9; J- ”(S))

9i(s)

as well as

D (85 91-i(s), 91_4(s)) = Broisk(Lis = Brioin(Lyis — K1) (91-i(5)/91-i(s)))

(61—i,3—k - 51—2' k)gfl zl k( )

for s > Ky_;/Li_;, where Di_;;(s;91-i(s)), and Cjx(s;gi(s), g1—i(s)), for i,5 = 0,1 and
k = 1,2, are given by the expressions in (3.16) and (3.18)-(3.19), respectively. It is seen that
the system of equations in (3.14) is degenerated in the sense that the candidate boundary
gi(s) solves the appropriate single first-order nonlinear ordinary differential equation, where
the boundary ¢;_;(s) can be uniquely expressed in terms of g;(s), by means of the arithmetic
power equation in (3.13), for any ¢ = 0,1 fixed.

In order to characterise the asymptotic behaviour of the candidate boundaries g¢;(s), j =
0,1, we observe that the expressions in (3.15) and (3.17) imply the representations:

(3.22)

VZSS z —B1_; )\,ZLl—KlS
s ZD1 ) B2 ) 4 BRI
1—1

and

Vi(s, 51 9i(s), 91-i(s)) /5 (3.24)

=~ (M Cualss hals), maa()) B () = (<1)° Cualsi hu(), () B 74(5))
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with some appropriately chosen ﬁl_i,k(s; hi-i(s)) and éjyk(s; hi(s),h1-i(s)), for i,7 = 0,1 and
k = 1,2, which are of constant signs as s — oo, where we set h;(s) = g;(s)/s, forall s > K;/L;
and every j = 0,1. Then, letting s go to infinity in (3.23) and (3.24) as well as taking into
account the assumption that h;(s) < aj, for all s > Kj;/L;, so that h; < h; < a; <1, we
may conclude from the expressions in (2.11) that h; = h; = a; should hold, where we set
h; = liminf,_,h;(s) and h; = limsup,_,, h;(s), for every j =0,1. Hence, we obtain that the
candidate boundaries g;(s), 7 = 0,1, should satisfy the property:

. gi(8) _ .

Sliglo =4 (3.25)
which gives the initial conditions (at infinity) for the equations in (3.14) with (3.20)-(3.21) and
(3.22). We also note that the inequalities in (2.9) applied to the functions in (3.15) and (3.17)
yield that the candidate boundary g;_;(s) should satisfy the properties:

gl—i((Kl—i/Ll—i)+) =0 and 91—2'(5) ~ Al—i(Ll—iS—Kl—i)l/ﬁH‘l as s Kl—i/Ll—i(3-26)

with some constant A;_; > 0 which is also specified by means of the condition of (3.25) above.

We further consider the mazimal admissible solutions (g;(s), gi_;(s)) of the system of first-
order nonlinear ordinary differential equations in (3.14) with (3.20)-(3.21) and (3.22) as the
largest possible solutions which satisfy the inequalities 0 < g;(s) < ajs, j = 0,1, for all
s > Ky_;/Li_; and every i = 0,1. By virtue of the classical results on the existence and
uniqueness of solutions for systems of first-order nonlinear ordinary differential equations, we
may conclude that the system of equations in (3.14) with (3.20)-(3.21) and (3.22) admits (lo-
cally) unique solutions, in view of the facts that the Jacobian matrix associated with this
implicit system is non-singular and the right-hand sides in the resulting normal (canonic) form
correponding to this system are (locally) continuous in (s, g;(s), g1—i(s)) and (locally) Lipschitz
in g;(s) and ¢1_;(s), for each s > K;_;/L,_; fixed, and every ¢ = 0,1 (see, e.g. [35; Sub-
section 3.9]). Then, it is shown by means of technical arguments based on Picard’s method
of successive approximations that there exists a unique solution (g;(s),g1-i(s)) to the system
of equations in (3.14) with (3.20)-(3.21) and (3.22), for s > K;_;/L,_;, started at some point
(si0,a;Si0,a;_;5:.0) such that s;o > Kj_;/Li_;, for any ¢ = 0,1 fixed (see also [22; Sub-
section 3.2] and [35; Example 4.4] for similar arguments based on the analysis of other single
first-order nonlinear ordinary differential equations). Hence, in order to construct the appropri-
ate functions g7 (s), j = 0,1, which satisfy the system of equations in (3.14) with (3.20)-(3.21)
and (3.22) and stay strictly below the lines ajs, j = 0,1, we can follow the arguments from
[38; Subsection 3.5] (among others) which are based on the construction of sequences of the
so-called bad-good solutions which intersect those lines. For this purpose, for any sequences
(sj1)1en such that s;;, > Ky_;/Ly_; and s;; T 0o as | — oo, for every j = 0,1, we can construct
the sequence of solutions (g;;(s),91-i:(s)), | € N, to the system in (3.14) with (3.20)-(3.21)
and (3.22), for all s > K;_;/Ly_; and any i = 0, 1, such that g;;(s;;) = ajsj; holds, for each
[ € N and every j =0,1. It follows from the form of the arithmetic equations for a} = b}(0,0)
with bf = b} (K, K1) in (5.15) with (5.13)-(5.14) and (5.16) below that, for each such solution
(911(8), 91-i1(s)), the inequality ¢,(s;;) > a; should hold, for each I € N and every i,j = 0,1
(see also [34; pages 979-982] for the analysis of solutions of the single first-order nonlinear dif-
ferential equation corresponding to the case Lo = L; and Ky = K;). Observe that, by virtue
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of the uniqueness of solutions mentioned above, we know that each two curves s +— g;;(s) and
s — gjm(s) cannot intersect, for [,m € N, [ # m, and thus, we see that the sequence (g;,($))en
is decreasing, so that the limit g;f(s) = limy_, g;,(s) exists, for each s > Ky_;/L;_; and every
i,7 = 0,1 fixed. We may therefore conclude that (g7 (s),g7_;(s)) provides the maximal solution
to the system of equations in (3.14) with (3.20)-(3.21) and (3.22) such that 0 < gj(s) < ajs
holds, for all s > K;_;/L;_; and every i,j = 0,1. Moreover, since the right-hand sides of the
corresponding normal form of the system of first-order nonlinear ordinary differential equations
in (3.14) with (3.20)-(3.21) and (3.22) are (locally) Lipschitz in s, for s > K;_;/L;_; and every
i = 0,1, one can deduce by means of Gronwall’s inequality that the functions g;,(s), [ € N,
are continuous, so that the functions g;‘-‘(s), j = 0,1, are continuous too. The corresponding
mazximal admissible solutions of first-order nonlinear ordinary differential equations and the as-
sociated maximality principle for solutions of optimal stopping problems which is equivalent to
the superharmonic characterisation of the payoff functions were established in [35] and further
developed in [22], [34], [24], [16], [6], [25], [37]-[38], [21], [33], [30], [7], [17]-[19], and [40] among
other subsequent papers (see also [39; Chapter I; Chapter V, Section 17| for other references).

(ii) In order to find the candidate value functions Vj(z, s) and the boundaries g;(s), j = 0,1,
in the region K;/L; < v < s < Ky_;/Li_;, we recall that the general solution of (2.13) for
Vi(z,s), 7 =0,1, takes the form of (3.4), for all ¢;(s) < z < s, while the general solution for
Vi_i(z, s) is given by (3.5), for all 0 < & < g;(s) and K;/L; < s < K;_;/L;_;, for any i = 0,1
fixed. Then, by applying the conditions of (2.14)-(2.16) to the function in (3.4), we obtain that
the equalities (3.7)-(3.8) and (3.14) hold, for K;/L; < s < Ky_;/L,_; under j = i. In this case,
the candidate value function Vi_;(x, s; ¢;(s)) takes the form:

Visi(z, s39i(s)) = Di—i1(s; 9i(s)) R W (Li s — K;)/(r+ A\i—y) (3.27)

for 0 < = < gi(s), where D;_;5(s;9i(s)) = 0 should hold, since otherwise Vi_;(z, s;gi(s)) —
+o0 as z | 0, that must be excluded, by virtue of the fact that the function Vi* ,(z,s) in (2.1)
is bounded. Moreover, since the function Vi_;(x, s) should be twice continuously differentiable
at the boundary g;(s), we get that the equalities in (3.11)-(3.13) are satisfied with D;_;(s) =
D;_;1(s;9i(s)) and Dy_;2(s) = 0. Hence, solving the system of equations in (3.7)-(3.8) and
(3.11)-(3.13) with D;_;1(s) = D1-;1(s;9:(s)) and D;_;2(s) = 0, we obtain that the candidate
value function V;(z,s;g:(s)) admits the representation of (3.17) under j = i, for g(s) <
r < s and K;/L; < s < K;_;/Li_;, where the functions C;(s;g¢:(s)), k = 1,2, admit the
representations in (3.18)-(3.19) with D;_;1(s;gi(s)) given by:

Diin(s;9i(5)) = ((Lis — Ki)/g; "' (s)) (3.28)
o <22: ( Ao —ie(V—ik — 1) (Aodr — (=1)"(r + M=) y—i3—k
1 (AoA1 + 1) (y1—i3—k — Y1—ik) i+ A=)
L ik (Vi — 1) Ai(14 (1) (r + Al_i))%,g_k»/
(Aot + 1) (Vi3—k — Vi) r+ A
(i ()\o)\ﬂl—i,k(’)’l—i,k — 1) (Bimin — Y1—is—k) N Yik(Vik — 1) (Broin — %73_k)) B (Brnr 1))
=1 (AoAL + 1) (V1-i3-k — Y1—ik) (Mo + 1) (Vis—k — Vik) —HlAEL,

and Di_;2(s;9i(s)) = 0, for any ¢ = 0,1 fixed. Therefore, we may conclude that the can-
didate boundary g;(s) satisfies the ordinary differential equation in (3.14) under j = i with
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Cik(s;9i(s)), k=1,2, determined as in (3.20)-(3.21), and

D1 (s39i(s)) = Diin(s; gi(s)) (Li/ (Lis — K;) — Bi—ia(gi(s)/9i(5))) (3.29)

as well as D, 5(s;9i(s)) =0, for K;/L; <s < Ki_j/L1_;, for any i = 0,1 fixed. Observe that

it also follows from the properties Vi_;((K1_;/L1_;)—, (K1_i/L1_)—) = V1_(K1_; /L1, K1/ L1_)
and ‘G/_i((Kl—i/Ll—i)_7 (Kl—i/Ll—i)_) = ‘G/_i((Kl—i/Ll—i)+7 (Kl—i/Ll—i)+) for the the can-
didate boundary should satisfy the condition g;((Ki_;/L1—;)—) = ¢;((K1-;/L1_;)+), for any

1 = 0,1 fixed. We also note that, by virtue of the arguments similar to the ones from the end

of part (i) above, the candidate boundary g¢;(s) should satisfy the properties:

gi(Ki/Li)+) =0 and gi(s) ~ A; (Lis — K;)'/"as s | Ki/L; (3.30)

with some constant A; > 0 which is specified by means of the initial condition of (3.25) above.

(iii) In order to find the candidate value functions V;(z,s), j =0, 1, in the region 0 < x <
s < K;/L;, for any i = 0,1 fixed, we observe that the expression:

holds, for the first hitting time:
T =inf{t > 0| X; > Ky1;/L1} (3.32)

where the candidate solutions for V;*(K;/L;, K;/L;), j = 0,1, are determined from parts (i)-(ii)
above, for any ¢ = 0,1 fixed. We recall that the general solution of (2.13) for V;(z,s), 7 =0,1,
takes the form of (3.4), for all 0 < = < s < K;/L;. Note that, in this case, the candidate
value functions Vj(x,s; K;/L;), j = 0,1, are given by (3.17), for 0 < z < s < K;/L;, where
Cj2(s;9i(5),91-i(s)) = 0 should hold, for every j = 0, 1, since otherwise Vj(x,s; K;/L;) — £oo
as x | 0, that must be excluded, by virtue of the fact that the functions Vj*(x, s), j=0,1,
in (3.31) are bounded. Then, by applying the boundary conditions V;((K;/L;)—, (K;/L;)—) =
V;(K;/L;, K;/L;) to the function in (3.4) with C;5(s) =0, j = 0,1, we get that the candidate
value function takes the form:

Vi(a; K/ Li) = X Cj 1 (K Li) 2 — (=1)7 Cy_ja (G /Ly) a7 (3.33)
for 0 <z < s < K;/L;, with

AN Vi(K;/ Ly, Ki /L) + (=1)Vy_;(K; /Ly, K; ) Ly)
C‘ Kz LZ = JJ d J d 334
J71( / ) ()\O)\l 4 1)(KZ/L1)%’1 ( )
where the function V;(K;/L;, K;/L;) = V;((K;/L;)+,(K;/L;)+), 7 = 0,1, is determined in
parts (i)-(ii) above, for any i = 0,1 fixed.

3.2 The solution to the problem in the case of \; > A\;_; = 0. Let us now assume that
Ai > A1_; = 0 holds, for any ¢ = 0,1 fixed.

(1) In this case, the general solution of the second-order ordinary differential equation in
(2.13) with (2.12) for Vi_;(x, s) has the form:

‘/1_2‘($, S) = Cl_i71(8) l”yo’l + Cl_i,2(8> IWO’Q (335)
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for all g1_;(s) <z < s, where C1_;x(s), k = 1,2, are some arbitrary functions, and vy < 0 <
1 < 70, are defined in (3.3). Then, by applying the conditions of (2.14)-(2.16) to the function
n (3.35), we obtain the equalities:

Chr-in(s) 9125 (s) + Ci_ia(s) 9125 (s) = L1y s — K1 (3.36)
Cr-ia(8) 10,1 9125 () + Cii () 0,2 9125 (5) = 0 (3.37)
Ci 11(3) s + Cl 12( )5%’2 =0 (338)

for s > Ky1_;/L1_; (see [34] and [24]). Hence, solving the system of equations in (3.36)-(3.37),
we obtain that the candidate value function admits the representation:

Vici(z, s;91-i(s)) = Ci—ia(s; g1—i(s)) 270 + Ci_;2(s; g1—i(s)) 2702 (3.39)
for g1_i(s) <z < s, with

Croin(5591-i(8)) = Y03k (L1—is — K1-3) / (Yo,3-k — Vo) 9175 (5)) (3.40)

for kK =1,2. Thus, by applying the condition of (3.38) to the functions in (3.40), we conclude
that the candidate boundary satisfies the ordinary differential equation:

gi_i(s) = Liigi-i(5)  7o2(5/g1-4(8))70% — 40.1(s/g1_s(s)) 02
1—i Ly_is — K1—; Y017%0,2((s/g1-i(s))0r — (s/g1-:(5))702)

for s > K_;/Li_; (see [34] and [24]). It is easily seen that the right-hand side of the expression
n (3.41) is strictly positive, so that the candidate boundary g¢;_;(s) is a strictly increasing
function on (K;_;/L1_;,00). We also note that the functions in (3.40) do not depend on the
boundary g;_;(s) directly, since the Markov chain © cannot leave the state 1—i when A\;_; = 0,
for any ¢ = 0,1 fixed.

Substituting the expression for Vi_;(x, s; g1-i(s)) from (3.39) with (3.40) into the equation
of (2.13) for V;(z,s), we obtain that the general solution has the form:

(3.41)

Vi(z,s) = Ci1(s) 27 + Cia(s) 22 + Vi_i(z, 53 1-4(5)) (3.42)

for all ¢;(s) <z < s, where C;x(s), k = 1,2, are some arbitrary functions, and ;2 <0< 1<
Bi1 are defined as in (3.6). Then, by applying the conditions of (2.14)-(2.16) to the function in
(3.42), we obtain the equalities:

Cia(5) 7" () + Cian(s) 9% (s) + Vi_i(gi(s), 53 1 4(s)) = Li s — K, (3.43)
Cii () Bia 977 (5) + Cia(s) Biz 677 (5) + 6i(5) 0 Vi—i(9i(s), 5. g1-4(s)) = 0 (3.44)
02,1(8) s7t + O (s) 8792 + (85 4+ g1_4(5)0g,_,)Vizi(s, 55, 91-4(5)) = 0 (3.45)

for all s > Ky_;/Ly_;. In this case, solving the system of equations in (3.43)-(3.44), we obtain
that the candidate value function admits the representation:

2
V(I S gz 91 z = ZC’m 3 gz g1—i(8)) ik + ‘/1—1‘(51778;91—1‘(8)) (346)

=1
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for g;(s) < x < s, with

Cix(s;9i(s), g1-i(s)) (3.47)
_ 0:Vi—i(9i(5), 55 1-i(5)) — Bis—k (Vi—i(9i(5), 53 91-i(5)) — Lis + K;)
(Big—k — @k)gzﬁlk(@

for k = 1,2. Thus, by applying the condition of (3.45) to the functions in (3.47), we conclude
that the candidate boundary satisfies the ordinary differential equation:

9i(5) = —((0s + d,_;(5)0yy_)Vii(s,5;1-4(5)) (3.48)
+ (05 + 91-4(5)00, ) Cia (5 9i(5), g1-i(5))8™" + (0 + g1 _4(5), ) Cia (53 6i(5), g1-i(s))s™2) /
(agici,1(3§ gi(s), gl_i(s))sﬁi,l + agici,z(s; gi(3)7 gl_i(s))sﬁi,z)

for s > Ky_;/L1_; and any i = 0,1 fixed. It is seen that the system of equations in (3.41)
and (3.48) is degenerated in the sense that the candidate boundary g¢;_;(s) solves the single
first-order nonlinear ordinary differential equation in (3.41), while the boundary g;(s) can be
expressed in terms of g;_;(s), by means of the first-order nonlinear ordinary differential equation
in (3.48), for any ¢ = 0, 1 fixed.

In order to characterise the asymptotic behaviour of the candidate boundaries g¢;(s), j =
0,1, we observe that the expressions in (3.39)-(3.40) and (3.46)-(3.47) imply the representations:

Vici(s, 5:.01-(5)) /s = Ci_ia (s hai(s)) by 2 (s) + Cria(s; hai(s)) by 122 (s) (3.49)
and
Vi(s, 510i(5), 91-4(5))/ s (3.50)
= > (Cualsi hals), i) b () 4 Crinlss ), hi(3) 74 (5))
k=1

with some appropriately chosen 5]-,;6(3; hi(s),h1_i(s)), for i,7 = 0,1 and k = 1,2, which are of
constant signs as s — oo, where we recall that h;(s) = g;(s)/s, for all s > K;/L; and every
j = 0,1. Then, following the arguments from the end of part (i) of Subsection 3.1, we may
therefore conclude that the candidate boundary g¢;_;(s) should satisfy the conditions of (3.25)
as well as the properties:

glfi((Klfi/Llfi)‘i‘) =0 and glfl'(5> ~ Alfl' (Llfi S—Klfi)l/’yo"l as S \l, Klfi/Llfl' (351)

with some constant A;_; > 0 which is also specified by means of the condition of (3.25) above.
It also follows from the arguments of the end of part (i) of Subsection 3.1 above that there exist
maximal solutions g;’f(s), 7 = 10,1, of the first-order nonlinear ordinary differential equations in
(3.41) and (3.48) such that the inequalities 0 < g7(s) < ajs hold, for j =0, 1.

(ii) In order to find the candidate value functions Vj(z,s), j = 0,1, and the boundary
gi(s) in the region K;/L; < x < s < Ky_;/L,_;, we recall that the general solution of (2.13)
is given by (3.35), for all 0 < x < g;(s) and any 7 = 0,1 fixed. Note that, in this case, the
candidate value function Vi_;(z,s; Ki_;/L1_;) takes the form of (3.39), for 0 < x < g(s),
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where C}_;2(s; K1-;/L1—;) = 0 should hold, since otherwise Vi_;(x,s; K1_;/L1_;) — £o0 as
x |} 0, that must be excluded, by virtue of the fact that the function V" ;(x,s) in (2.1) is
bounded. Hence, by applying the boundary condition Vi_;((Ky_;/L1-;)—, (Ki—i/L1-;)—) =
Viei(Ky—i/L1-;, K1-;/L1-;) to the function in (3.39) with Cy_;2(s; K1-i/L1—;) = 0, we get
that the candidate value function takes the form:

‘/l—i(x; Kl—i/Ll—i> = (Ll—i I/K1—z')m1 Vi—i(Kl—i/Ll—z‘a Kl—i/Ll—i) (3-52)

for 0 < & < gi(s), ¢ = 0,1, where the candidate solution Vi_;(Ky_;/Ly_;, K1_;/L1-;) =
Viei((Ki—i/Li—i)+, (K1—;/L1-;)+) is determined in part (i) above, for any i = 0, 1 fixed.

Substituting the expression for Vi_;(x; Ki_;/L;—;) from (3.52) into the equation of (2.13)
for V;(x,s), we obtain that its general solution has the form of (3.35), for ¢;(s) < =z < s
and any ¢ = 0,1 fixed. Then, by applying the conditions of (2.14)-(2.16) to the function
in (3.35), we obtain the equalities (3.43)-(3.45), with Vi_;(x; K1_;/Ly_;) given by (3.52), for
K;/L; <x <s< K;j_;/Li_;. In this case, solving the system of equations in (3.43)-(3.44), we
conclude that the candidate value function admits the representation:

Vi, 5;9i(5)) = Cin(s5.6i(s)) 2% 4 Cia(s;.9i(s)) 272 + Visi(a; Kyi/ Lh ) (3.53)

for gi(s) < x <'s, with
Vi_i(gi(s); Kii/L1—i) — ﬁi,?ﬁk(‘/lfi(gi(s); Ki_i/Li—) — Lis + K;)

Bis—k — Bin)gi ™ (s)

for kK =1,2. Thus, by applying the condition of (3.45) to the functions in (3.54), we conclude
that the candidate boundary satisfies the ordinary differential equation:
~ 0:Cia(55.9i(5))871 4 05Cia(s; gi(s)) 87
0, Ci1 (53 gi(5))s%1 + 0y, Cia(s5 gi((s)) 572

Cik(s;9i(s)) = (3.54)

gi(s) = (3.55)

for K;/L; < s < K;_;/L1_;. We also note that, by virtue of the arguments similar to the ones
from the end of part (i) above, the candidate boundary g¢;(s) should satisfy the properties:

9:((Ki/Li)+) =0 and g;(s) ~ A; (Lis — Ki)l/’gi‘l as s | K;/L; (3.56)

with some constant A; > 0 which is specified by means of the initial condition of (3.25) above.

(iii) In order to find the candidate value functions V;(z,s), j = 0,1, in the region 0 <
r < s < K;/L;, we recall that the general solution of (2.13) is given by (3.35), for all 0 <
r < s < K;/L; and any ¢ = 0,1 fixed. Note that, in this case, the candidate value functions
Vj(z,s; K;/L;) take the form of (3.39), for 0 <z < s < K;/L;, where C;(s; K;/L;) = 0 should
hold, for every j = 0, 1, since otherwise V;(z, s; K;/L;) — oo as x | 0, that must be excluded,
by virtue of the fact that the functions V;*(z,s), j = 0,1, in (3.31) are bounded. Hence, by
applying the boundary condition V;((K;/L;)—, (K;/L;)—) = V;(K;/L;, K;/L;) to the function
in (3.39) with Cja(s; K;/L;) =0, j = 0,1, we get that the candidate value functions take the
form:
Vilw; Ki/ L) = (Liw/K;)*" V3 (K Li, K/ L) (3.57)
for 0 < < s < K;/L;, where the functions V;(K;/L;, K;/L;) = V;((K;/L;)+, (Ki/L;)+),

j = 0,1, are determined in part (ii) above, for any ¢ = 0,1 fixed.
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3.3 The solution to the problem in the case of \;_; > \; = 0. Let us now assume that
A1_; > A; = 0 holds, for any ¢ = 0,1 fixed.

(1) In this case, the general solution of the second-order ordinary differential equation in
(2.13) with (2.12) for V;(z,s) has the form:

Vi(z,s) = Ci1(s) 27 4+ C; o(s) 272 (3.58)

for all g;(s) < x <s, where C;(s), k= 1,2, are some arbitrary functions and 2 < 0 <1<
Y01 are given by (3.3) above. Then, by applying the conditions of (2.14)-(2.16) to the function
in (3.58), we obtain the equalities:

Ci’l(S) gzo’l (S) + CLQ(S) gzo’Q(S) = Ll S — K,L (359)
Cin(8) 70,1 9;"" () + Cia(s) 02 9/"(s) = 0 (3.60)
Cz(,l(s) s70 C’;z(s) §72 =0 (3.61)

for s > K;/L; (see [34] and [24]). Hence, solving the system of equations in (3.59)-(3.60), we
obtain that the candidate value function admits the representation:

Vi(z,519i(5)) = Cials; gi(s)) 27 + Cials; gi(s)) 27 (3.62)
for gi(s) < x <'s, with

Cin(3:9i(5)) = v03-k(Lis — Ki) / (Vo,3-6 — Yo,6)9; " (5)) (3.63)

for k = 1,2. Thus, by applying the condition of (3.61) to the functions in (3.63), we conclude
that the candidate boundary satisfies the ordinary differential equation:

ol(s) = Ligi(s)  70.2(5/9i(5))*" — 70.1(5/gi(s))*?
‘ Lis — K 7017%,2((s/gi(s))0 — (s/gi(s))10?)

for s > K;/L; (see [34] and [24]). It is easily seen that the right-hand side of the expression in
(3.64) is strictly positive, so that the candidate boundary g;(s) is a strictly increasing function
on (K;/L;,00). We also note that the functions in (3.63) do not depend on the boundary
g1-i(s) directly, since the Markov chain © cannot leave the state i when \; = 0, for any
1 =0,1 fixed.

Substituting the expression V;(z,s) = L;s — K; into the equation of (2.13) for Vi_;(z,s),
we obtain that its general solution has the form of (3.5), for all ¢;_,(s) < = < gi(s), where
D;_;x(s) are some arbitrary functions, and f1_;2 < 0 < 1 < f1_;; are explicitly given by
(3.6) above. Then, by applying the conditions of (2.14)-(2.15) to the function in (3.5), we
obtain the equalities of (3.9)-(3.10), for s > K;_;/L;_;. In this case, solving the system of
equations in (3.9)-(3.10), we obtain that the candidate value function Vi_;(z, s; g1_;(s)) admits
the representation of (3.15), for ¢;_;(s) <z < gi(s), with Dy_; x(s;91-i(s)), k = 1,2, given by
(3.16), where we set L , = Li_; — M\ L;/(r + M) and K| _, = Ki_; — MK/ (r + M)
We now recall that the general solution of the equation in (2.13) for V;_;(z, s) has the form:

(3.64)

Vici(z,s) = Ci—i1(s) g Ci-ia(s) g2 Vi(z, s;9:(s)) (3.65)
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for g;(s) < x < s, where V;(x,s;gi(s)) is given by (3.62) with (3.63). Moreover, using the fact
that the function Vi_;(x,s) in (3.65) should be twice continuously differentiable at g;(s), for
any ¢ = 0, 1 fixed, and taking into account the conditions of (3.59)-(3.60), we get the equalities:

Croia(s) 9] () + Croials) 9 () + Lis = Ki = Visi(gi(s), 5. 91-4(5)) (3.66)
Ci—; 1(5) Bi-in1 g; e (S) + Cl—i,2(5) Pr-i2 g; e (3) = gi(s) agcvl—z'(gz‘(s)a 55 91—2‘(3)) (3-67)
Ci—; 1(3) Br—i 1(ﬁ1 i1 — 1)g; - i’l(S) + 0171,2(3) 514,2(514,2 —1) gfl_i’g(s) (3.68)

= 9;(5) O0uaVi-i(9i(5), 5: 91-(5))

for all s > Ky_;/L1_;, where Vi_;(x,s;g1-4(s)) is given by (3.15) with (3.16). Thus, solving
the system of equations in (3.66)-(3.67), we obtain that the candidate value function admits
the representation:

Vici(z,5,9i(s), g1-i(s 201 i (5:9i(5), g1-i(s)) & =0% 4 Vi(x, 51 gi(s)) (3.69)

for gi(s) < x <'s, with

Cr—ik(5:9i(5), g1-i(s)) (3.70)
_ Brimign(Vimi(9i(s), 55.91-i(5)) — Lis + Ki) — gi(5)02V1-i(9i(s), 55 91-i(5))
(Bi—ig—k — Bi- zk) - k(s)

for k =1,2. Then, by applying the condition of (2.16) to the function in (3.65), we obtain the
equalities:

Clia(s) 8770 + O 5(s) 87712 + (9 + gi(5) 0, Vi) (s, 53.9i(s)) = 0 (3.71)

for s > Ky_;/Ly1_;. Hence, by applying the condition of (3.71) to the functions in (3.70), we
conclude that the candidate boundary satisfies the ordinary differential equation:

gr-i(s) = —((9s + gi(5)y ) Vi(s, 55 gi(s)) (3.72)
+ (05 + g(8)04)C1—i 1 (53 9i(5), g1-i(8)) 87 =1 + (95 + g1(5)0,,)C1—i2(5; g (3), gl—i(s))sﬂl_i’Q)/
(0gy_,Cr—in(s; 9i(8), 91-i(8))s" =1 + 9y, Ch_y2(5: gi(s), g1—i(s))s7-2)

for s > K1_;/L;—;. It is seen that the system of equations in (3.64) and (3.72) is degenerated
in the sense that the candidate boundary g;(s) solves the single first-order nonlinear ordinary
differential equation in (3.64), while the boundary g¢;_;(s) can be either determined from the
first-order nonlinear ordinary differential equation in (3.72) or expressed in terms of g;(s), by
means of the arithmetic power equation in (3.68), for any i = 0,1 fixed.

In order to characterise the asymptotic behaviour of the candidate boundaries g¢;(s), j =
0,1, we observe that the expressions in (3.15)-(3.16) and (3.69)-(3.70) imply the representations
of (3.23) and

Vis,5:.9i(5)) /s = Coa (s ha(9) by 7 (5) + Cualsi hals)) by 7% (s) (3.73)
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as well as

Visi(s, 5:9i(s), 91-i(s)) /s (3.74)

= 3= (Crosaloita(s) s () + Cunlsimu( ) 1720

with some appropriately chosen @,k(s;hi(s)) and 51,,;7k(s;hi(s),h1,i(s)), for i = 0,1 and
k = 1,2, which are of constant signs as s — oo, where we recall that h;(s) = g;(s)/s, for
all s > K;/L; and every j = 0,1. Then, following the arguments from the end of part (i) of
Subsection 3.1, we may therefore conclude that the candidate boundary g;_;(s) should satisfy
the conditions of (3.25) as well as the properties:

9171'(([(171‘/[/171‘)"‘) =0 and 9171'(5) ~ A (Llfi S—Klfi)l/ﬁlﬂv’l as s Klfi/Llfi (3-75)

with some constant A;_; > 0 which is also specified by means of the condition of (3.25) above.
It also follows from the arguments of the end of part (i) of Subsection 3.1 above that there exist
maximal solutions gj( s), 7 = 0,1, of the first-order nonlinear ordinary differential equations in
(3.64) and (3.72) such that the inequalities 0 < g7(s) < ajs hold, for j =0, 1.

(ii) In order to find the candidate value function Vi_;(x,s) in the region K;/L; <z < s <
K,y_;/L;_;, we recall that the general solution of (2.13) is given by (3.5), for all 0 < z < g;(s)
and any ¢ = 0,1 fixed. In this case, following the arguments of part (ii) of Subsection 3.1
above and solving the equation in (3.68) with C1_; x(s; ¢i(s), g1-i(s)), k = 1,2, from (3.70) and
Vi(z, s;gi(s)) from (3.62) with (3.63), we obtain that the candidate solution Vi_;(x,s;g;(s))
takes the form of (3.27) with Dy_;1(s; g:i(s)) given by:

Di_ia(s; 9i(s)) = r(Lis — K;) / ((r + M=) (1 = Bizia (Brin — 1)g. " (s ) (3.76)

for 0 <z < gi(s), i =0,1. We also note that, by virtue of the arguments similar to the ones
from the end of part (i) above, the candidate boundary g¢;(s) should satisfy the properties:

9i(Ki/Li)+) =0 and  gi(s) ~ A; (Lis — K;)V/™ as s | Ki/L; (3.77)

with some constant A; > 0 which is specified by means of the condition of (3.25) above.

(iii) By means of the same arguments as in part (iii) of Subsection 3.2, it is shown that the
candidate value functions Vj(z,s; K;/L;), j = 0,1, take the form of (3.57), forall 0 <z < s <
Kz/LZ and any 1= O, 1 ﬁXGd, where the functions %(KZ/L“ Kz/Lz) = ‘/J(Kz/LZ—F,K,/LZ—l-),
j =0,1, are determined in parts (i)-(ii) above.

4. Main results and proofs

In this section, based on the facts proved above, we formulate and prove the main result of
the paper. We recall here that a} is defined by a} = b7(0,0) with b = b} (K, K1) determined
from the expressions in (5.15) with (5.16), or (5.19) and (5.22), or (5.25) and (5.28), for every
i =0,1 (see Theorem 5.1 below).
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Theorem 4.1 Let the process (X,S) be given by (1.3)-(1.4) and (2.2) with ¢ > 0, u < r,
and r > 0, and © be a two-state continuous-time Markov chain with the state space {0,1}
and transition intensities \; > 0, i = 0,1. Assume that K;/L; < K;_;/L1_; holds, for any
i = 0,1 fizxed. Then, the value function of the optimal stopping problem in (2.1) admits the
representations:

V;(:Cv S;g;(s)agikfi(s))v Zf gl*(s) <z < S, s > Kl*i/Llfi

Vi(z, s;97(s)), f gi(s) <w<s, K;j/Li<s<Ki_/Li
‘/z-*(ZE,S> _ (.T 55 9; (S>> Zf g (S) x S / § 1 / 1 (41)
Lis— K, if 0<xz<gi(s), s>K;/L
Vi(z; K/ L), if 0<x<s<K;/L;
and
(Vi_i(w,570:(5), g1_i(5)), if gi(s) <aw<s, s>Ki /L,
Visi(z, s;g7_(s)), if gii(s) <z <gi(s), s>Ki /L1y
Vvl*_i(l’,S) = Llfl' S — Klfi, Zf 0 < S gik_i(S), s > Klfi/Llfi (42)
Visi(w, 8,67 (s)), if Ki/Li<z<s<Ki /L

and the optimal stopping time has the form:
™ =inf{t > 0| X, < g5,(S)} (4.3)

where the candidate value functions and (non-decreasing) boundaries are specified as follows:

(1): if \i > 0, for every i = 0,1, and s > Ky_;/Li_;, then Vi(z,s;9:(s), 1-i(s)), j =
0,1, are gven by (3.17), for gi(s) < x <'s, with C;x(s;6:i(s),q1-i(s)), j = 0,1, k = 1,2,
from (3.18)-(3.19), and Vi_;(x,s;g1-i(s)) is given by (3.15), for q1-i(s) < x < gi(s), with
Dy _in(s;91-4(5)), k=1,2, from (3.16), while g3(s), j = 0,1, are the mazimal solutions of the
(first-order nonlinear) ordinary differential equations in (3.14) with (3.20)-(3.21) and (3.22)
such that g3(s) < ajs, j=0,1, for s > Ky _;/ L1, satisfying the conditions of (3.25) and the
properties in (3.26);

(ii): if i >0, for every i = 0,1, and 0 < s < Ky_;/L1_;, then Vi_;(x,s;g:(s)) is given
by (3.27), for 0 < x < gi(s), with Dy1_;1(s;gi(s)) from (3.28), and V(z,s;4:(s)), j = 0,1,
are given by (3.17), for gi(s) < x <'s, with C;i(s;9:(s)), j = 0,1, k = 1,2, determined as
in (3.18)-(3.19) with Dy_;1(s;9i(s)) from (3.28) and D;_;2(s;9:(s)) = 0, while g}(s) is the
mazimal solution of the ordinary differential equation in (3.14) such that gf(s) < afs under
J =i with C},(s;9i(s)), k = 1,2, determined as in (5.20)-(3.21) with D}_;,(s; gi(s)) from
(3.29) and Dy_,5(s;i(s)) = 0, for K;/L; < s < Ki;/L1; such that g;((K1-i/L1-;)—) =
g;((Ka—i/L1—i)+), as well as Vi(x; K;/L;), j = 0,1, are given by (3.33), for 0 < x < s <
K;/L;, with C;1(K;/L;), j =0,1, from (3.34);

(113): if \i > M\ =0, for any i = 0,1 fized, and s > Ki_;/L1_;, then Vi_;(x,s;g1-:(s))
is given by (3.39), for gi_i(s) < x < s, with C1_;x(s;91-i(s)), k = 1,2, from (3.40), and
Vi(z, 5 9i(s), g1-i(s)) is given by (3.46), for gi(s) < x < s, with C;x(s;9i(s), g1-i(s)), k =
1,2, from (3.47), while gi(s), j = 0,1, are the mazimal solutions of the ordinary differential
equations in (3.41) and (3.48) such that g;_;(s) < ai_;s, for s > Ki_;/L1_;, satisfying the
conditions of (3.25) and the properties in (3.51);
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(w): if \i > My = 0, for any i = 0,1 fized, and 0 < s < K;_;/Li_;, then
Vii(w; K/ Li—;) is giwen by (3.52), for 0 < x < s < Ki_;/Li_;, and Vi(x,s;g:(s)) is
given by (3.53), for gi(s) < x <'s, with C;(s;9:(s)), k = 1,2, from (3.54), while g;(s) is
the mazimal solution of the ordinary differential equation in (3.55) such that gf(s) < afs, for
K;/L; < s < Ky1_;i/L1_;, satisfying the conditions of (3.25) and the properties in (3.56), as well
as Vi(z; Ki/L;), 7 =0,1, are given by (3.57), for 0 <x < s < K;/L;;

(v): if M1y > X\ = 0, for any i = 0,1 fized, then Vi(x,s;g;(s)) is given by (3.62), for
gi(s) < x <s, with C;(s;9:(s)), k= 1,2, from (3.63), while g;(s) is the mazimal solution
of the ordinary differential equation in (3.64) such that gf(s) < afs, for s > K;/L;, satisfying
the conditions of (3.25) and the properties in (3.77), Vi_i(x, s; g1-i(s)) is given by (3.15), for
g1-i(s) < x < gi(s), with Dy1_;x(s;1-i(s)), k = 1,2, from (3.16), Vi_i(x,s;gi(s), g1-i(s))
is given by (3.69), for ¢;(s) < x <'s, with Ci_;x(s;9i(s), 1-i(s)), k = 1,2, from (3.70),
while gi_;(s) is the mazimal solution of the ordinary differential equation in (3.72) such that
gi_;(s) < af_;s, for s > Ky_;/Li_;, satisfying the conditions of (3.25) and the properties in
(3.75), and Vi_;(x,s;9:(s)) is given by (3.27), for 0 < z < gi(s) and K;/L; < x < s <
Ki_i/Li_;, with Dy_;1(s;g:i(s)) from (3.76), as well as V;(x; K;/L;), j = 0,1, are given by
(3.57), for 0 <x < s < K;/L;.

Since all the assertions formulated above are proved using similar arguments, we only give
a proof for the general case \; > 0, ¢ = 0, 1, for the intensities of the continuous-time Markov
chain © considered in parts (i) and (ii) of Theorem 4.1.

Proof In order to verify the assertions stated above, it remains for us to show that the functions
defined in the right-hand sides of (4.1) and (4.2) coincide with the value functions in (2.1) and
that the stopping time 7* in (4.3) is optimal with the boundaries g;(s), j = 0,1, specified
above. For this purpose, let the components of the couple (g;(s),g1—;(s)) be any solution of
the (system of) first-order nonlinear ordinary differential equations in (3.14) with (3.20)-(3.21)
and (3.22) such that 0 < g;(s) < ajs holds, for s > Kj/L;, and satisfying the condition of
(3.25), for any j = 0,1 fixed. We thus denote by X/i(gj’gl’j)(x, s) the right-hand sides of the
expressions in (4.1) and (4.2) associated with (g;(s),¢1-;(s)), 7 = 0,1, for any i = 0,1 fixed.
Then, it is shown by means of straightforward calculations from the previous section that the
functions V;(gj’gl’j)(x, s), 1,7 = 0, 1, solve the system of (2.13) with (2.17)-(2.19) and satisfy the
conditions of (2.14)-(2.16). We also recall the fact that the functions Vi(gj’gl’j)(x, s) are C'*!
on the closures C; of C; and are equal to L;s — K; on D;, which are defined as 6: , CF and D?
in (2.3) with (2.7) and (2.8) with g¢;(s) instead of ¢;(s), for any ¢ = 0,1, respectively. Hence,
using the assumption that the boundaries g;(s), i = 0,1, are continuously differentiable as well
as taking into account the fact that the processes (X,S) and © are independent, by applying
the change-of-variable formula from [36; Theorem 3.1] to the process e‘”Véfj g )(Xt, Sy) (see
also [39; Chapter II, Section 3.5] for a summary of the related results and further references),
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we obtain the expression:

t
eV (X, §) = VIO () + / e AV (X, 8,) (X, = S,)dS,  (4.4)
0

+ /0 Cer (ngij’glfj) — (r 4 Aoy) VS I 4 de, Vl(fgilﬂ'v (X, Sa)
x I(Xy # g;(S0), 7 = 0,1, X, # Su) du + M,
for all ¢ > 0 and every j = 0,1. Here, the process M = (M;);>¢ defined by:
M, = /0 Cer B, VSN (X, 8,) (X, # S.) 0 X, dB, (4.5)

t
+/ e T <V'1(9j791—j)(Xu’ Su) _ ‘/E)(gj7gl_j)(Xu7 Su)) [(Xu 7£ Su) dNu
0
with N = (V;);>0 given by:

N, =0, - /t (Mo (1= 6,_)+ A ©,.) du (4.6)

is a local martingale with respect to the probability measure P, ;, and I(-) denotes the indi-
cator function. Note that, since the time spent by the process (X, .S) at the boundary surfaces
{(z,5) € E|x = gi(s)}, i = 0,1, as well as at the diagonal {(z,s) € R*|0 < x = s} is of
Lebesgue measure zero, the indicators in the third line of the formula in (4.4) as well as in the
expression of (4.5) can be ignored. Moreover, since the component S increases only when the
process (X,S) is located on the diagonal {(x,s) € R?|0 < z = s}, the indicator in the first
line of (4.4) can be set equal to one.

By using straightforward calculations and the arguments from the previous section, it is
verified that (LV;%9 =) — (4 4+ \)V, @99 L \199-9)) (2 s) < 0 holds, for all (z,s,i) €
E x {0,1} such that = # g¢;(s), i = 0,1, and = # s. Furthermore, it is shown by means
of standard arguments that the properties in (2.18)-(2.19) also hold, which together with the
conditions of (2.14)-(2.17) imply that the inequalities V%" (x,s) > L;s — K, are satisfied,
for all (x,s,4) € E x {0,1} and every j = 0,1. Let (5¢,)nen be the localising sequence of
stopping times for the process M from (4.5) such that s, = inf{t > 0| |M;| > n}, for each
n € N. It therefore follows from the expression in (4.4) that the inequalities:

e (1= Orney) (Lo Srnsen = Ko) + Orn, (Li Sy, — K1) (4.7)
S e_r(”\”") V@()ij/\’i;_j)(XT/\%na S‘I’/\%’n) S V;(gj’gl_j)(x7 S) + M"’/\%n

hold, for any finite stopping time 7 with respect to the natural filtration of (X,0) and each
n € N, and any j = 0,1 fixed. Then, taking the expectation with respect to P, ,; in (4.7), by
means of Doob’s optional sampling theorem (see, e.g. [31; Chapter III, Theorem 3.6 or [41;
Chapter II, Theorem 3.2]), we get:

Ex,s,i [e—r(‘r/\%n) ((1 - @T/\%n) (LO S‘r/\%n - KO) + @T/\%n (Ll ST/\%n - Kl))} (48)
S Eac,s,i [B_T(T/\%n) Véﬁyi;ﬁj) (XT/\%na ST/\%n)j| S %(gwglij)(x; 3) + Ez,s,i [MT/\%,J - ‘/;'(gj’glij)<x7 S)
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for all (x,s,i) € E x {0,1} and each n € N, and any j = 0,1 fixed. Hence, letting n go to

infinity and using Fatou’s lemma, we obtain from the expressions in (4.8) that the inequalities:
Ex,s,i [e_” ((1 — @T) (LO S‘r — Ko) + (“)7- (Ll ST — Kl))} (49)
< Bui[e TV IN(X,,8,)] < VU (a,5)

hold, for any finite stopping time 7, and all (x,s,i) € E x{0,1}, and any j = 0,1 fixed. Thus,

taking first the supremum over all stopping times 7 and then the infimum over all couples of
boundaries (g, g1—;) in the expressions of (4.9), we conclude that the inequalities:

Ez,s,i [e—r‘r* ((1 - @T*) (LO S‘r* - KO) + @7’* (Ll ST* - Kl))} (410)
< inf VO (@, 5) = VIO (1, 5)
(95,91—5)

are satisfied, for (v,s,i) € E x {0,1}, where the components of the couple (gj(s),g;_;(s)),
j = 0,1, are the largest possible solutions of the (system of) first-order nonlinear ordinary
differential equations in (3.14) with (3.20)-(3.21) and (3.22) as well as satisfying the condition
of (3.25) and such that 0 < g7(s) < ajs holds, for all s > K;/L;, and any j = 0,1 fixed. Taking

into account the fact that the function V;(gj 91 )(:r;, s) is (strictly) decreasing in the couple of

functions (g;(s), g1-j(s)), we see that the infimum in (4.10) is attained over any sequence of
solutions (g;m(s), g1—jm($))men to the system in (3.14) with (3.20)-(3.21) and (3.22) as well as
satisfying the condition of (3.25) and such that g;..(s) 1 gj(s) as m — oo, for each s > Kj;/L;
fixed, and every j = 0,1. It follows from the classical results on the (local) uniqueness of
solutions to the (sysemts of) first-order nonlinear ordinary differential equations in (3.14) with
(3.20)-(3.21) and (3.22) that no distinct solutions intersect, so that the sequence (g;m($))men
is increasing and the limit g7(s) = lim,, ;o0 gjm(s) exists, for each s > Kj/L; fixed, and
every j = 0,1. Since the inequalities in (4.9) hold for (g;j(s),g;_;(s)) too, we see that the
expression in (4.10) holds, for (g;(s),g7_;(s)) and (x,s,i) € £ x {0,1}, as well. We also note

from the inequality in (4.8) that the function Vi(gj S )(x, s) is superharmonic for the Markov

process (X,S5,0) on E x {0,1}. Hence, by using the facts that V;-(gj’gl’j)(x,s) is decreasing
in (g5(s),91-j(s)) such that 0 < g;(s) < ajs, and the inequality Vi(gj’gl’j)(x, s) > Lis — K;
holds, for all (z,s,i) € E x {0,1}, we observe that the selection of the maximal admissible
solutions g7 (s), j = 0,1, as the largest possible solutions of the equations in (3.14) which stay
strictly below the lines x = a}s, for all s > Kj /L;, and any j = 0,1 fixed, is equivalent to the
implementation of the superharmonic characterisation of the payoff function (see [35] and [39;
Chapter I and Chapter V, Section 17] for the associated maximality principle).

In order to prove the fact that the components of the couple (g;(s),g7_;(s)) provide the
optimal boundaries, we consider a sequence of stopping times 7,,,, m € N, which are defined as
in (4.3) with (g;m(s), 91-jm(s)) instead of (g7(s), g7_;(s)), where the components of the couple
(gjm(5), g1—;jm(s)) are solutions to the (system of) first-order ordinary differential equations in
(3.14) with (3.20)-(3.21) and (3.22) as well as satisfying the condition of (3.25) and such that
gim(s) T g;(s) as m — oo, for each s > Kj/L; fixed, and every j = 0,1. Then, by virtue

of the fact that the functions Vi(gj’m’g 1’j‘m)(x, s) from the right-hand sides of the expressions in
(4.1)-(4.2) associated with the boundaries g;,,(s), j = 0,1, m € N, satisfy the conditions of
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(2.13) and (2.14), for any j = 0,1 fixed, and taking into account the structure of 7* in (4.3),
it follows from the expression which is equivalent to the one in (4.4) that the equalities:

€7T(Tm/\%n) ((1 - @Tm/\%n) (LO S‘rm/\%n - KO) + @Tm/\%n (Ll S‘l‘m/\%n - Kl)) (411)
= e TN VI ) (X Sranen) = Vi (2, 8) 4 My,

hold, for all (x,s,i) € E' x {0,1} and each n,m € N, and any j = 0,1 fixed. Observe that, by
virtue of the arguments from [43; pages 635-636], the property:

Ex,s,i sup 6_T(T*At) ST*/\t:| - El’,sﬂ' [Sup 6_T(T*At) XT*At < 0 (412)
t>0 t>0

holds, for all (x,s,i) € E x {0,1}, as well as the variable e™"™ S, is bounded on the event
{7* = oo}. We also note that, by analysing the asymptotic behavior of gi(s), j = 0,1, at
infinity, it is verified that P, s ;(7* < 00) = 1, for all (x,s,7) € Ex{0,1}. Hence, letting m and
n go to infinity and using the condition of (2.14) as well as the property 7, | 7 (Pys:-a.s.)
as m — oo, we can apply the Lebesgue dominated convergence theorem to the appropriate
(diagonal) subsequence in the expression of (4.11) to obtain the equality:
—r7* o (g;fvg?—j)
Epsile™™ (1= 07+) (Lo Sre — Ko) + Ops (L1 Sre — K1) ] =V, (z,5) (4.13)

(2

for all (z,s,i) € Ex{0,1} and any j = 0,1 fixed, which together with the inequalities in (4.9)
directly implies the desired assertion. [

5. Solutions to the problem with floating sunk costs

In this section, we obtain an explicit solution of the optimal stopping problem of (1.2) which
is related to the floating sunk costs real switching lookback option pricing problem. Although,
by means of the change-of-measure arguments of [44], the problem of (1.2) can be reduced to
an optimal stopping problem for a two-dimensional Markov process having the Markov chain
© as one of the state-space components, we prefer to follow the arguments of [43] and solve it
as a three-dimensional optimal stopping problem, by using the arguments of Sections 2-4 above
applied to the optimal stopping problem of (2.1), in order to spare some space of the paper.

5.1 The optimal stopping and free-boundary problem. It is seen that the problem
of (1.2) can be embedded to the optimal stopping problem for the (time-homogeneous strong)
Markov process (X, S,0) = (Xy, St, ©¢)i>0 with the value function:

VVi*(l’, 8) =sup Iy 5 [6_TC ((1 — @C> (Lg SC — Ky XO + @C (Ll SC — Ky XC))] (51)

¢
for some L; > 0 and K; > 0, ¢ = 0,1, fixed, where the supremum is taken over all stopping
times ¢ with respect to (G;)¢>o. For simplicity of presentation, we further assume that L; > K;

holds, for every ¢ = 0,1. It can be shown by means of the same arguments as in Subsection
2.2 above that the optimal stopping time in the problem of (5.1) has the structure:
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with some numbers 0 < b7 <1, ¢ =0,1, to be determined.

In order to find analytic expressions for the unknown value functions W;(z,s) from (5.1)
and the unknown boundaries bfs, i = 0,1, from (5.2), we can formulate the following free-
boundary problem:

(LW; — (r + M) Wi)(x,8) = =\ Wi_i(z,s) for bjs<xz<s (5.3)
Wi(z, S)‘m:(bis)—‘r =L;s— K;b;s (instantaneous stopping) (5.4)
0. Wi(x, 8)|x=(bis)+ = —K; (smooth fit) (5.5)
oW, (z, s)‘xzs_ =0 (normal reflection) (5.6)
Wi(z,s) =L;s— K;x for 0<az<bs (5.7)
Wi(x,s) > Lis— K;z for bs<xz<s (5.8)
(LW; — (r+ M) Wi)(z,8) < =\ Wi_i(z,s) for 0<z<bs (5.9)

where the conditions of (5.4)-(5.6) are satisfied, for all s > 0 and any i = 0,1 fixed. Note that
by virtue of the structure of (5.1) and (5.2) it is easily seen that 0 < b5 < L;/Kj, for every
j=0,1.

5.2 Solution to the free-boundary problem. Let us now present the solution of the
free-boundary problem in (5.3)-(5.9).

(i) Let us first assume that A; > 0, ¢ = 0,1, holds. In this case, by using straightforward
calculations from part (i) of Subsection 3.1, it can be shown that the solution of the system in
(5.3)-(5.9) takes the form:

2
) M—iLis MoiKx

Wi b by ) aP-in — 5.10

1 IS 11 Z +T+)\1—i r+>\1_i_ﬂ ( )

for 0 < bj_;s <x <0bs, with
51—i,3—kL/1_i5 + (1 - 61—1}3—/6)[({/—1‘6?—1‘3
(Bioig—k — Broig)(bi_;s) =ik

for k = 1,2, where we recall that L|_, = Li_; — \_;L;/(r + \i—;) and set K{_, = Ky_; —
Mo/ (r+ M= — p), and

Dyin(s;b;_;) = (5.11)

2
W (.Z' 53 b:7 b* ) = Z ()\ C] k(sv b;ka b* )x%’k - (_1)j alfj,k(sv bmb* )x717j’k> (512)

k=1

for 0 < bfs <z <s,i=0,1, where the functions ajﬁk(s,bj,b* ), for 7 =0,1 and k = 1,2,
admit the representations:

C k(507,07 ) = (=1)"/ ((Mod + 1) (Yig—k — Vi) (b)5)7*) (5.13)
A * * . /\711"’_ _17;7"")\77; i,LiS
X (ZDli,z(é’; bi_) (Vig—k — Brig) (b}s) -1 + i1+ (DY 1)) Vi
1=1

r+ )\171'
_ /\1_1'(1 -+ (—1)2(7’ + )\l—z' — M))(Vi,S—k — 1)bi:5>

T4+ Mo—p
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and
61 ik(sg b;kab* —= )\/( AO)\I + 1)(71*i,37k — fylii’k)(biiis)'ﬂft‘,k) (514>
)\A__lir_*—)‘—i _i3_klys
(ZDI ST VR N PR ) iV Gl Y1) ST

)\Z‘(T + )\1_2‘)
Qo = DN ) (ke — 1)Kib%k3)
i+ A — 1)

with Dy_;x(s:b7_,), k = 1,2, from (5.11). Then, by applying the condition of (5.6) to the
functions in (5.12), we conclude that the values b7, j = 0,1, are determined from the system
of arithmetic equations:

2
Z (/\ C/k 53 bi, bri) 7 — (=1)! é\i—j,k(SQ bi, bi—i) Sﬁfj’k) =0 (5.15)
k=1
with
C (51 bi,b13) = (1= 73) Crnlsi by br i) /s (5.16)

where @-7;{(3 b, bi_;), for i,7 =0,1 and k = 1,2, are given by the expressions in (5.13)-(5.14).

(ii) Let us now assume that \; > A\;_; = 0 holds, for any ¢ = 0,1 fixed. In this case, by
using straightforward calculations from part (i) of Subsection 3.2, it can be shown that the
candidate solution of the system in (5.3)-(5.9) takes the form:

Wi _i(z,s;0]_;) = al_i,l(s; bi_;) &% + 61_@2(3; bi_,;) x7°? (5.17)
for 0 < bj_;s <x < s, with
Croin(s:bi_) = Yos-k(Liis — K1y b5_;8) /(Yo — You) (b} _;5)20%) (5.18)
for k = 1,2, where the value bj_; is determined by the equation:

prot—02 _ (70,1 - 1)(%,2([11—1‘ - Kl—ibl—i) + Kl—ibl—i)
(Vo2 — 1) (0,1 (L1—i — Kq—ib1—;) + K1-;b1—;)

(5.19)

for i = 0,1 (see [8]).

Substituting the expression for Wi_;(x,s;b;_,) from (5.17) into the equation of (5.3) for
Wi;(x, s) and applying the conditions of (5.4)-(5.6), we obtain that the candidate value function
admits the representation:

Wi(z, s; b7, b1_; Cin(s:075, b5 _,) aPs Wy _i(w, 5305 ) (5.20)

Mw

k=1
for 0 < bfs <z < s, with
&;Wl,i(b;‘s, S bT_Z) — ﬁi’gfk (Wl,i(bz‘s, S bT—z) — LZ'S -+ bi;kS)
(Bis—k — Bin)(bfs)in

Conls; b5, bE_) = (5.21)
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for k = 1,2, and the value b} is determined by the arithmetic equation:

)

6{71(3; bi, b ;) s + 6272(8; bi, by ;) 7% + O W1_i(s,s;07 ;) =0 (5.22)

where Wi_;(s, s;bi_;) is given by (5.17), for i =0, 1.
(iii) Let us finally assume that A\;_; > A\; = 0 holds, for any ¢ = 0,1 fixed. In this case,

by using straightforward calculations from part (i) of Subsection 3.3, it can be shown that the
candidate solution of the system in (5.3)-(5.9) takes the form:

Wi(x,s;bF) = @71(8; b)) x70t + @72(8; b;) x702 (5.23)
for 0 < bfs <z < s, with
Conl(s:07) = (Yoz-r(Li s — Kibis) + Kibs) [ (Yo-1 — 7o) (0E5)70*) (5.24)
for k = 1,2, where the value b} is determined by the equation:

joa—0z _ (o1 = D(902(Li — Kibi) + Kiby) (5.25)
‘ (Yo,2 — 1) (0,1 (Ls — K;b;) + K;b;) '

for i = 0,1 (see [8]).

Substituting the function W;(x, s) = L;s — Kz into the equation of (5.3) for W;_;(z, s), by
applying the conditions of (5.4)-(5.5), we obtain that the candidate value function Wi _;(x, s;b;_;)
admits the representation of (5.10), for 0 < bj_,s < = < bfs, with 51,i,k(s;b*1‘_i), k=12,
given by (5.11), where we recall that L] , = Li_; — \y_;L;/(r + \—;) and K| , = K;_; —
MoK/ (r+ Mo — p), for i = 0,1, fixed. Then, using the fact that the function W;_;(z, s)
should be continuously differentiable at b}s, we obtain the representation:

2
Wi _i(x,s; 07,07 ;) = Z él_i,k(s; b, br_) 2Pk 4 Wi, s b)) (5.26)
k=1

for 0 < bfs <z < s, with

Gt o (5.27)
 Bras t(Wiy(bis, 567, b7) — Lis + Kbis) — (07)0,Wh_a(bis, s;b7_, b7) — Kibs
(Blfi,ka - 51,2'7]6)(6;‘3)61—1',1@

for k =1,2, where Wi_;(x, s;b7_;,bf) is given by (5.10) with (5.11), and that the value b]_,; is

1—i0 Y2
determined by the arithmetic equation:

6{_1.71(3; b;,b1_;) sh-i 4 C’\{_w(s; b, b1_;) sh-i2 4 OsWi(s,s;67) =0 (5.28)

where W;(s, s;bf) is given by (5.23), for i =0, 1.
Summarising the facts proved above we formulate the following result which can be proved
by means of the same arguments as Theorem 4.1 above.
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Theorem 5.1 Suppose that the assumptions of Theorem 4.1 hold. Then, the value function of
the optimal stopping problem in (2.1) admits the representations:

VVZ'([L',S;b;k, T—i)a Zf b;3<$§5

Wiz, s) = Wi(z, s;b7), if bis<xz<s (5.29)
Lis— K;x, if 0<ax<0bs
and
Wi_i(x,s;07,b7_,), if bis<x<s
Wii(z,s) = ¢ Wi_(z, s;b5_,), if bi_;s<x<bfs (5.30)
Ll—i S — Kl—i Z, Zf O<r< bT_iS

and the optimal stopping time has the form of (5.2), where the candidate value functions and
linear boundaries are specified as follows:

(1): if \; >0, for every i = 0,1, then Wj(x,s;b,b;_;), j = 0,1, are given by (5.12), for
bis < x <s, with 6j7k(s;bf,b’{_i), j=0,1, k=12, from (5.13)-(5.14), and W1_;(x, s;b]_;)
is given by (5.10), for bi_.s < x < bfs, with lA?l,Lk(s; bi_i), k=1,2, from (5.11), while b,
Jj=0,1, are determined by the arithmetic equations in (5.15) with (5.16);

(10): if \i > M—; =0, for any i = 0,1 fized, then Wy_;(x,s;bi_,) is given by (5.17), for
bi_;s <z <'s, with 61,2-7;6(5; bi_;), k= 1,2, from (5.18), and W;(x,s;bl,bi_;) is given by
(5.20), for bis < x < s, with 6i7k(s;bf,b*1‘_i), k=1,2, from (5.21), while b, j = 0,1, are
determined by the arithmetic equations in (5.19) and (5.22);

(1ii): if My > N\ = 0, for any i = 0,1 fized, then W;(x,s;b}) is given by (5.23), for
bis < x < s, with ai,k(s;bf), k=1,2, from (5.24), Wi_i(z,s;b5_,) is gwen by (5.10), for
bi_;s <x < bs, with ﬁl_iyk(s;bf_i), k=1,2, from (5.11), and Wy_;(z, s; b, b;_,) is given by

(5.26), for bis < x <'s, with 61,1-7;{(3'3)’-‘ bi_i), k=12, from (5.27), while b, j = 0,1, are

Y A

determined by the arithmetic equations in (5.25) and (5.28).
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