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Abstract

We explore existence and properties of equilibrium when N > 2 bidders
compete for L > 2 objects via simultaneous but separate auctions. Bidders
have private combinatorial valuations over all sets of objects they could win,
and objects are complements in the sense that these valuations are supermod-
ular in the set of objects won. We provide a novel partial order on types
under which best replies are monotone, and demonstrate that Bayesian Nash
equilibria which are monotone with respect to this partial order exist on any
finite bid lattice. We apply this result to show existence of monotone Bayesian
Nash equilibria in continuous bid spaces when a single global bidder competes
for L objects against many local bidders who bid for single objects only. We
then consider monotone equilibrium with endogenous tiebreaking building on
Jackson, Simon, Swinkels and Zame (2002), and demonstrate that these exist
in general. These existence results apply to many auction formats, including

first-price, second-price, and all-pay.

*This article incorporates materials from the prior working papers “Simultaneous Auctions for
Complementary Goods” by W. Shin and “On Monotone Strategy Equilibria in Simultaneous Auc-
tions for Complementary Goods” by M. Gentry, T. Komarova, and P. Schiraldi. We are grateful to
Edward Green, Vijay Krishna, Roger Myerson and Balazs Szentes for their comments and insight.

TFlorida State University, mgentry@fsu.edu

fLondon School of Economics, t.komarova@lse.ac.uk

$London School of Economics and CEPR, p.schiraldi@lse.ac.uk

TKorea Institute for Industrial Economics and Trade, wshin@kiet.re.kr

f M. Gentry, T.Komarova and P. Schiraldi acknowledge the ESRC for financial support.
# W. Shin received financial support from the Human Capital Foundation to the Pennsylvania



1 Introduction

Simultaneous bidding for multiple objects is a commonly occurring phenomenon in
many real-world auction markets, but surprisingly little is known about the proper-
ties of equilibria in games involving simultaneous auctions when bidder payoffs are

non-additive.!

For example, when auctioning drilling rights in the US Outer Con-
tinental Shelf, the US Minerals Management Service typically offers (and bidders
typically bid on) a large number of drilling tracts simultaneously. Prior empirical
work (e.g. Hendricks and Porter, 1988, Hendricks, Pinkse and Porter, 2003) suggests
that economically important complementarities may exist between tracts in close
proximity. Yet little is presently known — either theoretically or empirically — about
how such synergies might affect equilibrium behavior in such markets.?

This paper analyzes equilibrium within a class of mechanisms we refer to as si-
multaneous standard auctions for complementary goods. In this setting, a collection
of L > 2 objects are offered for sale to a set of N > 2 bidders. Bidders have indepen-
dent private valuations over combinations of objects, where objects are complements
in the sense that bidders’ valuations are supermodular in sets of objects won. Auc-
tions are simultaneous in the sense that bidders may bid on each object individually

but may not submit contingent or combinatorial bids, and standard in the sense that

each object [ is allocated to the highest bidder in auction [ and payments in auction

State University.

'Examples of markets involving simultaneous bidding include highway procurement in many
US states (e.g. Krasnokutskaya [2011], Somaini [2013], Groeger [2014] among others), recycling
services in Japan (Kawai, 2010), cleaning services in Sweden (Lunander and Lundberg, 2013), oil
and drilling rights in the US Outer Continental Shelf (Hendricks and Porter, 1988, Hendricks,
Pinkse and Porter, 2003), and to a lesser extent US Forest Service timber harvesting (Athey, Levin
and Siera, 2011, among many others).

2Notable exceptions are Fox and Bajari (2013), who estimate the deterministic component of
bidder valuations in FCC simultaneous ascending spectrum auctions, and Gentry, Komarova and
Schiraldi (2017), who empirically study simultaneous bidding in Michigan Department of Trans-
portation highway procurement auctions.



[ depend only on bids in auction /. So long as all auctions are standard, auctions for
different objects may have different formats. For simplicity, we frame discussion in
terms of a single auctioneer, although this is inessential for our results.

The simultaneous standard auction game raises a number of significant theoret-
ical challenges. Even assuming independent private types, each bidder’s preference
structure could in principle be as complex as a complete (2 — 1)-dimensional set of
valuations assigned by that bidder to each of the 2% — 1 possible non-empty subsets
of objects. Meanwhile, the simultaneous standard auction permits bidders to sub-
mit (at most) L individual bids on the L objects being sold. Furthermore, as usual
in auctions, payoffs in the resulting game may be discontinuous in bids. The end
result is a discontinuous Bayesian game with high-dimensional types for which even
basic properties—such as existence of Bayesian Nash equilibrium—are challenging
to establish in general.

Section 2 introduces the model and describes what we mean by a standard auc-
tion. The framework of standard auctions includes many auction formats, such as
first-price, second-price, and all-pay. Section 3 introduces a partial order on bidder
types characterized by a finite number of linear inequalities on marginal valuations.
These inequalities define a cone (with a nonempty interior) strictly contained in the
first-orthant cone of the (2% — 1)-dimensional type space, which is the cone describ-
ing the usual coordinatewise order. We show that even the (strong) assumption of
supermodular valuations is insufficient to ensure monotonicity of best replies with
respect to the usual coordinatewise order on types—in fact, a strict coordinatewise
increase in type can induce a strict coordinatewise decrease in best-reply bids. Our
stronger partial order, however, is sufficient for monotonicity in that each bidder

has an interim best reply such that an increase in i’s type with respect to our partial



order will imply an increase in i’s bids with respect to the usual coordinatewise order.

Equipped with this preliminary result, Section 4 builds on the methodology of
Athey (2001), McAdams (2003) and Reny (2011) to establish existence, in any si-
multaneous standard auction, of pure strategy equilibria on finite bid spaces which
are monotone in the sense above. This result turns on one additional condition,
which clarifies the relationship between the partial order cone and the support of
bidder’s joint distribution of valuations. Namely, we show that this relationship is
“sufficiently rich” if this distribution is absolutely continuous with respect to the
Lebesgue measure in the (21 — 1)-dimensional space and the support of this dis-
tribution is regular enough. While the existence of a pure strategy Bayesian Nash
Equilibrium follows from Milgrom and Weber (1985), the monotone characterization
of the equilibria under a suitable partial order on types is novel in this setting.

We then proceed to consider continuous bidding spaces. First, in Section 5.1, we
consider a special case similar in spirit to Krishna and Rosenthal (1996), in which
a single global bidder bids in simultaneous first-price auctions for L objects against
a collection of local bidders who bid for single objects only.®> Building on proof
techniques in Reny (2011), we show existence of a pure strategy Bayesian Nash
equilibrium which is monotone with respect to our partial order. To the best of
our knowledge, both existence and monotonicity are novel in this setting. Moreover,
monotonicity is here pivotal in establishing existence; the proof turns on passing from
a sequence of monotone equilibria on discrete spaces to the limit of this sequence in
a continuous space, which is feasible only because the space of monotone strategies

is known to be compact in an almost-everywhere convergence metric if the partial

3In this section only, we restrict attention to simultaneous first-price auctions, as our primary
purpose is illustration. We conjecture, however, that arguments similar to those in 5.1 could be
used to establish existence of monotone equilibria in standard auctions more generally.



order is sufficiently rich (Reny, 2011).

While we believe that this finding is of interest in its own right, this example also
serves to highlight a subtle challenge arising in settings with more than one global
bidder. Specifically, the interaction between strategic overbidding by global bidder ¢
and dependence across auctions of bids by ’s global rivals leads to failure of a key
technical property—better-reply security of Reny (1999)—mneeded to complete the
existence proof. In Section 5.2, we therefore turn to an alternative solution concept,
equilibrium with endogenous tiebreaking, building on the work of Jackson, Simon,
Swinkels and Zame (2002, henceforth JSSZ). JSSZ define the communication exten-
ston G° to a given game G as the game arising when, in addition to their actions
under G, players also submit cheap-talk indications of their types which the auction-
eer may use (only) to resolve ties. A solution to G° is a strategy profile for bidders
plus a tiebreaking rule such that strategies are a Bayesian Nash equilibrium given
the tiebreaking rule. Starting from a class of discontinuous games G which includes
ours, JSSZ establish existence of solutions to G¢ in which bidders play distributional
strategies as defined by Milgrom and Weber (1985) and communication is truthful.

In the context of simultaneous auctions for complementary goods, we show that
these general conclusions can be sharpened in at least three respects. First, rather
than permitting bidders to communicate their full (2 — 1) x 1-dimensional types,
we allow bidder i to submit (in addition to her bid vector b;) only an L X 1 vector
of cheap-talk signals s;; we refer to this as a signaling extension to distinguish it
from the communication extension of JSSZ. Second, in any simultaneous standard
auction, we show the existence of a solution to the signaling extension in which
the auctioneer’s tiebreaking rule can be characterized by a set of L weakly monotone

tiebreaking precedence functions (p1, ..., p;), where the auctioneer randomizes object [



independently among the set of high bidders in auction [ with the highest tiebreaking
precedence: i.e. among the set of bidders ¢ with b; = max;{b;} and pi(sy) =
max;{p;(s;;)}. This characterization of tiebreaking sharpens that in JSSZ, implying
in particular existence of a solution where allocations and payments in auction [
depend only on bids and signals in auction /. Furthermore, whereas JSSZ consider
only existence in distributional strategies, we obtain existence in pure strategies
which are additionally monotone in a suitable partial order sense.

Section 6 contains several numerical examples of bidding behavior in simultaneous
auctions for complementarities, which illustrate our main theoretical results. Proofs
of all propositions and lemmas are collected in the Appendix.

Our analysis relates to an important phenomenon arising in simultaneous auctions
known as the exposure problem. Exposure can occur when bidders try to win several
objects without opportunities to express their preferences on combinations of the
objects. In this situation, bidders might strategically underbid or overbid in an
attempt to avoid winning undesirable bundles. As a result, the auctions can fail
to construct efficient allocations, leading some bidders to incur ex-post losses. The
exposure problem has been analyzed in various settings within the simultaneous
auctions literature, although to the best of our knowledge the available results remain
sparse.? We do not analyse the exposure problem formally in the paper but we do

highlight this problem in our examples.

Related literature The effect of complementarities in simultaneous auctions has
been studied, among others and in very specific setups, by Bikhchandani (1999),

by Rosenthal and Wang (1996) and Szentes and Rosenthal (2003) in simultaneous

4See Krishna and Rosenthal (1996), Rosenthal and Wang (1996), Milgrom (2000a), Goeree and
Lien (2014), Meng and Gunay (2017), among others.



first-price auctions, by Krishna and Rosenthal (1996) in simultaneous second-price
auction, and by Brusco and Lopomo (2002, 2009) and Cramton (1997) in simultane-
ous ascending auctions.

Szentes and Rosenthal (2003) study the simultaneous first-price mechanism in a
complete information setting with two identical players who compete via simulta-
neous first-price auctions for three identical objects. Their analysis highlights the
challenges involved in study of the simultaneous first-price mechanism — even in rela-
tively simple settings, equilibrium turns out to have subtle and surprising properties.
Similar complexity arises in Krishna and Rosenthal (1996), who study a setting where
many identical objects are auctioned via simultaneous second-price auctions to two
types of bidders: global bidders, who bid in multiple auctions, and local bidders,
who bid in one auction only. Global bidders’ preferences are characterized by a one-
dimensional private type describing their valuation for each (identical) single object,
with a deterministic, common knowledge synergy realized in the event of a multiple
win. In contrast, we allow a much richer type space in which global bidders to have
private valuations for each of the possible (2X° — 1) x 1 combinations of auctioned
objects. We thereby take a significant step toward characterizing equilibrium in a
broad class of simultaneous auction games.

Games of incomplete information with payoffs supermodular in actions have also
been studied by, among others, Athey (2001), McAdams (2003) and Reny (2011).
Vives (1990) established the existence of pure-strategy equilibria in Bayesian games
when payoffs are supermodular and upper-semicontinuous in actions. This could
provide an alternative path to establishing existence when the bid space is finite,
but does not speak to monotone equilibria. Meanwhile, Van Zandt and Vives (2007)

demonstrate existence of monotone pure strategy equilibria in games with supermod-



ular utility assuming (among other conditions) that utility is continuous and exhibits
increasing differences in own and rival actions. The latter condition does not hold
even in finite bid spaces, and therefore cannot be applied in our setting.’

There is also a substantial literature analyzing properties of various combinato-
rial auction mechanisms. Notable studies in this literature include Cantillon and
Pesendorfer (2006), Ausubel and Milgrom (2002), Ausubel and Cramton (2004),
Cramton (2006), Krishna and Rosenthal (1996), Klemperer (2008, 2010), Milgrom
(2000a, 2000b), to mention just a few. Detailed surveys of this literature are given
in de Vreis and Vorha (2003) and Cramton et al. (2006). While these studies also
consider settings where bidders have preferences over combinations, the theoretical
problems generated by simultaneous bidding differ substantially from those encoun-

tered in true combinatorial mechanisms.%

2 Simultaneous standard auctions with comple-
mentarities

Consider a setting in which N risk-neutral bidders compete for L prizes allocated

via a class of mechanisms we call simultaneous standard auctions, defined as follows:

Definition 1 (Simultaneous standard auctions). We say that objects | =1, ..., L are

allocated via simultaneous standard auctions if the bidding mechanism is such that:

5As usual in auctions, once one moves from finite to continuous bid spaces, utility is no longer
either continuous or semi-continuous in actions. Hence results based on these no longer apply.

5Though only tangentially related to our problem, there is also a growing literature on multi-unit
discriminatory auctions of homogeneous objects. Reny (1999, 2011), Athey (2001), and McAdams
(2006) address existence and properties of equilibrium in such auctions. Meanwhile, Hortacsu
and Puller (2008), Hortacsu and McAdams (2010), and Hortacsu (2011) provide more empirical
perspectives on multi-unit auctions.



1. Bidders may bid for each object | = 1, ..., L individually, but may not submit

combination or contingent bids;

2. Fach object | is allocated to a high bidder in auction [, with payments condi-

tional on allocation determined solely by bids in auction [.

Note that while allocations are always to a high bidder, payment rules need not be
the same across [. In what follows, we frame discussion in terms of a single seller,
although this is inessential for our results.

For ease of exposition, in analyzing monotonicity and bidding we will initially

assume that ties are broken randomly and independently across objects:

Assumption 1 (Independent tie-breaking). Ties are broken independently across

auctions; tie-breaking does not depend on bidders’ types.

We will maintain this assumption through Section 5.1, which demonstrates existence
of monotone equilibria in continuous bid spaces with one global bidder. It will
be dropped in Section 5.2, when we consider monotone equilibria with endogenous
tiebreaking in continuous bid spaces with many global bidders.

Let an outcome from the perspective of bidder i be an L x 1 indicator vector w
with a 1 in the [th place if object [ is allocated to bidder i and a 0 in the [th place
otherwise. Similarly, let the outcome matriz € for bidder i be the (2F—1) x L matrix

whose rows contain (transposes of) each possible outcome w # 0: e.g. if L = 2,

In what follows, we use the squared Euclidean norm ||w||*> to denote the number of

objects allocated to bidder ¢ in outcome w.



Bidder preferences Let Y,” denote the combinatorial valuation bidder 7 assigns
to outcome w. We normalize the outcome “win nothing” to zero, and assume that

valuations are non-decreasing in the set of objects won:

Assumption 2 (Values Normalized and Non-decreasing). Y° = 0 and Y is non-

decreasing in the vector of objects won: w' > w implies Y > Y.

Let Y; be the (2F — 1) x 1 vector describing the combinatorial valuations i assigns
to all possible winning outcomes (normalizing Y, = 0 as above), with elements of
Y; corresponding to rows in {2. In what follows, we interpret Y; as bidder i’s private
type in the bidding game, known to bidder ¢ but unknown to rivals at the time of

bidding. We further assume that private types Y; are i.i.d. across bidders:

Assumption 3 (Independent Private Values). Fach bidder i draws private type Y;
from a continuous c.d.f. Fy, with compact support YV; C RQL_I, with Fy; common

knowledge and types drawn independent across bidders: Y; 1Y for all i, j.

As our focus is on monotone equilibria, we will further assume that objects are
complements in the sense that combinatorial valuations are supermodular in the set

of objects won:

Definition 2. We will say that bidders have supermodular valuations if for any

outcomes wi, ws,

le/\wg + le\/wz > le + YOJQ
(2 (] —_— K3 (] )
where wy N\ wy denotes the meet of wi,wy and wy V we denotes the join of wy,ws.

Supermodularity implies that winning a larger set of objects increases the marginal

valuation ¢ assigns to any additional object.

10



Actions and strategies Let B;; be the set of feasible bids for bidder 7 in auction
[. For each bidder i, we assume that B; is a compact subset of R*.” The action
space for bidder i is the set of L x 1 bid vectors b; = (b1, ..., b;r)T, with b; € B; =
x;By and B; a lattice in RY. As usual, a pure strategy for bidder i is a function
0;:Y; = B;. Let 0 = (01,...,0x) denote a pure strategy profile for all bidders, and

o_;=(01,...,0i_1,0441, ...,0n) denote a strategy profile for all bidders except 7.®

Joint and marginal winning probabilities Let P;(b;o_;) be the (2F — 1) x 1
vector describing the probability distribution over outcomes arising when ¢ submits
bid b € B; against rival strategies o_;, with P¥(b;o_;) the element of P;(b;o_;)
describing the probability of outcome w. Similarly, let I';(b;0_;) be the L x 1 vector
describing marginal win probabilities arising when i submits bid vector b € By
against rival strategy profile o_;, with I';(b;o_;) the marginal probability ¢ wins

auction [. Observe that I';(b;o_;) is related to P;(b;o_;) by

Li(b;03) = QT Py(b; o).

Under Assumption 1, I';(b;0_;) depends only on bid b;. Furthermore, if ties occur

with probability zero, I';(b; o_;) is the c.d.f. of the maximum rival bid in auction .

Interim payoffs and expected payments Let m;(b;;y;, 0_;) denote the expected

interim payoff of bidder ¢ with type y; € ); submitting bid vector b; against rival

"While we do not explicitly model reserve prices, these can easily be accommodated in our
framework by introducing a dummy bidder whose action space is a singleton including only the
relevant reserve prices.

8Note that although we do not discuss reserve prices explicitly, our framing here in fact implicitly
accommodates arbitrary reserve prices. One could, for instance, simply include a dummy bidder
whose bid space in each auction is a singleton equal to the relevant reserve. All results developed
below would then immediately extend.

11



strategies o_;. Maintaining Assumptions 1-3, we may write ;(b;; y;, 0_;) as follows:

Mh

Wi(bi;ymo-—i) - yz b U—z Czl zla U—z (1)

=1

where ¢;;(b;; 0_;) denotes i’s expected mechanism-determined payment in auction [
as a function of ¢’s bid b; in auction [ given rival strategies o_;. For example, if

auction [ is a first-price auction, then we would have
cit(bi; 0—i) = byl (big; 0—3).

Note that the additively separable form for payments follows jointly from our hy-
potheses of standard auctions and independent tiebreaking; the former implies that
payments in auction [ depend only on allocations and bids in auction [, while the

latter implies that allocations in auction [ depend only on bids in auction (.

3 Monotone best responses in simultaneous stan-

dard auctions with complementarities

3.1 Partial order on types

A natural first question in analysis of simultaneous auctions is whether bidding strate-
gies are monotone in any natural economic sense. Monotonicity is useful in analyzing
both technical and empirical questions. Furthermore, insofar as we are focusing on a
setting with complementarities between objects, it is natural to expect that “higher
valuations” should in some sense translate into higher bids. In this section, we show

that this is in fact the case: there is a partial order > on the space of types ); such

12



that if y; > y;, then ¢ has a best reply at type y. which is coordinatewise greater than
any best reply at type v;.

We first make precise the notion of marginal valuations in this combinatorial
context:
Definition 3 (Marginal valuations). Let w and w' be two outcomes such that W' > w

in the coordinatewise sense. For bidder v, the marginal valuation of objects corre-
sponding to allocation w' relative to those in allocation w is defined as the difference

e o

Recall that under Assumption 2 all marginal valuations are non-negative.

We define a partial order > on the space of types ); such that y, > y; implies
that every marginal valuation is higher for type 3! than for type y;. Bearing in mind
the combinatorial nature of marginal valuations, this leads to the following definition

for the partial order >:

Definition 4 (Partial order). We will say that
Yi = Yi

if and only if for any outcome w and any object | such that w; = 0 we have

GV (PO)

7

Note that (by construction) the partial order (PO) is more restrictive than the usual
coordinatewise order on ). In particular, choosing w = 0, we find that y; = v,
implies 7' > y* for any object [, which in turn implies /" > ¢/ for any [ # m
and so forth. Proceeding inductively in this way, we ultimately conclude that g; = y;
implies 7; > y; coordinatewise.

Importantly, the coordinatewise partial order on the set of combinatorial val-

uations would not be sufficient to ensure coordinate-wise monotonicity of best re-

13



sponses; indeed, even when objects are complements, a strict coordinatewise increase
in i’s type can lead to a strict coordinatewise decrease in all elements of ¢’s best-
response bid. Intuitively, this is because the usual coordinatewise order on Y; imposes
insufficient structure on the marginal value added by any additional object.

The failure of coordinatewise monotonicity in the context of a two-object simul-

taneous first price example is illustrated in Example 1.

Example 1. Consider two bidders competing for two objects via simultaneous first-
price auctions. Suppose that bidder 2’s fixed strategy is to bid either in auction
1 (with probability 1) or in auction 2 (with probability 1), drawing bids from the
uniform U[0; 1] distribution in either case. Consider two types for bidder 1:

yy = (0,0,0,2)7, y/ =(0,1,1,5/2).

For by, by € [0, 1], these types correspond to the following profit functions:

1 bg 1 b1 b1+b2
/—— . _— — — _— . —_— — — _— _— .
m™o= b1 <2 2) b2 (2 2)+<2 bl b2) 9 )
1 b 5 1 b 5 by + bo
n__ . - - - X -t - o .
7’ =—b (2 2)+<2 b2) (2 2)+(2 by bz) 5

yielding best response bids ¢’ = (%, %)T and b’ = (i, %)T respectively. Ignoring the
first component, which corresponds to the case of winning no auctions, we see that

y{ is strictly greater than y] in the coordinatewise sense.

Thus even when objects are complements in the (strong) sense of supermodular
valuations, a strict coordinatewise increase in type (from y} to y}) can generate a
strict coordinatewise decrease in i’s best response bid (from &' to 0”). As pointed out
by Reny (2011) in a substantially different context (multi-unit auctions with risk-
averse bidders), the fundamental problem is that the coordinatewise partial order
on types imposes insufficient structure on marginal value added: for instance, when
moving from g} to ¢} in Example 1, the value added by object 2 (in events where i

is already winning object 1) falls from 2 to 1.5 even as the value i assigns to winning

14



objects 1 and 2 together increases from 2 to 2.5.

Going back to the partial order (PO), while the economic motivation for it is
clear, we note that it also has a useful geometric interpretation. Intuitively, this
interpretation arises from the observation that there is a positive cone generating

our partial order. Specifically, define the set Z,._; as follows:

Zor_q = {z e R 1. taking z° =0, V(w, [ such that w; =0) 2z*¥4 — 2% > O}.

2)
Then Z,._; is a solid cone located in the first orthant of the 2 — 1-dimensional
space R2“~1.9 Furthermore, for any y; € R2“~!. the set y; + Z,._;, which amounts to
the translation of the cone Z,._; in R2“~1 0 vertex yi, represents all the realizations
of i’s type in R2"~! that dominate y; in the sense of partial order (PO). Similarly,
the set y; — Z,._;, which amounts to the rotation of Z,._; and then its translation
in R2“~! to vertex y;, represents all the realizations of i’s type in R2“~! that are

dominated by y; under the partial order (PO).

3.2 Monotone best replies

To conclude this section, we demonstrate that the additional structure imposed by
the partial order (PO) is in fact sufficient to restore an economically meaningful
notion of monotonicity. Specifically, given any set of rival strategy profiles o_;, we

show that if g; = y; in the sense of (PO), then at least one element of i’s best reply

9To remind the readers, a nonempty subset Z of a vector space is said to be a cone if it satisfies
the following three properties: (i) Z+ Z C Z, (ii) aZ C Z for all @ > 0, (ili) Z N (—=Z) = {0}.
Any cone with a nonempty interior is a solid cone. In this case the interior of Z 281 g clearly
nonempty in RQL_l; e.g. for L =2 we have (21,22, z21Ve2)T = (1,1,2)T € 29, for L = 3 we have
(261,202 2% peaVez peVes peaves peveaVes\T — (1.1 1.2 2 2 3)T € 29, and so forth for L > 3.

. . . L —
Hence Z,r_, is a solid cone in R 1

15



bid correspondence at type g; is coordinatewise no smaller than every element of ¢’s

best reply bid correspondence at type y;. We prove this proposition in three steps.
First, combining our hypothesis of simultaneous standard auctions with Assump-

tions 1-3 above, we show that supermodularity of valuations in the set of objects

won implies supermodularity of interim payoffs m;(b;; y;, 0_;) as a function of b;:

Lemma 1. Suppose that Assumptions 1-3 hold. Fix a rival pure strategy profile o_;.
Let y; be a realization of bidder i’s type. If valuations are supermodular in the sense
of Definition 2, then the interim payoff function

L
7i(bs; Yi, 0i) = y;fp(bi; o) — Zciz(bil; o)
1=1
18 supermodular in b;.

Second, we establish that bidders’ interim payoffs satisfy the following weak single

crossing property in y;:

Lemma 2. Maintaining Assumptions 1-3, fiz a pure strateqy o_; for the rival bid-
ders. Suppose that types y; and y; are such that y; = y; in the sense of the partial
order (PO), and suppose that b; > b; in the coordinatewise sense. Then

7Ti<5i;yz'707i) > Wi(bz';fl/meD = Wi(gi;giaaf» > m(bi;gji,a,i).

Finally, we combine these results to establish the following weak monotonicity

property on the set of i’s best replies to o_;:

Proposition 1. Maintaining Assumptions 1-3, suppose that valuations are super-
modular in the sense of Definition 2. Fix a pure strateqy profile o_; for the rival
bidders. Let b; € B; be a best response to o_; when bidder i’s type is y;, and l;z e B;
be a best response to o_; when i’s type is y;, where y; and y; are such that y; = y; in
the sense of the partial order (PO). Then the bid vector b; Vb; is also a best response
to o_; when i’s type is y;.

16



Proposition 1 does not, of course, guarantee existence of a best reply strategy o;
to o_;. It does, however, imply that if such a best reply exists, then there also exists
a best reply strategy 7 which is monotone in that y, = y; in the sense of (PO)
implies 7} (y.) > &7 (y;) in the usual coordinatewise order. This in turn provides a

foundation for our analysis of monotone equilibrium below.

4 Monotone equilibrium in finite bid spaces

Building on the partial order (PO), we next turn to consider monotone equilibrium in
finite bid spaces. Specifically, suppose that B is a finite lattice. Under an additional
support condition on Y; to be defined shortly, we show that there exists a Bayesian
Nash equilibrium in pure strategies (o7,...,0%) : Y — B with the property that
y: = y; in the sense of (PO) implies o (y.) > o} (y;) in the usual coordinatewise
order.

Toward this end, we require one additional assumption, which guarantees that
the support of Y; is “sufficiently rich” to permit meaningful comparisons with respect

to the partial order (PO):

Assumption 4. There is a countable subset YV of )i such that every set in Fy,-
sigma-algebra assigned positive probability by Fy, contains two points between which
(here “between” is understood in the partial order sense) lies a point in Y.

For this assumption to hold jointly with atomlessness of the distribution of Y, it
is necessary that there exists a positive Fy,-measure of points in the support }; that
can be compared to each other by means of the partial order (PO). In particular,
(PO) should not reduce to the trivial partial order on });. Fortunately, Assumption

4 turns out to follow from natural regularity conditions on the distribution of Y;:
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Proposition 2. Suppose that Y; is compact and has non-empty interior with respect
to R~ and that the boundary of V; has zero Lebesque measure in R =1 Further
suppose that the joint distribution of the (2L — 1)-dimensional vector Y; has density.
Then Assumption 4 holds.

Conditions in Proposition 2 are closer to the assumptions on distributions of types
imposed by McAdams (2003), who in addition requires the density to be bounded
from above and also be bounded away from zero on };.*°

We now turn to this section’s main result: under Assumptions 1-4, at least one
Bayesian Nash equilibrium monotone in the sense of (PO) exists on any finite bid
lattice. In view of Proposition 1, the proof of this statement is relatively straight-
forward. Restricting bids to a finite lattice guarantees the continuity of the interim
payoff function, which ensures that each player’s interim best reply correspondence
is non-empty. Hence by Proposition 1, we conclude that each player has a best reply
which is monotone and join closed with respect to the partial order (PO) on types
and the usual coordinatewise order on bids. To guarantee existence of an equilibrium
in monotone pure strategies, we therefore need only verify conditions G.1-G.6 of Reny
(2011), after which Theorem 4.1 of Reny (2011) delivers the result. Of these, only

condition G.3 is potentially problematic, leading to our Assumption 4 and sufficient

0Note that McAdams (2003) obtains results only for the coordinatewise partial order and, thus,
those results are not directly applicable in our general framework where the partial order is different.
However, for some forms of the utilities for bundles we could apply McAdams (2003) results directly
(if we, of course, strengthen the requirement of Proposition 2 on the distribution of types to conform
with McAdams (2003)). Consider, for instance, the case when all standalone valuations Y¢ are
distributed on [0,1] and the value for a bundle w, |w|| > 1 (]| - |[denotes the Euclidean norm), has

the form :
YO =) yehe 4 > 2 [ Y (3)
=1

wiw! <w,w'#w,||w’||>1 h:wAep=ep,

where the z-variables indicate degrees of complementarities of the objects given in their subscripts,
and all z-variables are between 0 and 1. It is clear that in this case we can just impose the
coordinatewise order on both the standalone valuations Y¢ and the z-variables to obtain our
results on the monotonicity of best responses and further results on equilibria applying McAdams
(2003) directly. Note that our main results in this paper are more general as they do not require a
specification (3) or similar, and also impose less stringent conditions on the distributions of types.
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conditions provided in Proposition 2. We thereby conclude:

Proposition 3. Maintaining Assumptions 1—4, suppose that valuations are super-
modular in the sense of Definition 2. for each bidder i the bid space B; C RY is a
finite lattice.'* Then there is an equilibrium in pure strategies which are monotone
with respect to the partial order (PO) on types and the coordinatewise partial order
on bids: i.e. such that y; = y; in the sense of (PO) implies b, > b; in the usual
coordinatewise sense.

As in Reny (2011), Proposition 3 immediately extends to existence of symmetric

monotone equilibria when bidders are symmetric:

Corollary 1. In addition to the hypotheses of Proposition 3, suppose that bidders
are symmetric in the sense that V; = Y;, F; = Fj, B, = B; for all bidders 1, j,
and the i.i.d. tie-breaking rule is used. Then there is an equilibrium in symmetric
pure strategies monotone with respect to the partial order (PO) on types and the
coordinatewise partial order on bids.
The proof of this corollary follows immediately from the proof of Proposition 3 given
in the Appenidix, but invoking Theorem 4.5 rather than Theorem 4.1 of Reny (2011).
We therefore do not provide a separate proof.

Note that the main contribution of Proposition 3 is not existence per se,'? but
rather existence in strategies which are monotone with respect to a suitably defined

partial order. Since our analysis in Section 5 pivots on monotonicity, this additional

structure turns out to be essential.

L
UE.g., Bi = x Bj where each By consists of the finite number of points.
=1

2Fxistence of equilibrium in pure strategies could be obtained by, for instance, applying results
in Milgrom and Weber (1985).
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5 Monotone equilibria in continuous bid spaces

We now turn from finite to continuous bid spaces, applying Proposition 3 to establish
two new results. We begin with a special case inspired by Krishna and Rosenthal
(1996), in which a single global bidder bids for multiple objects against many local
bidders who bid for single objects only. We demonstrate existence of a monotone pure
strategy Bayesian Nash equilibrium in this context, building on limiting techniques
in Reny (2011) to extend from discrete to continuous bid spaces. While instructive
in its own right, this example also highlights a subtle technical challenge: with
more than one global bidder, interaction between strategic overbidding by global
bidders and strategic dependence of bids across auctions leads to failure of a key
technical condition—better-reply security of Reny (1999)—needed to complete the
extension proof. Returning to the full model, we therefore consider instead a more
general solution concept inspired by the work of JSSZ: equilibrium with endogenous
tiebreaking. We define this solution concept in detail in Section 5.2, and demonstrate

that equilibria with endogenous tiebreaking exist for any number of global bidders.

5.1 One global bidder and many local bidders

First consider the following special case of our general model: suppose that one
global bidder competes for L objects against many local bidders, with each local
bidder competing in exactly one auction. Let bidder 0 denote the global bidder and
let ly,...,ly denote the auctions in which local bidders 1,..., N are competing.
For simplicity, and for this section only, further suppose that each auction [ =
1,..., L is a first-price auction. We conjecture that similar results could be shown for

other standard auctions, but do not pursue this further here as our goal is illustration.
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We specialize our assumptions to this environment as follows:

Assumption 5. The global bidder is risk-neutral and draws private type Yy (which
contains combinatorial valuations for all w # 0) from a continuous (2L — 1)-variate
c.d.f. Fy with compact support YV, C R2“~1. The global bidder’s valuations are
monotone (Y > Y for w > w) and supermodular in the sense of Definition 2.

Assumption 6. Fach local bidder i is risk-neutral and draws private type Y; for
object l; from a univariate continuous c.d.f. F; with compact support V; equal to the
support of Yoel", 1=1,...,N. Types are independently distributed across all bidders.

Foreach Il =1,...,L, let B; C R be a compact interval describing feasible bids
in auction [. Then a pure a strategy for the global bidder 0 is a map o : Yy — By
with By = lelel, while a pure strategy for local bidder ¢ is a map o; : V; — B,.

It is straightforward to construct a sequence of finite lattices {BS; BY, ..., BE} |
such that as k — oo each B;“ becomes increasingly dense in B;, 7 = 0,...,L. By
Proposition 3, for each £ the collection of such finite lattices will induce a monotone
equilibrium strategy profile 5%, where monotonicity of the strategy of the global
bidder is understood in the sense of the partial order (PO) on the type space and
the coordinatewise order for bid vectors, and monotonicity of the strategies of the
local bidders are understood in the usual univariate sense. By Lemma A.13 in Reny
(2011), the space of strategies monotone with respect to our partial order is compact
in the pointwise convergence topology, hence the sequence of strategies {5%}2° | will
have a subsequence {G*s 521 which converges pointwise a.e. to a limit o*. This limit
o* is a monotone pure strategy profile by construction; we seek to show that it also
defines an equilibrium on the continuous bid space B = {By; By, ..., Br}.

To achieve this, we apply the concept of better-reply security introduced in Reny

(1999), defined formally as follows:

21



Definition 5 (Secure a payoff). Player i can secure a payoff of a € R at strategy
profile o € S if there exists 6; € S; such that 11;(6;;0",) > a for all o’ in some
open neighborhood of o_;.

Definition 6 (Better-Reply Secure). A game G = (Si, IL)Y, is better-reply secure
if whenever (&,11) is in the closure of the graph of the vector payoff function TI(:)
and & is not an equilibrium, some player i can secure a payoff strictly above 11; at &.

By Remark 3.1 in Reny (1999) (p. 1038), if a game is better-reply secure, then
the limit of a convergent sequence of e-equilibria, as € tends to zero, is a pure strategy
equilibrium. To establish existence of an equilibrium in monotone pure strategies on

the continuous space B, it is therefore sufficient to demonstrate the following:

(i) There exists a sequence of finite lattices {B’g, B’f, o ,Bf}z"zl such that if 5% is
a monotone pure strategy equilibrium on {B’g’,Bf, ..., B} for each k, then

{G5*}22 | is a sequence of e-equilibria on B for which e — 0;
(ii) The bidding game is better-reply secure when bids may be submitted on B.

We now establish each of these in turn.

Lemma 3. Suppose that Assumptions 1, 4, 5, and 6 hold, and that each auction
l=1,..., L is a ﬁrst—pm’ce auction.
Let {BE; B, ... B}, be any sequence of finite lattices such that:

1. BE c By, Bf ¢ By foralll=1,...,L, and
’H(B;“,Bj) — 0 as k — oo,
for j=0,...,N, where H(-,+) stands for the Hausdorff distance.

2. For each | = 1,...,L, Bf is a subsct of BE, such that min BY, < min By,
max B, > max BF, and for any b},b] € Bf there exists a point b € BY, such

that b) < b < b].
Let 5% be a monotone pure strateqy equilibrium for bid space B¥. Then for any

sequence {€™} such that €™ > 0 and €™ — 0, there exists a subsequence {k,}>°_, of
k =1,2,... such that strategy profile 6% is an €™-equilibrium on the unrestricted B.
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Note that the proof of Lemma 3 turns on choosing lattices {BIS,B'f, ..., B¥} such
that the bid lattice of the global bidder is always finer than the product of the bid
lattices of the local bidders. This guarantees that at each point along the sequence
of finite grids considered the global bidder can resolve ties in the direction she most
prefers. This in turn allows us to use the global bidder’s revealed preference on finite

lattices to bound her potential gains from deviation in continuous bid space.

Lemma 4. Suppose that Assumptions 1, 4, 5, and 6 hold, and that each auction | =
1,..., L 1s a first-price auction. Then the simultaneous first-price auction game with
one global and many local bidders is better-reply secure when considering monotone
strategies played by the bidders.

While we relegate details to the Appendix, we emphasize that the proof of Lemma
4 is more complicated here than in standard single- or multi-unit auctions. In typi-
cal single- or multi-unit auctions, better-reply security follows almost automatically
from the fact that bidders almost surely bid below their marginal valuations. One
can therefore construct payoff-securing deviations by slightly increasing bids at any
point involving potential ties.!3 Here, in contrast, the global bidder may strategically
overbid for a given object—i.e. submit a bid strictly above her marginal valuation—
in the hope of winning higher-order combinations. The proof of Lemma 4 therefore
in fact turns on independence of rival bids faced by the global bidder. This allows
us to assert that any increase in the marginal probability of winning object [ pro-
portionally increases the probability of winning all combinations involving object [,
and hence to conclude that the global bidder will always want to break relevant ties
in her favor.

Finally, combining Lemmas 3 and 4, Remark 3.1 in Reny (1999), and Lemma

A.13 of Reny (2011) as described above, we obtain this subsection’s main result:

Bgee, e.g., Reny (1999, 2011) for examples of this argument.
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Proposition 4. Suppose that Assumptions 1, 4, 5, and 6 hold, and that each auction
Il =1,..., L is a first-price auction. In the simultaneous first-price auction game with
one global bidder and many local bidders, a monotone pure strateqy equilibrium exists
on the compact convex bid space B.

Now consider what may go wrong with more than one global bidder. Recall
that, due to the possibility of strategic overbidding by the global bidder, our proof
of Lemma 4 (better-reply security) turns crucially on independence of bids by local
rivals across auctions. Unfortunately, however, if multiple global bidders are present,
bids by global rivals may in principle exhibit arbitrary dependence across auctions
through strategies 0. When combined with the possibility of strategic overbidding,
this turns out to imply that with multiple global bidders, the simultaneous auction
game need not be better-reply secure.

For example, consider a setting in which two global bidders compete for two
objects. Imagine a sequence of strategies along which these bidders converge to a tie
in auction 1, such that at each strategy profile in the sequence, any type of bidder 1
bidding “just above” the tie point in auction 1 also submits a bid for object 2 which
wins auction 2 with certainty. Then any deviation by bidder 2 to a point “just above”
the tie will produce a strict increase in the probability that bidder 2 wins auction 1,
without increasing the probability that bidder 2 wins objects 1 and 2 together. If
bidder 2 also engages in strategic overbidding for object 1, this could in turn imply
a strict decrease in bidder 2’s expected payoff. Hence even if the limit profile (with
ties) is not an equilibrium, bidder 2 may not be able to secure any payoff higher than
she eventually achieves along the sequence.

We illustrate such a case formally in Example 4 in the Appendix. This example
confirms that, with more than one global bidder, the simultaneous auction game

need not satisfy either better-reply security as defined by Reny (1999) or several
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recent extensions due to Carmona (2009), McLennan, Monteiro and Tourky (2013),
and Barelli and Meneghel (2013) among others. This in turn undermines any proof

of existence paralleling Proposition 4 with more than one global bidder.

5.2 Monotone equilibrium with endogenous tie-breaking

Recall that the technical challenge in establishing better-reply security with many
global bidders is not overbidding per se; rather, it is the fact that by slightly in-
creasing her bid in auction [, bidder ¢ may win auction [ only against types of global
rivals against which ¢ is likely to lose in other auctions. There may therefore exist a
sequence of strategies {o"}°,, converging to a limit ¢ involving ties, such that no
type tying at the limit can secure a higher payoff along the sequence, but a positive
measure of tying types wish to deviate at the limiting profile &. The fundamen-
tal problem in such a case is that independent tiebreaking at the limiting profile &
may lose information regarding the order in which near-ties are broken along the
sequence—types tying in the limit could submit different bids in auction [ at every
strategy profile o* in the sequence. If this tie-breaking order could be preserved in
the limit, then & would in fact represent a monotone pure strategy equilibrium.

Motivated by this observation, in analyzing simultaneous auctions with many
global bidders, we focus on a solution concept which generalizes Bayesian Nash equi-
librium along the lines proposed by Jackson, Simon, Swinkels and Zame (2002, hence-
forth JSSZ). In what follows, we refer to this solution concept as an equilibrium with
endogenous tiebreaking in the signaling extension of the simultaneous bidding game.
We define this solution concept formally as follows.

Let G be a simultaneous auction game satisfying Assumptions 2-4 on primitives

above. In what follows, we no longer presume that ties are resolved independently
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across actions according to some pre-specified tiebreaking rule — i.e. we no longer
maintain Assumption 1 above. Rather, from this point forward, we interpret G as a
game of indeterminate outcomes in the language of JSSZ: that is, a game requiring
only that each object [ is awarded to a high bidder in auction [, without specifying
which high bidder will receive the object in the event of a tie.

We define the signaling extension G° to the game of indeterminate outcomes G
by augmenting each bidder’s strategy space as follows. For each auction [, we allow
bidder ¢ to submit, in addition to her bid vector b;, a vector of cheap-talk signal
s; € [0,1]% indicating her desired tiebreaking precedence in each auction . These
signals are irrelevant for allocations and payoffs except in case of ties, in which case
the auctioneer may consider (sq, ..., Sy) in determining how to break ties.

A pure strategy for bidder 7 in the signaling extension G* is therefore a function
0; X1 Vi = B; x S;, where o; : J; — B; denotes ¢’s bidding strategy as above and
7 : Vi — S; denotes i’s tiebreaking strategy in the signaling extension.!* As above,
let Y = x;);, B= x;B;, and S = Xx;8; collect type, bid, and signal spaces across
bidders respectively, with o = (o1,...,0x5) and 7 = (71, ..., 7y) denoting profiles of
bidding and tiebreaking strategies across bidders.

For each auction [ € {1,..., L}, let AN be the N-dimensional simplex describing
all possible probabilities with which object [ could be allocated to each of the N
competing bidders. Let the correspondence © : B x § — AY x -+ x A¥ be the set
of admissible object allocation probabilities in the signaling extension G° to G: that
is, the set of rules such that object [ is allocated to bidder ¢ only if b; = max; bj.

Following JSSZ, we define an allocation rule 6 : Bx S — AY x---x A} as a selection

14Since we focus on pure strategies, writing bidder i’s strategy as the cross-product of her bidding
and tiebreaking strategies involves no loss of generality.
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from the correspondence ©.1°

As in JSSZ, we define a pure strategy solution to the signaling extension G* as
an allocation rule 8* plus a profile of pure bidding and tiebreaking strategies o* x 7*
such that ¢* x 7* constitute a Bayesian Nash equilibrium given the allocation rule
0*. We refer to any such solution as an equilibrium with endogenous tiebreaking.

We are now in position to state this section’s main result: under our assumptions
on primitives, there exists an equilibrium with endogenous tiebreaking in which (i)
bidders play monotone pure strategies, (ii) allocation of object [ depends only on

bids and signals in auction [, and (iii) tiebreaking is weakly monotone in signals.

Proposition 5. Let G be an L-object N-bidder simultaneous auction game. Suppose
that assumptions 2-4 hold, that B; C R* is a compact lattice for eachi =1,..., N,
and that valuations are supermodular in the sense of Definition 2. Then the signaling
extension G° to G admits a pure strateqy solution 0*;0* X 7 such that:

1. Both bidding strategies o* and signaling strategies T* are monotone with respect
to the partial order (PO) on types and the coordinatewise order on actions;

2. The auctioneer’s allocation rule 6* can be characterized by a L x 1 vector of
anonymous tiebreaking precedence rules (p1, ..., pr) such that:

(a) For eachl=1,...,L, p is a weakly monotone function from [0,1] to [0, 1];

(b) Bidder i = 1,...,N submitting signal s; € [0,1] is assigned tiebreaking
precedence py(siy) € [0, 1] in auction l;

(¢) Each object | = 1,..., L is allocated randomly and uniformly among high
bidders in auction | with the highest tiebreaking precedence.

While we defer the full proof of Proposition 5 to the Appenidix, the intuition is
worth sketching briefly here. As noted above, the fundamental problem in passing

from the sequence of finite equilibria {o*}2°, to the limit o* is that the relative

5 Note that this set of allocation rules defines allocation probabilities over auctions, not over
combinations; since we ultimately seek a set of allocation rules which are separable across auctions,
this turns out to be sufficient for our purposes.
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tiebreaking precedence along the sequence need not be preserved in the limit. But
since this relative tiebreaking precedence is determined (along the sequence) by the
L x 1 vectors of bids submitted by each bidder, it must be encodable in (at most)
an additional L x 1 of signals for each bidder. It only remains to find an encoding
such that any bidder types separated by a non-vanishing measure of bids along
the sequence also submit strictly different signals in the limit; we accomplish this by
linking 7;* to the measure of the maximum bid in auction [. This construction implies
that (almost) no type of bidder ¢ can strictly gain from submitting any (b;, s;) in the
range of equilibrium strategies x j(a; X T;‘); otherwise, bidder ¢ could also eventually
gain along the sequence {o*}?2, by bidding like the relevant type y; of bidder j.
The role of the weakly monotone tiebreaking precendence rule p; is simply to rule
out profitable off-equilibrium deviations by mapping every signal s € [0,1] to the
same tiebreaking precedence as some on-equilibrium signal s; in the range of x;7;.
Hence, under p;, bidder ’s set of deviations in auction [ is payoff-equivalent to i’s
set of on-equilibrium deviations in auction /. In view of the observations above, this
guarantees that ¢* x 7* is an equilibrium profile under p.

As with Proposition 3 above, Proposition 5 extends immediately to existence of

symmetric equilibria with endogenous tiebreaking when bidders are symmetric:

Corollary 2. In addition to the hypotheses of Proposition 5, suppose that bidders are
symmetric in the sense that Y; = Y;, F; = F}, and B; = B; for all bidders i,j. Then
the signaling extension G° to G admits a pure strategy solution 0*;c* X T satisfying
the conclusions of Proposition 5 plus the property that strategies are symmetric: i.e.
that of x 7 =0} x 7} for all bidders i, j.

The proof of this fact follows immediately from the proof of Proposition 5, replacing

the generic sequence {o*} of finite equilibria derived from Proposition 5 with a

sequence of symmetric equilibria derived from Corollary 1.
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Although obviously related to JSSZ’s general result on existence of equilibria with
endogenous tiebreaking, Proposition 5 and Corollary 2 strengthen JSSZ’s conclusions
in several important respects. First, whereas JSSZ guarantee existence of a solution
to the communication extension G¢ only in distributional strategies as defined by
Milgrom and Weber (1985), we obtain existence of such a solution in pure strategies
which are additionally monotone with respect to the partial order (PO). Second, we
provide much more structure on tiebreaking than is available using only results in
JSSZ. For instance, Proposition 5 yields a solution in which auctions are truly both
simultaneous and separable: i.e. in which allocation of object [ depends only on bids
and signals in auction [. Similarly, weak monotonicity of tiebreaking rules under

Proposition 5 implies that allocation probabilities are weakly monotone in types.

6 Examples

Lastly, we present several examples illustrating bidding strategies, equilibrium over-
bidding, and the exposure problem in simultaneous auctions for complementary
goods. We first explore a very simple discrete-bid environment where the bidding
set consists of only two points, so that equilibrium bidding strategies can be solved
analytically. We then proceed to explore bidding and exposure within a much richer
bidding space, where equilibrium behavior can be approximated though not solved
exactly.

Throughout this section, we consider a setting with two objects and two ex-ante
symmetric global bidders. Each bidder has standalone valuation Y;l’o for object one
and Yio’1 for object two, with all standalone valuations independent random variables

distributed uniformly on [0, 1]. Meanwhile, the joint valuation each bidder assigns
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to having two objects is
Y= Ye h YRk =12,

where k& > 0 denotes the complementarity each bidder associates with winning both
objects, which for simplicity we assume is constant.

We begin with Example 2, in which we restrict both bidders to bid on a two-
element discrete grid. We consider three different auction formats—first-price, second-
price and all-pay—and illustrate symmetric BNE in pure monotone strategies in each.
In this example, a bidder may potentially incur a loss when submitting the high bid,
and whether such a loss happens depends on bidder’s type as well as what that bidder
won. This gives rise to potential exposure problems, whose incidence we quantify. In
first-price and all-pay auctions, we find that exposure happens with positive proba-
bility for moderate and high levels of complementarity, with both the probability of
exposure and the maximal degree of exposure increasing in k. For the second-price
auction, the discrete bid grid implies that exposure may happen even for £ = 0,
although the degree of exposure is again increasing in k. Looking at the maximal
degree of exposure, we find that the exposure problem is generally no more severe in
the all-pay auction than in the first-price auction, and less severe in the first-price

auction than in the second-price auction.

Example 2. Consider the two-auction, two-bidder environment described above.
Suppose the bidders are only allowed to bid either by = 0 or by, = % for each object,
and ties for objects are broken independently with a fair lottery. We consider first-
price, second-price, and all-pay auctions, characterizing a BNE in symmetric pure
monotone strategies for each. We illustrate how BNE changes when £ increases and
discuss occurrences of exposure.

First-price auction
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If £ =0, so that there are no complementarities from winning two objects, then
each bidder always bidding 0 for each object is a BNE.
For k € (0, 1), the equilibrium bidding strategies are

(3:3), if (V¥2)ed
1,0), if (Y,Y?)€eB
. el €2\ _ 29 ) R )

61 (Y; 7Y; ) O, %) ’ if (}/iel?}/iez) c 07 (4)

(0,0), if (V;*,Y,?) e D,

where regions A,B,C and D are defined as follows:
e e 2 e e k e k e k

A=) e 01y +y= 2 29(k) = 5,y 29(k) — 5, v 29(k) = 5 ¢
(5)

2

=< (¥, y?) €[0,1)% : y* > y(k), y=* < y(k) — 5

Y

C= {(yel,y”) 0,12 4 <A(k) = &, g2 > Wf)}’
|

B
D =[0,1*\(AUBUC),

K | 3k k
= +t% —5+1
v(k) = 02— ke (0,1].
5 +s5+1
Figure 1 illustrates the BNE in symmetric monotone pure strategies when k = 0.2

and k = 0.6.
For k € (1,2], the equilibrium bidding strategies are

(3.4), it (Y,¥) € Ay
(yer ye2y — 202/ Lot ’
ﬁz (YZ 7Y; ) { (0, O) 7 if (}/;61’ Y;@z) € D1, (6)

where regions A and D are described as follows:

Dy = {(y*,y*) € [0,1]*: y* +y= < ~(k)}, (7)
Al = [07 1]2\D7
with 5o 1
71(k) —

CV1I+ 2=k k—1)+1
When £ > 2, in the equilibrium bidders always submit by = % for each object.

For £ > 0 small enough, there no exposure for any of the bidders. However,
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k=02 k=0.6

Figure 1: Tllustration to Example 2 (first-price auction).

for k € (K}, cup» 2] with k%, ., ~ 0.4171 some bidders with valuations in region A if
k < 1 and valuations in region A; if & € (1,2] become exposed when winning one
object only. For k£ > 2 some bidders are also exposed when winning one object only.
The maximum possible exposure (ex-post loss) is 0.5.

Second-price auction

In a second-price auction, with £ = 0, the equilibrium bidding strategies are such
that each bidder submits b; in auction ¢ if y* < % and submits by otherwise.

When the complementarity becomes strictly positive, the equilibrium bidding
strategies change. When k € (0, k7,), where k7, ~ 0.8385 (to be exact, kJ, satisfies

) Sp

. \3 . \2
@ + @ + k7, — 1 = 0), then the monotone bidding strategies have the form
(4)-(5) with
B b
7(]{:) - i 8k2 23k
3+ 5T

The graphical illustration of these regions and equilibrium bidding behavior for
k = 0.2 and k = 0.6 is given in Figure 2.
For k € [k},,2), the equilibrium bidding strategies are in the form (6)-(7) with

B 2k
VI C2=Rk+1)+1

71(k)

For k > 2, in the equilibrium bidders always submit b, = % for each object.
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Figure 2: Ilustration to Example 2 (second-price auction).

As we see, in this case bidders bid more aggressively than in the first-price auction.

Due to the second-price auction format, some bidders may be exposed even if
k = 0 when winning one object and having to pay b, for that object. The maximum
possible degree of exposure in this situation is equal to % When £ > 0, there
are similar possible exposure situations when bidders with some values in in A if
k € (0,k%,) or values in A, if k € (k7,,2) win one object only. However, in contrast
to the first-price auction above, some bidders with values in these regions may be
exposed even when winning both objects and having to pay by for each object.

For k > 2, bidders always submit by = % for each object. The maximum possible

degree of exposure in this case is equal to 1.

All-pay auction
In an all-pay auction, with & = 0 the equilibrium bidding strategy is always
submitting b; = 0 for each object.
* 3 *
When k € (0, k},), where k) = 1.5418 (to be exact, k}, satisfies % + k% —1=

» Vap
0), the monotone bidding strategies have the form (4)-(5) with

Bk
YR = o
T+§+1

The graphical illustration of the equilibrium bidding strategies for & = 0.2 and
k = 0.6 is given in Figure 3.
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k=02 k=0.6

Figure 3: Illustration to Example 2 (all-pay auction).

For k € [k} ,4), the equilibrium bidding strategies are in the form (6)-(7) with

ap’
4—k

mlk) = VI+tk(d—k) +1

For k > 4, bidders always submit by = % for each object.

As we can see, bidders are more cautious in the all-pay auction than in the first-
price auction.

For k > 0 small enough, there no exposure for any of the bidders.

For k > kj, ..., with &}, ..., =~ 0.5911 some types in region A if £ < &}, and in in

region Ay if k >k}, are exposed when winning one object only. For k > 4, similarly
some types will again be exposed when winning one object only. The maximum
possible degree of exposure (ex-post loss) is 0.5.

While Example 2 is simple enough that we can characterize equilibrium bidding
strategies exactly, a two-element bid grid is obviously quite restrictive. To gain in-
tuition regarding behavior in richer bidding spaces, we turn to Example 3, which
numerically illustrates an approximate BNE in the same setting as Example 2, but

now allowing a richer bidding space. For concreteness, we restrict attention to the
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simultaneous first-price auction format, illustrating strategies for the fixed comple-
mentarity level k& = 0.3. We then briefly discuss the effects of simultaneous bidding

on exposure, revenue and efficiency in this simultaneous first-price setting.

Example 3. Consider the setting of Example 2, with two symmetric global bidders
competing for two objects with fixed complementarity & = 0.3. Suppose that objects
are allocated via simultaneous first-price auctions, and that bidders can bid any
non-negative price for each object.

Due to the constancy of the complementarity, the monotonicity of strategies [,
¢ =1,2, in the partial order sense described in this paper is equivalent to monotonic-
ity in ¥, and in Y;*.

It is difficult to derive a closed form for the equilibrium bidding strategies even
in this framework, so Figure 4 depicts approximations of these strategies obtained
by the iteration of best responses on a dense discrete grid. Iteration is conducted
until a pre-determined convergence criterion is satisfied. After such equilibrium best
responses are obtained, we fit them on a continuous bidding by employing tensor-
product polynomials (in Y;**,Y;*®) on [1, 2]2.

The monotonicity of strategies in each Y, ¢ = 1,2, can be clearly seen in Figure
4. For each fixed Y, the equilibrium bid for object 1 is strictly increasing in Y,
and for each Y!, increasing Y, also increases the equilibrium bidding strategy on
object 1. Also, as expected, we have that for a given Y*, each bidder submits a bid
higher that in the case of additive valuations (zero complementarity).

Table 1 contains some numerical characteristics of economic aspects of this auc-
tion game. As we can see, the presence of a strictly positive complementarity in
the valuation for both objects results in some exposure as well as revenue gains for
the seller and lower expected profit for a bidder relative to the benchmark case of
zero complementarity (k = 0 in Yi(l’l) =Y +Y" + k). Asis expected, auction
simulteneity results in a positive probability of an inefficient allocation of an object.

7 Conclusion

Building on techniques in Athey (2001), McAdams (2003), Reny (2011) and JSSZ
(2002), we establish the existence of pure strategy monotone equilibria in a class
of standard simultaneous auction mechanisms for complementary goods. All the

analysis is conducted under the assumption of supermodular preferences. In general
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Value for object 1

-
= = +k=0.3, value for object 2=0.25
k=0.3, value for object 2=0.5
--------- k=0.3, value for object 2=0.75
=—=k=0.3, value for object 2=1

Figure 4: Tllustration of equilibrium bidding strategies in Example 3. k denotes the
complementarity in Yi(l’l) =Y +Y*2 +k.

bidders’ valuations across different bundles of objects are not additive across individ-
ual objects in these bundles. Monotonicity on the space of types is understood in the
partial order sense given by a cone described by a finite number of linear inequalities
on increasing differences of bidders valuations between a larger and a smaller sets of
objects, while monotonicity on the space of bids is understood in the coordinatewise

order sense.

An alternative approach to existence could be the differential equations approach.
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Expected seller’s revenue from one auction 0.4859

Expected bidder’s profit 0.2777
Prob of ¢ winning both objects 0.3456
Prob of ¢ winning only one object 0.3079
Prob of inefficiency when both objects are won by the same bidder 0

Prob of inefficiency in an auction when each bidder wins only one object 0.0480
Prob of exposure when both objects are won by the same bidder 0

Prob of exposure in an auction when each bidder wins only one object 0.1241
Average degree exposure in an auction (conditional on exposure) 0.0777
Average MLT in an auction 0.1640
Average MLT in an auction when winning only that auction 0.1215
Average total MLT when winning both auctions 0.3655

Table 1: Numerical results derived from simulation based on the bid strategies described
in Example 3. MLT stands for money left on the table.

Because bidders’ preferences are over many bundles of objects, the existence prob-
lem would be characterized by a system of partial differential equations with some
boundary conditions. Issues of existence of solutions of systems of partial differential
equations are infamously much more difficult than those in the systems of ordinary

differential equations and, therefore, the approach did not seem realistic to us.
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Appendix: Proofs and counterexamples

Proof of Lemma 1

Payments Zle cir(bs; 0—;) are additively separable across auctions, hence modular in b; =
(bit, .-, byy) by construction. To establish supermodularity of interim payoffs

L
mi(bis yi,o—i) =] P(bizoi-) — > _ calbis; 0-4)
=1

in b;, it is therefore sufficient to establish that expected valuations yl-TP(bi; 0;_) are super-
modular in b; for any y; € V.

Toward this end, for any realization y_; of the rivals’ types, let the (D)_N; —1) x 1
vector B_; = 0_;(Y_;) be the vector of all rival bids across all auctions. With slight abuse
of notation, let y;(b; B_;) denote player i’s expected valuation given type y;, own bid vector
b and the complete rival bid vector B_;:

yl(b7 B—l) - Ew[y;u‘yla bu B—i]7

where the expectation is taken over ties. Note that, in the absence of ties, bidder ¢ will
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win each auction in which his bid is the highest, w = w(b, B_;) will be deterministic, and
w(b7B—Z)
vi(b; B-i) = y; -
The function y! P;(b,0_;) can be written as the expectation of y;(b; B_;) with respect
to the distribution of the rival bids:

Y Pi(b.o_i) = / yi(bs o (Vo)) Foi(dY_y).
Let V', 0" € B;. We want to show that
yi Bt Vo) +yt B AV o) >y B o) + it Pt o),
or equivalently, that

/ [ya(b" V50 i(Y_3)) + ui(b A 0 (Yoi)) = 4050 -i(Y_i)) — wi(b'50-i(Y—4))] Fy_,(dY_;) > 0.
(8)

For a specific realization y_; of rivals’ types, if there are no ties for (b”;0_;(y—;)) and
(b';0-i(y-:)), then

w®" AV o_i(y—i))
w®" Vb';o_i(y—i))

(05 0-i(y—i)) Aw(®";0-i(y—i)),

w(b'so-i(y—i)) Vw’;0-i(y-i)),

and

yi(" V' s0_i(y—i)) +yi (0" AV 0_i(y—i)) — yi (V"5 0—i(y—i)) — yi(b'; 0—i(y—i)

w0 (y—; w(b""Ab ;0 _i(y—; w(b'50_i(y—; w0 (y—i
_ i( % (y ))+yi( A (y ))_yi( (y ))_yi( (y—1))
_ y;"}(b,§0'7i(yfi))vw(b/l;a'fi(yfi))_}_y;"}(b,w'fi(yfi))/\w(b/lm'fi(yfi))_y;‘"}(b,§0'7i(y7i))_y";(b//;U*i(yfi)) > 0.

Alternatively, if there are ties at either (b”;0_;(y—;)) or (V/;0-;(y—;)), then some of the
outcome vectors w(b” Ab;0_i(y—;)), w® VV;0_i(y—i)), wbs0-i(y—i)), w®b";0-i(y—i))
will be stochastic. Let Aa(b';0";0_;(y—;)) denote the joint distribution of w(V';o_;(y—;))
and w(b”;0_;(y—;)). Note that the distribution of w(b” V ¥';0_;(y_;)) coincides with the
distribution of w(V';0_;(y—;)) Vw(b”;0_i(y—i)), and the distribution of w(b” Ab';0_;(y—i))
coincides with the distribution of w(b’;0_;(y—;)) Aw(b”;0_;(y—;)). Therefore,

yi(b” v b/; U—i(y—i)) = E(w1,w2)~)\2(b’;b”;07i(y7i)) [y:qug‘yi’ b, J—i(y—i)] )

yi(b” A b/; U—i(y—i)) = E(o.q,wg)w)\z(b/;b”;a,i(y,i)) [y;‘dl/\u& ‘yia b, U—i(y—i)] .

Since we can write
Yi(b'5 0 (Y—4) = Bl wa)ra b0 i(y_o)) W5 i b, 0—i(y—3)]

Yi(b"50 (Y1) = Bluy wa)dabs0—i(y)) W52 Y3 0,0 —i(y—i)]
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then the integrand in (8) can be written as

E(wl w2)~ A (U050 (y—i)) [yz Ve + yW1/\WQ y;dl - y;UQ |yla b> U*i(yfi)] . (9)

Because for every realization of (wi,ws) from the distribution A2(b';0";0_;(y—;)) we have

yl w1 Vwsa 4 yw1/\w2 yl yUJQ > O

the expectation in (9) is also non-negative. Thus, for every y_;, the integrand in (8) is
non-negative. Therefore, (8) holds.
O

Proof of Lemma 2

Denote

b§°) = (bi1, bi2, bis, - -+ by -1, i)
bf” (b1, bins big, -+, bip—1,bir) 7
552) = (bi1, bia, big, - - - bip—1,bir) 7,

bEL) = (bi1, bio, bigs - - bip—1,bir)" .

Represent the difference F,(bl, Yi,0—;) — i(bi; yi, 0—;) in the following way:

Wi(gﬁyiaafi)_ﬂ'z (bis yi,o—i =Z< l ,yz, z)—Wi(bglil%yi,U%))

=1

Now represent the interim payoff function ;(b,y;,0—_;) by applying what we refer to
throughout this paper as a marginalization technique:

mi(bisyi o) = D (P (biy o) + BV bisomi)) + Y (6 = i) B (b o)

w:w;=0 w:w;=0
L
- g Cim (bim, 0—3).
m=1

Note that if w; = 0, then P¥(b;0_;) + PV (b; 0_;) is the probability of winning all objects
m # | for which w,, = 1 and losing all objects m # [ for which w,, = 0. Thus, this is
the probability of the event that does not depend on the allocation of object I (also using
Assumption 1). Therefore, P¥ (b; o_;) + Pi”"“ (b; o—;) does not depend on the bid for object
[. Therefore, if w; = 0, then

PEO0so) + P o) PR Dso) - PR o) = 0

7
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because bid vectors bgl) and bglil) differ only in the bid submitted for object [. Hence,

7Tz' (bgl);yiyo'fi) —m (bglil);yi,afi) _ Z (y;;dvel_y;;.)) <Pinel (bgl),OLi) . Piwvel(bz(.lfl),Ufi))

w:w;=0

— ci(bir, o) + ca(by, 0-;).

Note that because the component corresponding to the bid submitted for object [ in the
(1-1)

vector bgl) is greater than the one in the vector b;
two vectors are the same, then

, and all the other components in the

Vw:w=0 PV o ) — Ve o) >0,

Combining this across all objects [, we have

Wi(gi; Yi, O'—i)_ﬂ'z( i3 Yis U— Z Z w\/el (Pzw\/el (bg )7 U—i) - Pinel (bz(l_l)a U—i))

=1 ww;=

>0
L L

= calbia, o)+ calbi, o
=1 =1

The analogous representation for type g; is

mi(bis i 0—i)— i (bi3 i i) Z Z iy (P“’V”(b“ o_i) - szvffl(b?*”,a_i))
=1 wiw;= ~
>0

L L
= calbu,oi)+ Y calba, o)
=1 =1

From the definition of the partial order we then conclude that

i (bs; iy o) — i (bi; iy o) > i (bis yir o) — i (bis yir 04,

which implies the weak single crossing property. [

Proof of Proposition 2

Let por_; denote the Lebesgue measure in R2°-1. Fix any S C ); with a positive Fy;,

measure. By the absolute continuity assumption then, por_;(S) > 0. We start by showing
that we can find two points in S — denote them as g; and ¢;, — such that all the inequalities
in the definition of the partial order will be satisfied strictly. In other words, we want to
find g;,y; € S such that g; € y; + 23, - Set Z9, _, is the interior in R2“~1 of cone Zor_4
defined in (2) (it is discussed in the main text of the paper that Z5, | # ().
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We claim that we can take any g; € S that is a point of (Lebesgue) density of S. The
property of being a point of density of S means that
por 1 (i + Br) N S)

lim =1,
rl0 por_q (i + By)

where B, denotes the open ball in R2“~1 centered at 0 of radius 7 > 0.
Note that if g; € S is a point of density of S and the set (y; + Z) N S is empty, then

por_q (i +Br)NS)  H2l-1 ((@z +B,)NSN (g + Z§L71)0>
por (5 +Br) for 1 (¥i + Br)
P ((?Ji +Br) N (5 + Z;L_l)c)
por 1 (Ui + Br)

for all » > 0. Note that the ratio

HaoL_q (ZQOL_l N Br)
pior—y (Br)

is strictly between zero and one does not depend on r.1® Denote this ratio as ¢z, € (0,1).
Using the translation invariance property of the Lebesgue measure we obtain then that

ooy (5 + B,)NS) _ Haio (5 +B) 0 @i+ 25_,)°)
por_q (Ji +Br) por_1 (Ji + By)

=1—-cp,

for all » > 0, but this contradicts the property of y; being a point of density of S. This
contradiction means that for any point 7; of Lebesgue density of S, we can find ¢; €
yi + 25, to give us the conclusion. By the Lebesgue property a.e. y; € S is a point of
density.

By convexity, the boundary of each set in the finite union of sets composing ); has
Lebesgue measure zero in R2"~1. Since the boundary of a finite union of sets is contained
in the finite union of the respective boundaries, we conclude that the boundary of ); has
Lebesgue measure zero in R2°-1, Therefore, without loss of generality, we can select both
y; € Sand g; € SN (y; + 5’471) to be in the interior of V; in R2“-1, Therefore, we can
find a small r > 0 such that the ball g; + B, is contained in (y; + ZSL_I) NY;. Consider the
intersection (g; + B;) N (§; + Z5,_,). This intersection is non-empty and is an open set in
R2-1, Every point in this intersection dominates 7; but is dominated by #; in the sense of
partial order (PO). As a union of a finite number of compact sets, }; is compact in R2"-1
and, hence, has a dense countable subset. Denote it as V. Set (7; + B,) N (7 + Z5._,)

5To see this, consider the scaling transform y — %. It maps the 29, | NB, to 25, |, NBy. Since
the Jacobian of this sort of transform is independent of y, the ratio of the volume of the intersection

of shape Z7, | with he ball B, to the volume of B, is invariant under such a transform.
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being a non-empty open set in R2"-1 clearly has to contain a point from Y. OJ

Proof of Proposition 3

We define the partial order = on the space of types as in (PO). Let us define the partial
order in each bid (= action) space as the coordinatewise order:

bizmbi = b >b,

where 13, > b; means that each component on the L-dimensional vector l;l is greater or
equal than the corresponding component of b;.

We verify conditions of Theorem 4.1 and Proposition 4.4 in Reny (2011). Let us start
with conditions G1-G6 in Theorem 4.1.

G1 Obviously, the partial order given in Definition 4 is transitive:
Um0 Uiy = Ui oy
it is also reflexive:
Yi = Yis
and it is also antisymmetric:
vizyiandy =4 = Ui = Ui
Let A(?)‘EQL N Y;) denote the Borel sigma-field on R2" N Y;. Let us show that
~ ~ L L
Gi ={(Ti,y:) € Vi x Vi 25 = yi} € AR NY;) x AR® N Yy).

Notice that the partial order between ¢; and y; can be fully expresses as comparison
of certain linear inequalities for g; and y;. In other words, the order g; = v; can be
fully described as a system of linear inequalities

Mpy; — Mpy; > 0,

where matrix My, is defined in a certain way. Therefore, GG; is the intersection of a
closed convex polyhedron in R22" with YV; x YV, and thus, G; € A(S‘EQ'QL NYi x V).
Under the Euclidean metric £2" NY; is a locally compact Hausdorff space. Therefore,
by e.g. Proposition 7.6.2 on page 220 in Cohn (2013),

AR MY x V) = AR Ny x AR ),
and, hence, G; € AR2" N ;) x ARZ" N Y)).

G2 The atomlessness of the measure on the sigma-algebra for ); follows from the conti-
nuity of c.d.f. Fy; in Assumption 3.
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G3 This is assumed explicitly.

G4 B; is assumed to be a lattice. Also,

is closed in the product topology on RY x R because the partial order on B; is the
coordinate-wise partial order.

G5 Each B; is a locally-complete Euclidean metric lattice.

G6 The function

ui(biy boisyi) = ;(yf —w'b;) - ) ]_;Izl (1(61'1 > Igl;%lxbjl) + T3 (51, bit)1(byy = I;_ligibjl))
x [ 1(ba <maxb;) (10)
I: wl=0 7

is jointly measurable. It is bounded since both ); and B; are bounded. Note that
T;1(S;, bi), where S; denotes the set of bidders tying for the highest bid in auction
[, stands for the probability of obtaining object [ in case of ties. This formulation
accords with Assumption 1.

The function u;(b;; y;) is also continuous in b; € B; for every y; € ); since by assump-
tion B; consists of a finite number of points.

Thus, G1-G6 in Theorem 4.1 in Reny (2011) hold. Clearly, Lemmas 1 and 2 of this paper
imply (i) in Proposition 4.4 in Reny (2011). O

Proof of Lemma 3

Fix € > 0. Choose k such that §; = maxj—o N H(Bf, Bj) <¢€/L.
For local bidder j = 1,..., N with type realization y; € Y, the argument is entirely

standard; we reproduce it here only for completeness. Let 7r; = Maxy;ep; T (yj,bj;&ﬁ j)

%nd b; = argmaxyep; (), b; 5ﬁj), and let b] be the smallest element of B; f,uch that
bj > bj. Clearly, we must have b; < yj, hence the loss associated with bidding b; (rather

than b;‘) can be no greater than J;. But b] was feasible for bidder j under grid space B¥,

whence by equilibrium 7 (y;, &f(yj); &ﬁj) > 7 (y;, bj; (i’fj) > 7 — 0 > m;, —e. Since y; was
arbitrary, this bound also applies in expectation. Thus local bidder j can gain no more
than € by deviating from strategy profile &;’? when rivals play strategy profile % PHRNCH g j
satisfies the conditions of an e-equilibrium for local bidder j.

For the global bidder 0, the argument is somewhat more subtle, turning on the fact
that action spaces for bidder 0 are always such that bidder 0 can choose (at cost no greater
than the bid increment) whether and how to resolve potential ties. Fixing type yo € )y and

holding strategies of local bidders fixed at 6% 0, let w5 denote bidder 0’s supremum payoff
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over the unrestricted bid space By. Let {bf'}>°_; be any sequence of L x 1 bid vectors for
bidder 0 such that mo(yo, b5%; 6%y) — 7§ as m — 0. Let {b71}°_, be the scalar sequence
such that for each m = 1,2, ... the scalar by is the /th element of the L x 1 bid vector bg";
i.e. the element describing bidder 0’s bid in auction {. Construct a sequence {Bgl‘};',‘j:l from

{b] ooy as follows: if by} € Bf, then bg} = b, otherwise
b = min{b] € BE, : b > max{b] € BF|b) < b))}

Recall that Bl’c is a selection from B’gl such that for any two points b}, b} in Bl"“ there exists
a third point b} € B’gl\[)’lk such that b; < b < b/. Furthermore, from the perspective of
bidder 0, allocation probabilities for each [ are flat outside the support B’l"C of rival strategies
o o- Hence by construction the sequence bg} will yield the same allocation probabilities as
the sequence by; for any m = 1,2, .... Thus bidder 0’s expected payoffs along bid sequence
58} can differ from bidder 0’s expected payoffs along bid sequence by; by at most the bid
increment 0. Repeating this construction separately for each [ = 1,...,L, we obtain a
sequence {b*}°°_, contained in Bf, yielding the same allocations as {bJ'}°_,, and for
which bidder 0’s payoffs differ (relative to {b{'}>°_;) by at most Ld;. But (by equilibrium)
bidder 0’s payoffs under the equilibrium strategy 5(’)“ must be weakly greater than bidder 0’s
payoffs at each feasible deviation, and {66”};’521 is a sequence of feasible deviations which
eventually attain a payoff within Ld; < € of bidder 0’s unrestricted supremum at type yg.
Since yg was arbitrary, this bound on bidder 0’s interim gains also implies a bound on
bidder 0’s ex ante gains, whence it follows that 6* is an e-equilibrium on the unrestricted
bid space B.

Proof of Lemma 4

Let (&,1I) be any point in the closure of the vector payoff function
II(0) = (IIp(0); 4 (o), ..., [N (0)),

i.e. any II for which there exists a sequence of monotone strategies {a”“}i":1 such that
o — & (under the metric of Lemma A.13 in Reny (2011)) and II(¢*) — II. Suppose that
& is not an equilibrium. We need to show that some player i € {0,1,..., N} can secure a
payoff strictly above II; at &.

First suppose that under the limiting strategy ¢ relevant ties occur with probability
zero. The vector ex ante payoff function II(+) is then continuous in a neighborhood of &,
from which it follows that IT = I1(6). By hypothesis & is not an equilibrium, hence there
exists a player ¢ and a strategy a? such that

(0, 6_;) > (G35 6-4)

Let IT} be i’s supremum payoff against rival strategies 6_;, and let {o]'}22; be any sequence
of strategies for ¢ such that II;(0]; 5_;) — II7. Recall that ties are broken randomly across
bidders and auctions. Hence if relevant ties occur with probability bounded away from

zero along the sequence {o™}2°, it must be that ¢ is indifferent as to how these are

49



resolved.!” This in turn implies that i’s supremum payoff IT} can also be approached by a
strategy sequence {o!'}° ; such that for each n the random vector B; = o7*(Y;) has a joint
distribution with atomless marginals.'® Choose any such sequence. Since IT; > H? > 11,
there will exist an n such that

Hi(aln;(}_i) > 1:[1

But by construction o}’ generates a joint bid distribution with atomless marginals, hence
there is no rival strategy profile under which 7 ties with positive probability under o;'. Thus
II;(o7"; -) is also continuous in o_; at o' for each n. Hence for large enough n, we will have

(o] 0-) > 11,

for all o_; in a neighborhood of G_;. Thus bidder i can secure a payoff strictly above II;.

Now suppose that under the limiting strategy &, a relevant tie occurs with positive
probability for at least one auction [ = 1,...,L. In particular, suppose that such a tie
occurs at bid b;. By construction, this tie must involve at least one local bidder i. Let
Y;(b;) be the set of types such that i bids b; under the limiting strategy &; note that Y;(b;)
has positive measure by construction. Clearly we must have v; > b; almost everywhere
in ﬁ(él), since otherwise i could strictly gain by deviating to a bid strictly below b; on a
relevant subset of types. Furthermore, we can have v; = b; on at most a measure-0 subset
of Y;(b;). Hence we must have v; > b; almost everywhere in Y;(b;). But in this case either
¢ wins with probability approaching 1 against any other rival type submitting limiting bid
b along the sequence o, or i can secure a payoff strictly above II; by deviating on Yi(i)l)
to a bid infinitesimally above b;.

Thus for any sequence of strategies converging to a tie between two local bidders, or
for any sequence of strategies converging to a tie between the global bidder and one local
bidder such that tying types of the local bidder lose with probability bounded away from
zero along the sequence, at least one player ¢ can secure a payoff strictly greater than f[i.
But one potential problem case still remains: a sequence of strategies o* converging to a
relevant tie between the global bidder 0 and a single local bidder ¢, in which almost every
type of bidder 0 tying at b; in the limit loses against almost every type of bidder i tying
at by in the limit with probability approaching one along the sequence. We will show that
the global bidder can secure a payoff strictly above Iy in this case.

Toward this end, suppose that o is a sequence satisfying the description above. Con-
sider type y € )y of bidder 0. Following Gentry, Komarova and Schiraldi (2019), Let
the L x 1 vector V(y) denote bidder 0’s standalone valuations for winning each object
¢ =1,..., L individually; i.e. Vy(y) = y* for all £. Similarly, let K(y) denote the 2 —1 x 1
vector given by

K(y) =y —QV(y),

17For local bidders, one can easily rule out ties along {¢"}2° ;; for global bidders, the argument
is more complicated, so we temporarily allow them.

8For instance, one could add a small continuously distributed error € to each bid, with the
support of € tending to a unit mass at 0 and the sign of € adjusted as needed to ensure ¢’s preferred
tie-breaking resolution at each type y;.
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where Q denotes the 2% — 1 x L outcome matrix defined in Section 2. We refer to K“(y)
as the complementarity that type y of bidder 0 associates with each combination w; that
is, the difference between i’s value y* for the combination and the sum of ¢’s standalone
valuations for each object won in the combination.

Let Yy be the set of y € )V such that G; = b;. For each [ = 1, ..., L, define T;(y; o¥) as
the marginal probability that bidder 0 with type y € Yy wins auction [ = 1 under strategy
profile 0¥, and let fl(y) = limp_y00 Iy (y; 0%).1? Since independence of types across local
rivals implies independence of bids across both rivals and auctions, we may then write the
limiting interim payoff of bidder 0 at type y as follows:

#(y) =) Vily) — bl + > Te()[V(y) — Goely +ZKW (y)“ (1 = Tu(y)]

O£

=Y Tu®)[Vely) — Goely)] + Z E<(y) [T Te(w)* [t = Tu(y))'

LF#£l wiwy= £l

||’:|h

+Tu(y) - S Vily) =Bl + > [KY(y) = KW [ [ Te(y) [t = Tu(y)] = 5, (11)
wiw=0 3}

where we obtain the second expression from the first by partitioning the set of outcomes
w into those with wy = 0 and those with w, = 1, factoring out terms involving I';(y) from
the joint win probability [],T¢(y)“¢[1 — Te(y)]*~*¢, and recombining terms, noting that

{w:w =1} ={w Ve for w:w =0}.

For each auction [, let v; denote the infimum of the support of V;(Yp). Restrict attention to
the subset of y in Yy such that Vj(y) > v;; since Vj(y) = v, for at most a set of Fy-measure
0 in ), this subset has the same Fy-measure as Yy. Suppressing y in notation, we may
write the final term in braces as follows:

Vi—b)+ Y [K=Ve — K [[T5 0 — T~ (12)

wiw;=0 £l

Note that this term reflects bidder 0’s net expected marginal valuation for winning auction [,
taking as given her expected probabilities of winning other auctions ¢ # [ (which, critically,
do not depend on b).

First suppose that the expected marginal valuation (12) above is strictly positive for
Fy-a.e. y € Yy. Then bidder 0 can secure a payoff strictly above IIy by deviating at each
y € Yo to a bid b; slightly greater than by.

Now suppose 1nstead that the marginal valuation (12) is nonpositive on a subset of Yy
with positive Fyp-measure. The supermodularity of complementarities implies K«Vé > K¥

9Note that by construction we have f‘l(y) #Ty(y; &) for y € Yy
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for all w, whence

Vit Y (K — K[ - T > o.
w:w;=0 0#£l

Recall that, by hypothesis, v; is weakly greater than the infimum of the support of Y; for
each local rival ¢ with ¢; = [. Hence, when local rivals employ undominated strategies, any
by > v; implies a strictly positive probability of winning auction /. Hence there exists a
b, € (v;,V;) for which both I} > 0 and

Vi—bi+ Y [KeVe — K[ — Ty > 0.
wiw;=0 LF#l

The first line of (11) does not depend on T, so the only effect of deviating to bid b, at
type y is to replace the nonpositive final term in the limiting payoff (11) with a strictly
positive limiting term. By construction, this represents a strict increase in limiting payoffs,
which bidder 0 may secure against any sequence of rival strategies converging to 6_g by
infinitesimally increasing the deviating bid b). Furthermore, by hypothesis, such securing
deviations exist on a set of types y € ) of positive Fy-measure. Hence in this case bidder
0 can secure an ex ante payoff strictly greater than f[o.

Taken together, the cases above establish that for any point (&, 1:I) in the closure of the
graph of the vector ex ante payoff function II(-), if & is not an equilibrium then at least
one player i € {0,1,..., N} can secure a payoff strictly above I1;. This is what was to be
shown. [J

Proof of Proposition 5

The proof of Proposition 5 is by construction.

Consider any sequence {Bf, ey Bf}zozl of finite bid lattices for auctions [ = 1, ...L, such
that H(B* B;) — 0 for all I, where H denotes Hausdorff distance. For each k = 1,2, ...,
let the bid space for bidder ¢ = 1,..., N, Bf, be the Cartesian product of bid spaces Bf
for the auctions ! in which i is competing, and let B* = xf\; 1Bf denote the Cartesian
product of action spaces for all bidders. Proposition 3 implies that for each k there exists
a monotone pure strategy bidding equilibrium % on B*, where as usual monotonicity is
understood in the sense of the partial order (PO) on types and the coordinatewise order on
bids. As in Section 5.1, we may invoke Lemma A.13 in Reny (2011) to conclude that the
space of strategies monotone with respect to (PO) is compact, and hence that the sequence
{5* }22, has a subsequence {5+ 721 which converges pointwise a.e.-F' to a monotone pure
strategy limit ¢*. With more than one global bidder, however, we may no longer leverage
better-reply security to conclude that ¢* is an equilibrium.

Now augment the limit strategy profile c* with a profile of tiebreaking strategies 7% =
(71, ..., TAr) constructed as follows. For each strategy profile o" along the sequence {Uk}zo:l,
let TX(b) = Pr(ok(Yi) < b) denote the c.d.f. of bidder i’s bid in auction I, T¥(b;) =
Hfi 1 Ffl(bl) denote the c.d.f. of the maximum bid among all bidders in auction /, and
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7¥(b;) denote the (discrete) p.d.f. associated with the c.d.f . For each bidder i and
auction I, let 75(y;) = TF(ok(y:)) — 37F (0% (vi)) denote the c.d.f. of the maximum bid
among all bidders in auction I, evaluated at the point b; = UZ(yi), less 1/2 the p.d.f. of the
maximum bid among all bidders in auction I, also evaluated at the point b, = o (y;).
Note the following properties of the function T'F(b;) — 37/ (b;). First, since each step
of the c.d.f. T} is equal to the p.d.f. 5/(b), TF(b) — 37F(b) is monotone in b;. Second,
consider any k = 1,2,... and any two bids b,by € Bf Suppose WLOG that by > b;.
Clearly, if by = by, then I (b1) — 247 (b1) = TF(b2) — 37F (b2). Alternatively, if by > by, then

£ (o) - 37F0a)] — [FH) = 53t 00| = 100 + 3t 0] + T ()
where T'¥((by, b2)) denotes the I'f-measure of the open interval (b1, bs).

Finally, for each bidder i, define an L x 1 vector 7F¥(y;) = (7% (v:), ..., 7 (y:)) stacking
up the functions 7‘5 just defined. Observe that, by construction, Tfl, ...,T]’%l preserve order
of bids across bidders: i.e. for any bidders 4, j, we have 75 (y;) ; Tfl(yj) as o (y;) ; aé?l(yj).
Furthermore, the vector 7F(y;) inherits monotonicity of of: y! = y; in the sense of (PO)
implies 7F(y!) > 7F(y;) in the usual coordinatewise sense. Hence defining 7% = (7F, ..., 7F)
and focusing on the subsequence such that ¥ — o*, it follows that there exists a further
subsequence {k; }511 such that 7% also converges pointwise a.e.-F to a monotone limit 7*.

What do we gain from this construction? The cardinal limit o* cannot preserve ordinal
information on bids along the sequence — a tie under o* implies only that a positive measure

of types have the same limit bid. But the ordinal limit 7* does: if 7;j(y;) < 7/;(y;), then
we must eventually have 75(y;) < Tfl(y) and hence o (y;) < U}“l(yj) almost surely even
if also of(y;) — J;-“l(yj) (and hence types y;,y; tie under ¢*). Furthermore, the set of
types experiencing any relevant tie under the limit profile 7* will correspond, up to a set
of measure zero, with the set of types eventually experiencing an equivalent tie along the
sequence of. These facts are central to our construction, so we state and prove them

separately as a lemma.
Lemma 5. Consider any auction | = 1,...,L and any (b, ;) such that there exists some

bidder i = 1,...,N and type y; such that of(y;) — by and 7 (y;) — # alf k — 0. Then for

any bidder j = 1,..., N and for any type y; of bidder j such that limy, le(yj) =1,
o Ifmi(y)) < t;, then eventually U;?l(yj) < of(y;) as k — oo;
o If 7(y;) > ti, then eventually a;?l(yj) > ok (y;) as k — oco.

o If 75(y;) = i, then either (i) there exists K < oo such that U;-“l(yj) = o (y;) for all
k> K, or (ii) the I'F-measure of the closed interval

[min{oj (y:), o3 (y;)}, max{af (i), o3 (4:)}]

approaches zero as k — o0.
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Further suppose that t; > 0, and for each bidder j, let 37] be the set of types y; € V; such
that of(y;) — b and Tl(yz) — t. Then there exists a sequence {bFYi_  with bF € BF for
each k =1,2,... and bk — by, such that for all bidders j, the Fj-measure of types y; such
that y; € 37j but Jﬂ(y]) # bF converges to zero as k — oc.

Proof of Lemma 5. First suppose that 7 l(y]) < t;. Consider the subset of types y; such

that both o l(y]) and 7; % (y;) are pointwise convergent; recall that this set has full measure
with respect to Fy. If 7 l(y]) < 1y, then by definition

im { ot 01)) — gt | < = tim { b)) ~ gttt |

But from above, this can hold only if eventually Jfl(yj) < ok (yi).
Now suppose that that 7';} (yj) > t;. In this case, reversing the arguments in the last

paragraph shows that we must eventually have akl(y]) > afl(y,)

Next suppose that both 7 l(yj) — #; and 75 (y;) — #,. Further suppose that there does
not exist any K < oo such that k > K implies o%(y;) = ajl(y]) for all £ > K. Letting
W= min{ai"j(yi),aé?l(yj)} and bk = max{aﬁ(yi),afl(yj)}, we must then have b} < b5, at
least along a subsequence. But recall from above that b]f < b§ implies

1

EH05) - 30| - [T - 5k0h| = Skoh + 2t i) + T )

[\

(Y2
ﬂ\w\n—nl\p —

[ (bF) + 7' (b7) + TF (61, 05))]
= L7 ([0f, b5)).

The left-hand side of this inequality is identically |Tjkl(yj) - Tﬁ(yi)!, which approaches zero
by hypothesis. Meanwhile, the right-hand side is the f‘f—measure of the closed interval
[, b5]. Hence if T *(y;) — i, T8 (y;) — %, and there does not exist a K < oo such that
ok(yi) = 0; k(y;) for all k> K, then IF([bk,b5]) — 0. This establishes the claim.

Lastly, cons1der the final statement of Lemma 5. Suppose that ; > 0, and let yj denote
the set of types y; € ); such that o} (yJ) — by and 7! l(yj) — 1;; note that this set coincides
up to a set of Fj-measure 0 with the set of types y; such that 77 l(y]) = 1.

Without loss, restrict attention to j such that the Fj-measure of )7]- strictly exceeds
zero; the statement clearly holds trivially otherwise.

For each k, let Qf and l_)f be the minimum and maximum, respectively, among bids
afl(yj) submitted by some type y; € )_)j of some bidder j, and let bf be the conditional

TF-median of the interval [bf,bF] (rounded up within Bf as necessary). Note that this
sequence is well defined since at least one bidder j submits bids in the interval [bf, bf] with
positive probability, and since #; > 0 implies that for sufficiently large k this bidder is the
maximum bidder with strictly positive probability.

With this sequence {bf}2°, in hand, consider bidder j, and let yf’_(bf), yf’:(b;‘:), and
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yj’?’+(bf) be subsets of J; defined as follows:

YET(r) = {y; € Vi loki(y;) < b},
VT = {y; € VL ofilyy) = bf},
YEHr) = {y; € Vi o) > b}

For any (measurable) S C Y}, let F;(S) denote the Fj-measure of S. Note that for each k
we have

Fi(V;) = F(VP™ () + F3 (V7= (6F)) + F5 (V5 ().

First consider F}; (J) ~(bF)), and suppose that lim,_, F} (y ~(bF)) # 0. Since F} ()7 (b))
is nonnegatlve there must then exist some € > 0 such that, at least along a subsequence
we have Fj (y ~(bF)) > €. Pass to this subsequence as necessary.

Now, at each iteration k, let IN)f denote the median bid submitted by types y; within the
subset y’?"( bf) (rounding down in case of ties). Note that this is again well defined since
by hypothesis Fj (y “(bF)) > €. Furthermore, by construction, at least Fj-measure €/2 of
types y; € yj ~(bF)) have afl(yj) < bF, and at least Fj-measure /2 of types y; € yf’_(bf))
have afl(yj) > bF (although these sets could overlap).

Next consider the c.d.f. of the maximum bid at step k, evaluated at . By definition,

7 (bf) = T @) [ i@
i#j

Since T (bf) > TF(bF) — 4l F(bF) — 1 > 0, we must eventually have TF(bf) > #;, for some
£; > 0, and hence Tz Tk (bF) > #; since Fk L(bF) < 1. Pass to this subsequence as needed.

Finally, consider any y; € yj (W) U y;”(bf) and any ys such that afl(yg) < i)é‘:
Observe that

1 ()
+3F () + TH((BF, 5)
+ AR EE) + 5 [3F B + TG )

2
— 1
= TH(E) — AR + STEEE )
1-, ~

By definition, Iy ([Bf, b)) is the probability that the maximum bid in step k falls in the
interval [bF,bF). One way (of many) this can occur is that bidder j submits a bid in [bF, bF),
while all other bidders submit bids weakly less than bf. Since, by construction, j submits
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a bid in the interval [i)f, bF) with probability at least €/2, it follows that

. i e e
TH(RE. b)) > Pr(ofy € o o) T Th) > 5
i#]

Hence, for all k, for all y; € yf’:(bf) ny’+(bf), and for all y» € Y;(#;) such that afl(yg) <

bF. we must have

€t;
Th(n) > h(e) + ik

But recall that, for each k, the Fj-measure of the set {y; € y]’?" : a;?l(yj) < bF} is at least
€/2 > 0, while the Fj-measure of the set yf’:(bf) U yf’+(b;€) is at least F;();)/2 > 0. In
other words, we can find two subsets of )7j of Fj-measure bounded away from zero, such

that for every k, all values of T]kl() on one subset are bounded away from all values of

T]kl() on the other subset by a strictly positive distance. In this case, if T]’?l(yj) — t; on

one subset, we cannot have Tﬁ(yj) — t; on the other, contradicting the hypothesis that
Tjkl (y;) — 1, for all y; € Y;. It follows that we must have limg_, oo Fj(yf’_(bf)) =0.

To complete the argument, consider F} (yj’?* (bF)), and suppose that limg_ 0 F} (y]’?* (bF)) #
0. In this case, taking I;f to be the median bid submitted by types y; € yj’?*(bf), and fo-
cusing on the limit of T]kl() among types whose bids weakly exceed b¥, we find that the
hypothesis limy_, o Fj (yf*(bf)) = 0 implies a contradiction analogous to the one above.

Hence we must also have F} (yf*(bf)) — 0. This establishes the claim.
O

Lemma 5 immediately implies that bidder ¢ with type y; cannot strictly gain from
submitting any (b,f) which is on the equilibrium path in the sense that for each auction I,
there exists some bidder j = 1,..., N and type y; with 0% (y;) — b and T'¥(c¥ (y;)) — #. For
by Lemma 5, the outcomes generated by such a (b, ) can differ on at most a set of measure
approaching zero from the limiting outcomes which would have eventually obtained had
bidder ¢ imitated the relevant type y; of bidder j in auction [ along the sequence of equilibria
o". Hence if deviating to (b, ) is strictly profitable under o* x 7*, i must eventually also have
had a strictly profitable deviation at some point along the sequence o*. This contradicts
the hypothesis that o* is a sequence of equilibria.

So i cannot have a profitable deviation which is on the equilibrium path in the sense
above. To ensure that the profile o* x 7* is an equilibrium, it is therefore sufficient to con-
struct a collection of tiebreaking precendence rules p7, ..., p7 such that the set of deviations
available to ¢ under o* x 7% are payoff equivalent to those on the equilibrium path.

Toward this end, consider the tiebreaking rule pj(t) equal to the c.d.f. of the random
variable T = max{7};(Y1), ..., 7;(Yn)} evaluated at ¢t. Then p; is a weakly monotone
function from [0, 1] to [0,1]. Furthermore, if the auctioneer evaluates ties according to
the tiebreaking rule pj(¢), then by construction submitting any tiebreaking signal t* €
[0, 1] is equivalent (up to an irrelevant set of measure zero) to submitting the next lowest
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tiebreaking signal on the equilibrium path. Hence under tiebreaking rule p;, bidder i’s set
of feasible deviations in auction [ is payoff equivalent to her set of feasible deviations on the
equilibrium path. In view of the arguments above, it follows that ¢* x 7* is an equilibrium
under the L x 1 vector of tiebreaking rules p* = (p}, ..., p} ).

Example of a simultaneous standard auction game with mul-
tiple global bidders that is not better-reply secure.

Example 4. Consider a setting where two symmetric bidders ¢ = 1,2 compete in two
first-price auctions, with reserve price r = 1 in auction 1 and r = 0 in auction 2. Each
bidder ¢ has standalone valuations Yil’o and Yio’1 uniformly distributed on [0, 1], and a
combinatorial valuation Yil’1 = Y;O’l + 62’1 with e}’l continuously distributed on [1, 2], with
(1@0’1,3/;1’0,62’1) mutually independent. In what follows, let F(y*!) denote the marginal
c.d.f of the combinatorial valuation Y;l’l.

In this setting, consider the following sequence of bidding strategies n = 1,2,3,.... In
auction 1, bidders bid according to the strategy S7'(yi) = 1+ F(yz1 1) /n. Meanwhile, in
auction 2, each bidder i bids according to the fixed strategy Sa(y;) = B(yil’l) —1, where B(+)
is the strategy describing a symmetric Bayesian Nash equilibrium of a standard first-price
auction with standalone valuations drawn from distribution F'(-): i.e.,

_ " F(2)
Bv)=wv —/1 Flo) dz.

In other words, in auction 1, both bidders submit strategies converging to the reserve price
r = 1. Meanwhile, in auction 2, they bid “as if” competing in a first-price auction in which
both bidders draw standalone valuations according to V; = Yil’1 - 1.

Note the following features of this sequence of strategies. First, for each bidder, bids
in each auction are comonotone in y', which implies that each bidder either wins both
auctions, or wins neither. Second, the bidder who wins both auctions is the one with
the highest valuation for the combination. Third, along the sequence, bids in auction 1
are monotonically decreasing toward the reserve price r = 1, while expected payments in
auction 2 are constant. Hence, as n — oo, payoffs for both bidders are monotonically
increasing toward the limit

= /3 [y =By dF(y'),
1

which also equals the payoff which each bidder would obtain if they were instead competing
in a standard first-price auction for a single object with valuations drawn from symmetric
distribution F.

Let 3 = limy, 00 (37, B%) be the limit of this sequence of strategy profiles as n — oo:
ie. Bi(y) =1, Baly) = BMyi) = B(yil’l) — 1. Clearly, this limit strategy profile 5 will
involve a tie at bj; = bo; = 1 in auction 1 with certainty. Furthermore, the limit strategy
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profile 5 will not be an equilibrium.?°

Building on this example, we aim to show two further results. First, the game is not
continuously secure in the sense of Barelli and Meneghel (2013), which implies that it is
not multiply secure in the sense of McLennan, Monteiro and Tourky (2013) or better-reply
secure in the sense of Reny (1999). Second, while 3 is not a Bayesian Nash equilibrium
with independent tiebreaking, it is part of an equilibrium with endogenous tiebreaking.

We begin with the second claim: f3 is an equilibrium bidding strategy with endogenous
tiebreaking. To see this, suppose we augment the strategy space of the auction game by
allowing each bidder ¢ to submit, in addition to their bid b;;, a cheap-talk signal ¢;; € [0, 1]
used by the auctioneer to break ties in auction j = {1,2}. Specifically, suppose that, in the
event that by; = boj, the auctioneer awards object j to the bidder submitting the highest
tiebreaking signal in auction j (allocating randomly in the event that tiebreaking signals
are also tied). With this simple extension, (3 is in fact an equilibrium bidding strategy.

Toward this end, augment the limit bid strategy 8 with a signaling strategy such that
bidder i submits tiebreaking signal t;; = gb(yil 1) in auction 1, where ¢(-) is any strictly
monotone function from R to [0, 1].2! The specific function ¢ considered is inessential; for
our purposes, all that matters is that both players employ the same signaling strategy, and
that this signaling strategy is a strictly monotone function of (only) the joint valuation
Yil’l. Furthermore, since the limit profile 3 almost never yields ties in auction 2, any
profile of signaling strategies in auction 2 will be consistent with equilibrium. We aim to
show that, taking rival bidding and signaling strategies as given, neither bidder can gain
by changing either their signal or their bid.

First note that both bidders submit the minimum bid in auction 1. Hence any profitable
deviation must involve changing either the signaling strategy in auction 1 or the bidding
strategy in auction 2.

Next, holding bid b; = 1 fixed, suppose that bidder i submits bid B(z) — 1 in auction
2 (for z not necessarily equal to yzl ’1; as usual, we can express any potentially profitable
deviation in this way). Then it is also optimal for bidder ¢ to submit tiebreaking signal
¢(2) in auction 1. For conditional on winning auction 2, each bidder always prefers to win
auction 1 also: Y11 — YOl always exceeds 1. Furthermore, neither bidder wants to win
auction 1 without also winning auction 2: Y10 < 1 almost surely. Setting t;; > ¢(z) would
induce events in which bidder 7 wins auction 1 but not auction 2; setting ¢;; < ¢(z) would
induce events in which ¢ wins auction 2 but not auction 1. In either case, bidder ¢ could
at least weakly, and almost always strictly, gain from submitting signal ¢;; = ¢(z) instead.

In other words, we can restrict attention to deviations of the form (1, B(z) —1, ¢(z)) for
some z € [1, 3]. By construction, at any such candidate deviation, bidder i either wins both
auctions or wins neither, paying total bid B(z) and receiving joint valuation yi1 1 in the

20Formally, with independent tiebreaking, each bidder i bidding b;; = 1 will win auction 1 with
probability 1/2 under the limit strategies. Hence, in the events in which they win auction 2, each
bidder ¢ will receive yzl 1 with probability 1/2; and y? 1< yll 1 with probability 1/2, rather than
receiving 3/11 ! with certainty as along the sequence. Consequently, the limit bidding strategy for
auction 2, which relies on both bidders knowing that in the events they win auction 2 they will also
win auction 1, will not be an equilibrium.

. . 1,1 1,1
21For concreteness, one could for instance normalize ¢(y;") = F(y;”")
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event of a win. Furthermore, given that their rival is following the equilibrium strategies
specified above, bidder i submitting deviation bid (1, B(z) — 1,¢(z)) wins both auctions
with probability F'(z). Bidder i’s problem is therefore to choose z € [1, 3] to solve
max (y;' = 1= (B(z) = 1))F(2) = max (y;"' = B(2))F(2).

But this problem is formally equivalent to the bidding problem in a first-price auction in
which both bidders draw effective valuations yzl 1 from F(-). By construction, B(z) is the
equilibrium bidding strategy corresponding to such an auction, which implies that each
bidder ¢’s optimal choice is z = yi1 1. Hence a bidder with type yi1 1 optimally submits
bid vector (1, B (yzl 1) — 1) and tiebreaking signal T(yzl 1), Note that, by construction, each
bidder’s payoff under this equilibrium is equal to the limit payoff & defined above.

We now return to the question of whether the simultaneous auction game is payoff
secure. Toward this end, we consider the related definitions of Barelli and Meneghel (2013),
McLennan, Monteiro and Tourky (2011), and Reny (1999). Intuitively, adapted to our
context, these papers define a game as payoff secure at strategy profile § if, in some
neighborhood B of 3, the following two conditions hold: (i) every player i can secure a
payoff above some threshold 7; against every rival strategy contained in B, and (ii) at
each possible strategy profile B in B, some bidder is earning a payoff WZ(B) strictly below
the payoff 7; which they are able to secure. The precise definition of “secure a payoff”
varies across studies, with the continuous security concept of Barelli and Meneghel (2013)
nesting the multiple security concept of McLennan, Monteiro and Tourky (2011), which
nests the better-reply security concept of Reny (1999). Essentially, however, all three
definitions require each bidder 7 to be able to use some strategy or strategy correspondence
to guarantee a payoff above the threshold 7; against any rival strategy in the neighborhood
B, where the securing strategies can in principle depend on which rival strategies are played
at each point in the neighborhood.

For our purposes, it is sufficient to demonstrate that, against rival strategy (,, any
own strategy must yield an expected payoff strictly below the limit payoff 7; this implies
that it is impossible for any bidder to secure a payoff equal to or greater than 7; using any
strategy or combination of strategies. Toward this end, suppose to the contrary that there
exists a strategy f3 for bidder i yielding expected payoff weakly exceeding 7 when the rival
bidder follows strategy B,. Observe that, by following strategy 51() in auction 1, bidder
¢ with type y; wins auction 1 against all rival types y; such that

y;t < F nBi(yi) — ).

Now return to the equilibrium with tiebreaking developed above. Observe that, by sub-
mitting bid vector (1,3:) and submitting tiebreaking signal ¢(F~*(nf;(y;) —n)), bidder
1 could achieve the same ex-post allocations and auction-2 payments as she achieves by
playing 3 against 3,. But from above, we know that the expected payoff from such a
deviation must be at least weakly below 7, since 7 is the payoff from bidder i’s optimal
play given the strategy of her rival. It follows that we must have bidder ¢’s expected payoff
from playing 3 against 3, at least weakly below 7. Furthermore, since f,(-) > 1 almost
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surely, the strategy B must involve either losing auction 1 almost surely, or an average bid
in auction 1 which strictly exceeds 1. Either would strictly reduce payoffs relative to the
limiting payoff 7. Hence the inequality in expected payoffs must be strict.

Since any strategy played against 3, must yield a payoff strictly below 7, we conclude
that any payoff m securable by i, using any strategy or strategy mapping allowable under
the definitions above, must be strictly below 7. Furthermore, for any possible © < 7, we
have exhibited a sequence of strategies which are contained in any neighborhood of 3, such
that both bidders eventually obtain payoffs strictly greater than 7. In other words, for any
payoff & which bidders could potentially secure, and in every neighborhood of the limit
strategy [3, there exists a strategy profile 3,,(-) such that both bidders earn payoffs strictly
greater than 7. We conclude that conditions (i) and (ii) of the payoff security definition
cannot hold simultaneously. Hence the game is not payoff secure.

Finally, we briefly discuss the analyses of Bagh and Jofre (2006) and Carmona (2009),
which also concern extensions to better-reply security but are not nested by Barelli and
Meneghel (2013). Bagh and Jofre (2006) provide weaker sufficient conditions than Reny
(1999) under which better reply security (as defined by Reny 1999) holds. Since we have
already shown directly that our game is not better reply secure, these conditions are un-
fortunately not helpful here. Meanwhile, Carmona (2009) shows that weak better reply
security plus weak upper semicontinuity are sufficient for existence of Nash equilibrium.
Weak upper semicontinuity requires that for each (B ,7) pair in the frontier of the closure
of the function mapping strategies to payoffs, there exists at least one player ¢ who can
earn a payoff strictly greater than m; by deviating to some alternative strategy 5;. But as
shown above, the strategy-payoff pair (5, 7) is in the frontier of the closure of the payoff
function, and no bidder i can earn a payoff above 7; if their rival bids according to .
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