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The Impact of Proportional Transaction Costs on Systematically Generated
Portfolios*

Johannes Ruff and Kangjianan Xie

Abstract. The effect of proportional transaction costs on systematically generated portfolios is studied em-
pirically. The performance of several portfolios (the index tracking portfolio, the equally-weighted
portfolio, the entropy-weighted portfolio, and the diversity-weighted portfolio) in the presence of
dividends and transaction costs is examined under different configurations involving the trading fre-
quency, constituent list size, and renewing frequency. All portfolios outperform the index tracking
portfolio in the absence of transaction costs. This outperformance is statistically significant for daily
and weekly traded portfolios but not for monthly traded portfolios. However, when proportional
transaction costs of 0.5% are imposed, most portfolios no longer outperform the market. Some
exceptional cases include the entropy-weighted and the diversity-weighted portfolios under specific
configurations. The only statistical significant difference appears for the relative underperformance
of the equally-weighted portfolio.

Key words. Diversity-weighted portfolio; equally-weighted portfolio; functionally generated portfolio; portfolio
analysis; Stochastic Portfolio Theory; transaction cost
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1. Introduction. Although often neglected in portfolio analysis for sake of simplicity,
transaction costs matter significantly for portfolio performance. Even small proportional
transaction costs can have a large negative effect, especially when trades are made to rebalance
the portfolio in a relatively high frequency. Hence, one should at least test the performance
of a given portfolio when transaction costs are imposed, even if transaction costs are not
explicitly taken into account while constructing the portfolio.

In this paper, we examine the effects of imposing transaction costs on systematically
generated portfolios, in particular, functionally generated portfolios. Such portfolios play a
significant role in Stochastic Portfolio Theory; see [7]. [23] and [13] demonstrate empirically
that functionally generated portfolios outperform the market portfolio in the absence of trans-
action costs. To explore whether or to what extent this result still holds when transaction
costs are imposed, we empirically examine the performance of portfolios (the index tracking
portfolio, the equally-weighted portfolio, the entropy-weighted portfolio, and the diversity-
weighted portfolio) under different configurations relating to trading frequency, transaction
cost rate, constituent list size, and renewing frequency.

[16] are among the first to study the impact of proportional transaction costs in portfolio
choice. We refer to [12] and [17] for an overview of the transaction cost literature that evolved
afterwards. Most of this literature focuses on the case of one risky asset only. For a discussion
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2 J. RUF AND K. XIE

of transaction costs in the presence of several risky assets, we refer to [18], [4], and [22]. An
empirical analysis of the effects of transaction costs is provided in [25], [1], [21], and [20]. We
follow up on this research by providing a systematic analysis of the impact of transaction costs
on functionally generated portfolios.

When backtesting the portfolios with historical data, the index tracking portfolio is used as
benchmark. In the absence of transaction costs, the equally-weighted, the entropy-weighted,
and the diversity-weighted portfolios outperform the index tracking portfolio. The outperfor-
mance is statistically significant for daily and weekly traded portfolios but not for monthly
traded portfolios. In particular, the equally-weighted portfolio performs better than any
other portfolio under the same configuration. When proportional transaction costs of 0.5%
are imposed, however, the equally-weighted portfolio underperforms all other portfolios. The
entropy-weighted and the diversity-weighted portfolios still outperform the benchmark but
not significantly under appropriate trading frequencies and constituents list sizes with yearly
excess returns around 1bp to 4bp.

The following is an outline of this paper. In section 2, we propose a framework of backtest-
ing portfolio performance in the presence of transaction costs. In particular, we incorporate
proportional transaction costs when rebalancing a portfolio in subsection 2.1 and provide some
practical considerations and details when backtesting portfolio performance in subsection 2.2.
In section 3, we empirically examine the performance of several different portfolios under
various configurations. The conclusions follow in section 4.

2. Backtesting in the presence of transaction costs.

2.1. Incorporating transaction costs into wealth dynamics. We shall study the perfor-
mance of long-only stock portfolios that are rebalanced discretely. The market is not assumed
to be frictionless; transaction costs are imposed when we trade in the market to rebalance the
portfolios. The portfolios are constructed in such a way that their weights match given target
weights after paying transaction costs. This construction is more rigid than the one in [11],
for example, where the portfolio weights may deviate from the target weights.

To be more specific, consider a market with d > 2 stocks. Denote the amount of cur-
rency invested in each stock by ¥(-) = (¥1(-), - ,%4(-)) and the total amount invested
in a portfolio by V(-) = Z?:1 ¥i(-) > 0. Furthermore, denote the portfolio weights by
() = (m1(-), -+ ,mq(-))". Note that ;(-) = m;(-)V(-), for all ¢ € {1,--- ,d}.

Assume that trading stocks involves proportional transaction costs at a time-invariant rate
tc? (tc®), with 0 < tcP,tc® < 1 for buying (selling) a stock. This means that the sale of one
unit of currency of a stock nets only (1 — tc®) units of currency in cash, while buying one unit
of currency of a stock costs (1 + tcb) units of currency.

Let us now consider how to trade the stocks in order to match the target weights when
transaction costs are imposed. To begin, let us focus on trading at a specific time ¢. When
rebalancing the portfolio at time ¢, we know the wealth ¢ (t—) invested in each stock and
hence the total wealth of the portfolio V (t—) = 25:1 1i(t—) (exclusive of dividends). We also
know the dividends paid at time t—, their total denoted by D(t—) > 0.

Given target weights 7, we require 7(t) = 7 after the portfolio is rebalanced at time t.

This manuscript is for review purposes only.
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THE IMPACT OF PROPORTIONAL TRANSACTION COSTS 3

After trading, the wealth ¢ (¢) invested in each stock in the portfolio satisfies

d

(2.1) pi(t) =mi(t) > i(t), jef1,---,d}.

i=1

We provide details about how to compute 1 (t) later in this subsection.

As the portfolio needs to be self-financing, the amount of currency used to buy extra
stocks should be exactly the amount of currency obtained from selling redundant stocks plus
the dividends if there are any. This yields

d d
@2) (1) Wi - i) = (- 1) 3 (v {(0)" + D(t-).

The total transaction costs imposed from trading stocks at time ¢ are computed by

d
(2.3) TC(t) =t > (it) — hi(t=))" + tc* Z Yi(t—) — i ()F
=1

Therefore, the total wealth of the portfolio at time ¢, given by V(t) = Zfii:l ;(t), satisfies
V(t)=V(t—)+ D(t—) — TC(1).

Method of computing ¢ (¢). In the following, we propose a method to compute ¥ (t),
given ¢ (t—), D(t—), and the target weights 7. Throughout this section, we assume

V(t—)>0, D(t-)>0, » m=1, m >0, and t;(t—)>0,

for all j € {1,---,d}.
To begin with, (2.1) implies that ¥ (t) is of the form

(2'4) wj(t) = Cv(t_)ﬂ—j(t)v JE {17 T 7d}7

for some ¢ > 0. Note that if the market is frictionless, i.e., if tc® = tc® = 0, and if there
are no dividends paid at time ¢t—, i.e., if D(t—) = 0, then V(¢) = V(t—) and ¢ = 1. When
transaction costs are imposed, we shall use the constraint (2.2) to determine c.

To make headway, define

D(t—) + (1 —tc*) S0 ¥i(t—) 15,090

(2.5) D= i)

and

17rj(t)>07 ] € {17 ad}

This manuscript is for review purposes only.
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4 J. RUF AND K. XIE

Then dividing both sides of (2.2) by V(t—) yields

~

(Ci — C)+ Fi(t) + D.

-

d
(2.6) (1 + tcb) S (=)t mt) = (1 - tc)

i=1 i=1

Note that the LHS of (2.6) is a continuous function of ¢ and strictly increasing from 0
to oo, as ¢ changes from min;e(; ... gy ¢; to oo. Moreover, the RHS of (2.6) is a continuous

function of ¢ strictly decreasing from oo to D> 0, as ¢ changes from —oo to max;c(,... g} Cis

and equals D afterwards, as ¢ changes from max;c(; ... gy ¢; to co. Hence, both sides of (2.6)
as functions of ¢ must intersect at some unique point, i.e., a unique solution exists for (2.6).
To proceed, define

d d
(2.7) Dj= (1 + tcb> S )t mt) = (1—tc)Y (ei—c)tmit), je{l,--.d}.

i=1 i=1
We are now ready to provide an expression for the unknown constant c.

Proposition 2.1. Recall that (2.5) and (2.7) imply D > 0 and min;e(y ... 4y D; < 0. Hence,

(2.8) j = arg max {ﬁl,ﬁl < ]3}
{1, ,d}
is well-defined. Then
(1+1tc®) S8 eimi()Le<e, + (1 —t%) 0 emi(t)1eyse; + D
(1 + tcb) Z?:l Wi(t)lciﬁcj + (1 - tcs) Z?:l Tri(t)lci>cj

(2.9) c=

solves (2.6) uniquely.
The proof of Proposition 2.1 is given in Appendix A.
Remark 2.2. In practice, we can apply both numerical and analytical methods to find the

constant c. As suggested by (2.6), to find ¢ numerically, we can simply search for the minimum
of the function

d

d
(1 n tcb) 3 (e —e) mt) — (1 - te”) Z (ci — ¢) T mi(t) — D|.

i=1 =1

C—

Alternatively, by determining the index j given by (2.8), we can apply Proposition 2.1 to
compute c analytically.

If the analytical approach is implemented, we can speed up the algorithm by making the
following observations. We expect the value of ¢ not to be far away from 1, which is precisely
the value in the case of no transaction costs and no dividends. As suggested by the proof of

~

Proposition 2.1, the family (D;);eq1,... 4y has the same ranking as (¢;)ie(1,... 43 Therefore, we

proceed by ranking all ¢;’s in ascending order and comparing Dy with D, where

k = argmax {c¢;;¢; < 1}.
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THE IMPACT OF PROPORTIONAL TRANSACTION COSTS 5

~

If ﬁk = 1/5, then j = k£ and we are done. If ﬁk > lA), then we repeatedly compute D;
corresponding to a smaller ¢; < ¢ each time until we find the exact index j. If D < D, then
we simply go the other way around.

Proposition 2.1 is applied to determine the constant ¢ used in (2.4) in order to compute
¥ (t). Note that, in this subsection, we take 1)(t—) and D(t—) as given. In the next subsection,
we discuss how to compute 1(t—) and D(t—) from the data.

2.2. Practical considerations. For the preparation of the empirical study in the next
section, we now introduce the method used to backtest the portfolio performance. To begin
with, assume that we are given the total market capitalizations S(-) = (S1(+),--- ,Sg(-))" and
the daily returns r(-) = (r1(-), - ,rq(-)) for all stocks. Assume that there are in total N
days. For all [ € {1,---, N}, let ¢; denote the end of day [, at which the end of day total
market capitalizations and the daily returns for day [ are available. Moreover, if we trade on
day [, then we call day [ a trading day and the trade is made at time {;.

Now focus on a specific trading day [ with [ € {1,--- N} and fix i € {1,---,d} for the
moment. In subsection 2.1, given 9 (¢;—) and D(t;—), as well as the target weights specified by
the corresponding portfolio at time ¢;, we have shown how to compute ¢ (¢;). In the following,
we show how to obtain ¥(t;—) and D(t;—).

The daily return r;(¢;) includes the dividends of stock i if there are any. We decompose
the daily return 7;(#;) into two parts: the dividend yield r?(#;) and the realised rate 7 (t,).
The dividend yield 7P (#;) is computed as

D . ) o Si(tl)
(2.10) ri (t;) = max {1 + 7i(t;) Si(tl—l),o}

and yields the amount of dividends received at time ¢; for each unit of currency invested in
stock ¢ at time t;_1'. The realised rate TZR(tl) is computed as

rit(t) = ri(t)) — P (t)

and yields the units of currency held in stock ¢ at time ¢; for each unit of currency invested in
stock ¢ at time t;_;.

The maximum is used in (2.10) to make sure that the dividend yield is nonnegative.
Indeed, occasionally the data may suggest S;(t;—1)(1 + r3(¢;)) < Si(¢;). This can happen, for
example, when company ¢ issues extra stocks at time ¢;. In this case, we simply assume that
there are no dividends paid at time ¢;.

A special situation requires us to pay extra attention. A few times, some stock ¢ is delisted
from the market at time ¢;, for example, due to bankruptcy or merger. In this case, we still
have data for r;(¢;), but not for S;(¢;). To deal with this situation, we assume that there are
no dividends paid in stock i at time ¢;. As a result, we have rP(¢;) = 0 and rf(¢;) = r;(t;) for

i

!The dividends computed from the dividend yield P contain not only the actual stock dividends, but also
other corporate actions. For example, AT&T, which dominated the telephone market for most of the 20"
century, was broken up into eight smaller companies in 1984. This lead to a significant drop in the stock price.
In our analysis below, we assume that the investor obtained cash in exchange (instead of stocks in the newly
established companies).
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6 J. RUF AND K. XIE

such stock 7. To close the position in stock ¢, we assume that one needs to pay transaction
costs.

Without loss of generality, assume that there are n > 1 days (including the trading day
[) involved since the last trading day, i.e., the last trading day before [ is [ — n. For all
ke {l—n+1,---,1}, we compute 7 (t;) and r(¢;) as above. In particular, if some stock
i in the portfolio is delisted from the market at time t,, for some v € {{ —n +1,---,1 — 1},
then we set rf(t,) =rP(t,) =0, for all v € {u+1,---,1}.

Then given v (t;_, ), we compute

l

wi(tl*) = wi(tl—n) H (1 + TzR(tk)) , LE {17 e 7d}'

k=l—-n+1

Since all dividends paid between two consecutive trading days are only reinvested at time ;,
the total dividends available for reinvesting are computed by

d l k—1
Dti=)=> iltin) > Pt [] (+rft).
i=1 k=l-n+1 u=l—n+1

3. Examples and empirical results. In this section, we analyze the performance of several
portfolios empirically. The target weights are expressed in terms of the market weights u(-) =
(i (), -+ ,,ud(-))/ with components

—753() e d{1.---.d
) = o JEL )

We shall consider the largest d stocks. We will vary the number d between 100 and 500.
The constituent list (the list of the top d stocks) is renewed either monthly or quarterly.
Whenever we renew the constituent list, we keep the d stocks with the largest total market
capitalizations at that time. We trade only these d stocks afterwards until we renew the
constituent list again. If any of these stocks stops to exist in the market due to any reason, we
simply invest in the remaining stocks without adding a new stock to the list before we renew
it next time. Note that renewing the constituent list implies trading to replace the old top
d stocks with the new top d stocks. We trade with a specific frequency, which can be either
daily, weekly, or monthly. For research on optimal trading frequency, we refer to [6].

At time tg, we take the transaction costs due to initializing a portfolio as sunk cost, i.e.,
we set TC(tg) = 0. Moreover, we start a portfolio with initial wealth V' (¢y) = 1000. Note that
unless otherwise mentioned, the logarithmic scale is used when plotting V' (-) and TC(:) for the
purpose of better interpretability. To simplify the analysis, we impose a uniform transaction
cost rate tc on both buying and selling the stocks, i.e., we set tc® = tc® = tc.

For each example, we provide tables with the yearly returns®, the excess returns (relative
to the corresponding index tracking portfolio), the standard deviations of the yearly returns,

2The t-statistics of yearly returns of all portfolios considered in this section range from 3.29 to 4.98. Since
they are all significant, we shall omit these numbers in the tables below.
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THE IMPACT OF PROPORTIONAL TRANSACTION COSTS 7

the Sharpe ratios®, and the average ratio of the yearly transaction costs to the beginning of
year portfolio wealth of the portfolios.

Data source. The data of the total market capitalizations S(-) and the daily returns r(-)
is downloaded from the CRSP US Stock Database®. This database contains the traded stocks
on all major US exchanges. More precisely, we focus on ordinary common stocks®. The data
starts January 2", 1962 and ends December 30", 2016.

The total market capitalizations are computed by multiplying the numbers of outstanding
shares with the share prices, and are essential in determining the target weights. The daily
returns include dividends but also delisting returns in case stocks get delisted (for example,
the recovery rate in case a traded firm goes bankrupt).

3.1. Index tracking portfolio. In this subsection, we introduce the index tracking port-
folio. This portfolio is used to benchmark the performance of other portfolios studied in the
following subsections. The index tracking portfolio has target weights

7rj(') = :uj(')a J € {la"' 7d}'

Note that this portfolio is rebalanced only when the constituent list changes or when dividends
are reinvested.

The index tracking portfolio includes the effects of paying transaction costs and reinvesting
dividends. In contrast, the capitalization index with wealth process

3500 1000

=
i1 > iz1 Si(to)

does not take transaction costs and dividends into consideration.

In the following, we examine the performance of the index tracking portfolio under different
trading frequencies, renewing frequencies, as well as constituent list sizes d, when there are
no transaction costs, i.e., when tc = 0, and when tc = 0.5% and tc = 1%, respectively. These
numbers are consistent with the transaction cost estimates in [25], [15], [19], and [10].

Varying the trading frequency. We fix the constituent list size d = 100 and use monthly
renewing frequency. Table 1 shows the performance of the index tracking portfolio and the
corresponding capitalization index under daily, weekly, and monthly trading frequencies, re-
spectively. Note that the capitalization index does not depend on the trading frequency. As
expected, with the same trading frequency, the portfolio performs worse under a larger trans-
action cost rate tc. In addition, the portfolio outperforms the corresponding index, which
implies that the dividends paid exceed the transaction costs imposed even if tc = 1%.

Varying the renewing frequency. Still fixing the constituent list size d = 100, we now
use daily trading frequency and vary the renewing frequency between monthly and quarterly

3To compute the Sharpe ratios of the portfolios and the indices, the one-year U.S. Treasury yields are used.
The data of these yields can be downloaded from https://www.federalreserve.gov.

“See http://www.crsp.com/products/research-products/crsp-us-stock-databases for details.

5Those stocks in CRSP which have ‘Share Code’ 10, 11, or 12.
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8 J. RUF AND K. XIE

Table 1

Yearly returns (YR) in percentage, standard deviations of yearly returns (Std), Sharpe ratios (SR), and the
average ratio of the yearly transaction costs to the beginning of year portfolio wealth (TR) in percentage of the
index tracking portfolio (IT) and the corresponding capitalization index (CI) under different trading frequencies,
renewing frequencies, constitute list sizes, and transaction cost rates tc. The first superscripts d, w, and m
indicate daily, weekly, and monthly trading frequencies, respectively, and the second superscripts M and Q
correspond to monthly and quarterly renewing frequencies, respectively. The first subscripts s and l indicate
d =100 and d = 500, respectively, and the second subscript x corresponds to tc = x%.

CLY IT{" ITgphy ITEY ITY  ITgys ITGY ITOY IT0gs  IT0™
YR | 884 10.30 10.09 989  10.30 10.10  9.90 10.27  10.08 9.89
Std | 16.59 16.87 16.84 16.81 16.88 16.85 16.82 1688  16.86  16.83
SR | 022  0.30 0.29 0.28 0.30 0.29 0.28 0.30 0.29 0.28
TR 0.21 0.42 0.20 0.40 0.19 0.38
c1?  ITig Imdg, ImiP [ o ITyy’  IThgn  IThY
YR | 882 10.34 1020 10.06 | 9.01  10.83 10.71  10.59
Std | 16.44 16.83 16.81 16.79 | 16.15 16.61 16.60  16.58
SR | 0.22 0.1 0.30 0.29 0.24 0.34 0.33 0.33
TR 0.15 0.29 0.14 0.27

frequencies, respectively. As shown in Table 1, under the same transaction cost rate tc, the less
frequently the constituent list is renewed, the better the portfolio performs. As trades are made
when we renew the constituent list, renewing more frequently will impose larger transaction
costs, which impacts the performance of the portfolio to a higher degree. Additionally, the
more frequently the constituent list is renewed, the more sensitive the portfolio is to a larger
transaction cost rate tc.

Varying the constituent list size d. With daily trading and monthly renewing frequencies,
we now backtest the performance of the index tracking portfolio under different constituent
list sizes d. As shown in Table 1, the portfolio outperforms the corresponding index even with
transaction cost rate t¢ = 1%. The more stocks the constituent list contains, the better the
portfolio performs.

3.2. Equally-weighted portfolio. This subsection examines the equally-weighted portfolio
(see [3] and [26] for a discussion of this portfolio in the context of defined contribution plans,
and [5] for a careful study of its properties). Here, the target weights are given by

m() =g JE L d)

For each portfolio with a specific trading frequency, a specific renewing frequency, and
a specific constituent list size d, we examine its performance when there are no transaction
costs, i.e., when tc = 0, and when tc = 0.5% and tc = 1%, respectively. As shown in
the following, the equally-weighted portfolio outperforms the corresponding index tracking
portfolio when there are no transaction costs. This well-behaved performance of the equally-
weighted portfolio within a frictionless market is popular in the academic literature. However,
the equally-weighted portfolio is very sensitive to transaction costs. Its performance is strongly
compromised even with a small transaction cost rate tc = 0.5%.
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THE IMPACT OF PROPORTIONAL TRANSACTION COSTS 9

Varying the trading frequency. Let us fix d = 100 and apply monthly renewing frequency.
Table 2 summarises the performance of the equally-weighted portfolio under different trading
frequencies and transaction cost rates tc. When there are no transaction costs, i.e., when
tc = 0, the equally-weighted portfolio outperforms the corresponding index tracking portfolio
under all three different trading frequencies. A similar observation is also provided in [2]. In
addition, the more frequently the portfolio is traded, the better it performs. Trading more
frequently also allows to reinvest the dividends faster, which helps to enhance the portfolio
performance.

Table 2
Yearly returns (YR) and excess returns (ER) with respect to the index tracking portfolio shown in Table 1
in percentage (t-statistics in brackets), standard deviations of yearly returns (Std), Sharpe ratios (SR), and the
average ratio of the yearly transaction costs to the beginning of year portfolio wealth (TR) in percentage of the
equally-weighted portfolio (EW) under different trading frequencies, renewing frequencies, constitute list sizes,
and transaction cost rates tc. The superscripts and subscripts have the same meaning as in Table 1.

EWeo' EWeps EWSY EWRgT EWYgE EWSY BWIGY EWRGE  EWY
YR 11.10 9.19 7.31 10.94 9.82 8.72 10.53 9.81 9.10
ER 0.79 -0.91 -2.58 0.64 -0.27 -1.18 0.26 -0.27 -0.79

[2.35]  [-2.77]  [-7.80]  [1.92]  [-0.83]  [-3.60] [0.84] [-0.88]  [-2.60]
Std 16.83 16.65 16.48 16.93 16.81 16.69 17.00 16.91 16.83
SR 0.35 0.24 0.13 0.34 0.28 0.21 0.31 0.27 0.23
TR 1.81 3.58 1.06 2.10 0.68 1.36

EWS5  EWSgs EWDP | EWST  EWSE  EWRY
YR 11.21 9.47 7.76 12.52 10.46 8.43
ER 0.86 -0.73 -2.30 1.70 -0.25 -2.16

[2.34]  [-2.06] [-6.56] | [3.08]  [-0.47]  [-4.07]

Std 16.82 16.65 16.50 17.07 16.90 16.74
SR 0.36 0.26 0.16 0.43 0.31 0.19
TR 1.64 3.25 1.94 3.85

When transaction costs are imposed, Table 2 suggests that under the same transaction
cost rate tc, the more frequently the portfolio is traded, the larger the decrease in portfo-
lio performance is. The performance of the equally-weighted portfolio is strongly affected
by transaction costs. Even with tc = 0.5%, the corresponding index tracking portfolio out-
performs the equally-weighted portfolio. However, slowing down trading helps to reduce the
influence of transaction costs. Indeed, the performance of the monthly traded equally-weighted
portfolio when tc = 1% is similar to that of the daily traded one when tc = 0.5%.

Varying the renewing frequency. Now, with d = 100, and daily trading frequency, we
examine the performance of the equally-weighted portfolio under monthly and quarterly re-
newing frequencies, respectively. As shown in Table 2, under the same transaction cost rate
tec, the less frequently the constituent list is renewed, the better the portfolio performs. With
te = 0.5%, the equally-weighted portfolio already performs worse than the corresponding in-
dex tracking portfolio. In particular, the portfolio with a more frequent renewing frequency
is more sensitive to transaction costs. As studied in more detail in subsection 3.4, the reason
behind these observations is that trading on renewing days incurs extremely large transaction
costs compared with trading on other days when the constituent list is not renewed. These
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large transaction costs paid on renewing days strongly impact the portfolio performance.

Varying the market size d. With daily trading and monthly renewing frequencies, Table 2
summarises the performance of the equally-weighted portfolio under different constituent list
sizes d. The more stocks the constituent list contains, the better the portfolio performs under
the same transaction cost rate tc. Again, its performance is reduced by transaction costs.
Even with d = 500 and tc = 0.5%, the equally-weighted portfolio performs worse than the
corresponding index tracking portfolio. In addition, the portfolio with a larger constituent
list size d is not necessarily more sensitive to transaction costs.

Sensitivity of the Sharpe ratio. We now study the sensitivity of the Sharpe ratio with re-
spect to the transaction cost rate tc. Specifically, we compute the Sharpe ratios of the monthly
traded equally-weighted and index tracking portfolio for tc € {0,0.01%,0.02%, - -- ,0.5%}. As
plotted in Figure 1, the Sharpe ratios of both the equally-weighted and the index tracking port-
folio decrease as tc becomes larger. On the left hand side of the intersection when tc < 0.22%,
the equally-weighted portfolio has a higher Sharpe ratio. On the right hand side of the inter-
section when tc > 0.22%, the inverse situation holds. This indicates that the equally-weighted
portfolio depends more on transaction costs than the index tracking portfolio.

. s EW
., T

0.31 1 L

0.30 4

Sharpe ratio

0.28 .,

0.20% 0.30% 0.40%

Transaction cost rate tc

0.00% 0.10%

Figure 1. Sharpe ratios of the equally-weighted portfolio (EW) and the index tracking portfolio (IT) under
different transaction cost rates tc with d = 100, monthly trading frequency, and monthly renewing frequency.

Moreover, as shown in Figure 1, the Sharpe ratio is roughly affine in the transaction cost
rate. As the standard deviations of yearly returns remain relatively stable for each portfolio,
the average yearly return is also roughly affine in transaction cost rate. This observation is
consistent with the value of yearly returns reported in all tables, regardless of the portfolio
considered. In particular, the slope of the line, when multiplied by the negative of the standard
deviation of the portfolio yearly return, is an approximation of the portfolio turnover, as
suggested below by Remark 3.1.
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Remark 3.1. Consider a single period from time 0 to time 1 and let tc; and tco be two
different transaction cost rates. Then, given the initial wealth V(0) of a portfolio at time 0,
we have

V(1) —TC; —V(0) B V(1) = TCy —V(0) _ (tca —tcy)TV
V(0) V(0) V)
where 71 and 79 are the net returns of the portfolio from time 0 to time 1 with tc; and tco,

respectively, V(1) is the portfolio wealth at time 1 if there are no transaction costs, and TV
is the trading volume of the portfolio. Therefore, we have

r—re R = (tcg — tep) Turnover,

SRy — SR» ry—1To Turnover

tcy — teo - 0'(1)(31 — th) a o ’
where SR; and SRy are the Sharpe ratios of the portfolio with tc; and tco, respectively, and
o is the standard deviation of the portfolio return.

3.3. Entropy-weighted portfolio. In this subsection, we consider the entropy-weighted
portfolio (see Section 2.3 in [7] and Example 5.3 in [14]), which relies on target weights

Wj(’) — 53(')10?;#](') . j€ {1"_. ,d}.
>zt Hi(+) log i ()

In the following, we examine the performance of the entropy-weighted portfolio under
specific configurations when there are no transaction costs, i.e., when tc = 0, and when
tc = 0.5%. The performance of the entropy-weighted portfolio is less sensitive to transaction
costs and is better when tc = 0.5%, compared with that of the equally-weighted portfolio.

Varying the trading frequency. As before, when backtesting the portfolio under different
trading frequencies, we set the constituent list size d = 100 and apply monthly renewing fre-
quency. Table 3 summarises the performance of the entropy-weighted portfolio under different
trading frequencies. Compared with the equally-weighted portfolio summarised in Table 2,
the entropy-weighted portfolio performs worse (but still outperforms the corresponding index
tracking portfolio) when there are no transaction costs, i.e., when tc = 0. However, oppo-
site to the equally-weighted portfolio, the weekly and the monthly traded entropy-weighted
portfolio still outperforms the corresponding index tracking portfolio when tc = 0.5%.

Over a large time horizon, the loss in the portfolio wealth resulting from paying transac-
tion costs is usually higher than the cumulative transaction costs imposed. Indeed, paying
transaction costs not only takes money out of the portfolio, but also deprives the opportunity
for making potential gains.

Varying the renewing frequency. With d = 100 and daily trading frequency, we now
examine the performance of the entropy-weighted portfolio applying monthly and quarterly
renewing frequencies, respectively. As shown in Table 3, similar to the equally-weighted
portfolio, the less frequently the constituent list is renewed, the better the entropy-weighted
portfolio performs. When transaction costs are imposed, its performance depends more on
the renewing frequency. However, compared with the equally-weighted portfolio summarised
in Table 2, the performance of the entropy-weighted portfolio is less sensitive to transaction
costs under the same renewing frequency.
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Table 3
Yearly returns (YR) and excess returns (ER) with respect to the index tracking portfolio shown in Table 1
in percentage (t-statistics in brackets), standard deviations of yearly returns (Std), Sharpe ratios (SR), and
the average ratio of the yearly transaction costs to the beginning of year portfolio wealth (TR) in percentage of
the entropy-weighted portfolio (ET) and the corresponding index tracking portfolio (IT) under different trading
frequencies, renewing frequencies, constitute list sizes, and transaction cost rates tc. The superscripts and
subscripts have the same meaning as in Table 1.

ETT)" ETS)L ETY ETY.: ETY  ETY [ ETZY ETCE | BTy ET) %
YR 10.53 9.97 10.50 10.12 10.40 10.11 10.58 10.11 11.16 10.75
ER 0.23 -0.12 0.21 0.02 0.14 0.03 0.24 -0.09 0.33 0.04

[2.03]  [-1.08] [1.82]  [0.21]  [1.24]  [0.29] | [2.08] [-0.78] | [2.51]  [0.27]
Std 16.90 16.83 16.92 16.88 16.94 16.90 16.86 16.81 16.66 16.62
SR 0.32 0.28 0.31 0.29 0.31 0.29 0.32 0.29 0.36 0.34
TR 0.53 0.36 0.28 0.45 0.39

Varying the market size d. Applying daily trading and monthly renewing frequencies, we
backtest the entropy-weighted portfolio under different constituent list sizes d (= 100 and 500,
respectively), as shown in Table 3. Similar to the equally-weighted and the index tracking
portfolio, the more stocks the constituent list contains, the better the entropy-weighted port-
folio performs. Compared with the equally-weighted portfolio, the entropy-weighted portfolio
with the same d depends less on transaction costs. In particular, with d = 500 and tc = 0.5%,
the entropy-weighted portfolio still outperforms the corresponding index tracking portfolio.

3.4. Diversity-weighted portfolio and smoothing transaction costs. One portfolio that
draws much attention in Stochastic Portfolio Theory is the so-called diversity-weighted port-
folio generated from the “measure of diversity”

d 1/p d
Gy(z) = (wa) , TE {(yl,--- .ya) €10, 1]d;Zyi = 1},

i=1 =1
for some fixed p € (0,1). Without changing the relative ranking of the stocks, the function
Gp(-) generates portfolio weights smaller (larger) than the corresponding market weights for
stocks with large (small) market weights. This diversification property of G, is closely re-
lated to the implementation of relative arbitrage portfolios; see Section 7 in [9] for details.
Section 6.3 in [7] provides a theoretical approximation of the diversity-weighted portfolio
turnover. An empirical study of this portfolio using S&P 500 market data can be found in [8]
and Chapter 7 of [7], as well as in Example 5 of [23].

In the following, we examine the performance of this portfolio and illustrate the tradeoff

between trading with a higher frequency and paying transaction costs. To achieve this, we
shall replace the market weights by a smoothed version, given by

() = ap() + (1= a)A()
with « € (0,1). Here, the moving average process A(-) = (A1(+),- -+, Ag(+))’ is given by
§Joni(®)dt+ 5 [% 55 (0)dt on [0,0)

Ai() = ,

JE {17"' ,d},
5 s ns(t)dt on [, c0)
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Table 4
Yearly returns (YR) and excess returns (ER) with respect to the index tracking portfolio (IT) summarised
here and in Table 1 in percentage (t-statistics in brackets), standard deviations of yearly returns (Std), Sharpe
ratios (SR), and the average ratio of the yearly transaction costs to the beginning of year portfolio wealth (TR)
in percentage of the diversity-weighted portfolio (DW) under different trading frequencies, convexity weights
and transaction cost rates tc with d = 100 and quarterly renewing frequency. The superscripts and subscripts
have the same meaning as in Table 1.

TV ITops ITYF | o [ DWR7 DWegs DWIY [ DWi? DWIh  DWIYP
02| 1036 1020 1003 | 10.36 1020  10.05
YR | 1034 1020 1006 | 0.6 | 1043 1018 993 | 1042 1023  10.03

1 | 1054 1011 9.68 10.51 10.24 9.96
0 | 002 0.00 -0.03 0.02 0.00 -0.01
4| .35 [0.23]  [-1.78] | [1.30] [0.24]  [-0.78]
ER 06 | 009 -0.02 -0.13 0.09 0.03 -0.03
P74 037 [2.49] | [1.60] (0.55]  [-0.51]
L | 020 -0.09 -0.38 0.18 0.04 -0.10
[2.12]  [-1.03]  [-4.19] | [1.90] [0.41]  [-1.10]

0.2 16.84 16.81 16.79 16.85 16.83 16.80
Std | 16.85 16.83 16.81 | 0.6 16.84 16.81 16.77 16.86 16.83 16.80
1 16.84 16.79 16.74 16.87 16.83 16.79

0.2 0.31 0.30 0.29 0.31 0.30 0.29

SR 0.31 0.30 0.29 | 0.6 0.31 0.30 0.28 0.31 0.30 0.29
1 0.32 0.29 0.27 0.32 0.30 0.28

0.2 0.16 0.32 0.15 0.29

TR 0.14 0.28 | 0.6 0.24 0.48 0.18 0.37
1 0.41 0.81 0.26 0.52

for a fixed constant 6 > 0. This moving average process A(-) is also included in the portfolio
generating function studied in [24]. Then the target weights are given by

d

i=1
where )
o (7;()"

Ej('): , Je{l,- . d}

i ()P

To backtest the portfolio, we fix d = 100, the renewing frequency to be quarterly, and
the “diversity degree” p = 0.8. Moreover, we compute the moving average process A(-) using
a one-year window. To be more specific, with daily trading frequency, we set § = 250; with
weekly trading frequency, we set § = 52. To compute A(-) under weekly trading frequency,
we only use market weights p’s on the days when transactions are made.

Varying the convexity weight o and the trading frequency. In Table 4, we summarise
the wealth processes of the diversity-weighted and the corresponding index tracking portfolio
under both daily and weekly trading frequencies and with three different choices for the
convexity weight o, when there are no transaction costs, i.e., when tc = 0, and when tc = 0.5%
and tc = 1%, respectively.
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14 J. RUF AND K. XIE

We first consider the case when there are no transaction costs. Everything else equal, the
daily traded diversity-weighted portfolio performs similarly to the weekly traded portfolio.
Under either trading frequency, the smaller the convexity weight « is, the worse the port-
folio performs. Generating the portfolio with a smaller « is somewhat alike to trading less
frequently, as it assigns less weights on the volatile term p(-) and more weights on the stable
term A(-) when constructing 7i(-), and thus makes fi(+) less volatile.

Next, we consider the case with transaction costs. Under either daily or weekly trading
frequency, a smaller convexity weight o tends to improve the portfolio performance when the
transaction cost rate tc becomes larger. This can be useful, since decreasing « partially cancels
out the effect of transaction costs. Moreover, when tc = 1%, the daily traded portfolio with
a = 0.2 performs similarly as the weekly traded portfolio with o = 0.6. This indicates that,
instead of trading less frequently in order to avoid paying transaction costs, one can adjust
the convexity weight o to reach a more favourable balance between trading frequently and
paying transaction costs.

4. Conclusion. In this paper, we empirically study the impact of proportional transaction
costs on systemically generated portfolios. Given a target portfolio, we provide a scheme to
backtest the portfolio using total market capitalization and daily stock return time series. Im-
plementing this scheme, we examine the performance of several portfolios (the index tracking
portfolio, the equally-weighted portfolio, the entropy-weighted portfolio, and the diversity-
weighted portfolio), assuming various transaction cost rates, trading frequencies, portfolio
constituent list sizes, and renewing frequencies.

As expected, everything else equal, a portfolio performs worse as transaction costs are
higher and the portfolio renewing frequency of the underlying constituent list is higher. In
the absence of transaction costs, trading under a higher frequency leads to better portfolio
performance. However, in the presence of transaction costs, implementing a higher trading
frequency can also result in larger transaction costs and reduce the portfolio performance
significantly. Hence, trading under an appropriate frequency is necessary in practice. In
addition, with or without transaction costs, a more diversified portfolio containing more stocks
usually performs better.

The empirical results indicate that the equally-weighted portfolio performs well relative
to the index tracking portfolio when there are no transaction costs. However, the perfor-
mance of the equally-weighted portfolio is very sensitive to transaction costs. Although the
entropy-weighted portfolio performs a bit worse than the equally-weighted portfolio (but still
outperforms the index tracking portfolio) when there are no transaction costs, its performance
depends much less on transaction costs, compared to the equally-weighted portfolio.

Appendix A. Proof of Proposition 2.1.

Proof. By the definition of ﬁj given in (2.7) and by some basic computations, (2.9) is
equivalent to

D —D;
= Cj + b d s a ,
(1 +tc ) Zi:l Wi(t)lczécj + (1 —tc ) Zi:l 71—i(t)lci>c]-
which implies 1c,<c > 1¢,<c;, for all i € {1,--- ,d}.
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In the case max;e(y ... g D; < lA), we have 1<, = 1, hence 1.,<. < 1.,<;, for all ¢ €
{1,---,d}. In the case mMaxe(1,... 4} ﬁz > B, define

j' = argmin {ﬁz,ﬁz > 13} .

Then (2.9) is equivalent to

B (1 + tcb) 2?21 Ciﬁi(t)lci<cj/ + (1 — tc®) Zgzl Cim(t)lcizcj’ +D
(1+tch) YL, () 1ei<e,) + (1 — tc8) S 7i(t)le;>c,

~ ~

D- Dy

(1 + tcb) Z;’izl Wi(t)1€i<cjl =+ (1 - tcs) Z;’izl Wi(t)lcizcjl

I

cjr +

which implies 1¢;5c > 1¢;>¢;, for all i € {1,--- ,d}. Allin all, we have shown 1<, = 1¢,<¢;,

foralli e {1,---,d}.
Define next

d d
= (1 + tcb) S mi(Olezeys T =(1— )Y mi(t) e,
i=1 i=1

d d
7b —
I = (1 + tcb) g cimi(t)le,<e; IT = (1—tc®) g cimi(t)le;>e; -
i=1 i=1

Hence, after inserting ¢ by (2.9) into (2.6), the LHS of (2.6) becomes

b STTP b
 —p  w=b  HPID =TI +11°D
LHS—CH —H = Hb—l—HS )

and the RHS of (2.6) becomes

. ~ T - IFTT - 8D -~
RHS =TT — Il° + D = TR + D =LHS.

Therefore, ¢ defined by (2.9) indeed solves (2.6). [ ]
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