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Abstract

We present a novel entry-game with endogenous information acquisition to study the welfare
effects of opacity and competition. Potential entrants to an opaque market are uncertain about their
competitive advantage relative to other investors, i.e. their type. They construct optimal costly signals
to learn about their types, where the marginal cost of learning captures the opacity of the market. In
general, the individually optimal entry and learning decisions are socially suboptimal. Players over-
invest in learning and more opaque markets are associated with more crowding. Nevertheless, more
opaque markets might still lead to higher welfare by implying a better trade-off between the degree
of crowding and the total cost of learning. Similarly, decreasing the share of smart investors in the
market might also improve welfare. However, fierce competition is always detrimental to welfare as it

leads to more wasteful learning without changing the level of crowding.
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1 Introduction

In our rapidly changing global economy, entrepreneurs and financial investors have to be nimble and
well prepared to survive. Fleeting investment opportunities arise routinely in global financial markets.
Technological developments create new market segments by the day and make existing ones obsolete.
It is insufficient to simply recognize new opportunities: The key to success for the potential entrant
is to tell whether she was sufficiently early in noticing the opportunity and whether her existing skill
sets make her able to compete efficiently. In light of this, it is not surprising that market participants,
ranging from venture capitalists, global banks to leading technological companies, invest vast sums into
analyzing markets, developing know-how and technology to help them decide whether to undertake
investment opportunities. Also, new opportunities are heterogeneous. Some opportunities are in the
public eye, leading to a large mass of would-be entrants standing on the sideline considering whether
to jump into the fray. Some opportunities are opaque making it costly or even impossible to predict
whether the existing skill sets will lead to success or failure. Which kinds of new market segments
or trading opportunities are subject to overcrowding? Are the vast resources invested in learning
about opaque opportunities socially useful? Should regulators push for transparency? In general,
what are the welfare implications of learning about such new investment opportunities in the face of
competition and opaqueness?

In this paper, we present a unique, parsimonious framework to answer these questions. We analyse
a novel entry-game with endogenous information acquisition to study the welfare effects of opacity
and competition. Potential entrants (players hereon) to an opaque market are uncertain about their
competitive advantage relative to others, i.e. their type. They construct optimal signals to learn
about their types subject to an entropy cost. The opacity of the market is captured by the marginal
cost of learning, while the extent of competition is modelled by the mass of players standing on the
sidelines. In general, the individually optimal entry and learning decisions are socially suboptimal.

Players always over-invest in learning and more opaque markets tend to be more crowded. Never-



theless, transparency is not always optimal as more opaqueness might still lead to higher welfare by
discouraging costly learning without excessively increasing crowding. Opaqueness is more likely to be
beneficial if competition is not too fierce, while transparency is preferred if competition is excessive.
Fiercer competition leads to more wasteful learning leading to deteriorating welfare without affecting
crowding.

In our game, players’ type is distributed over the unit interval. Each player’s pay-off upon entry is
a linear function of the mass of entrants with better types, and the mass of entrants with worse types.
We focus on the case for which an entrant’s revenue is decreased by an additional better entrant and
increased by a worse entrant such that players engage in a “rat race”. We also assume that the effect of
an additional random entrant (if she is better or worse with equal probability) is also negative, leading
to potential “crowding” in the market. Each player constructs an optimal signal structure to learn
about her type. Building on Sims (1998, 2003), the cost of any given signal structure is proportional
to the implied reduction in entropy. Given the equilibrium strategies, a player’s posterior on her type
implies a posterior on the mass of better and worse entrants. Hence, each player learns about her
competitive advantage on the given market relative to other entrants.

Our formalization results in a parsimonious structure. In equilibrium, the optimal information
acquisition and entry strategies are reduced to a single function, mapping player’s possible types into
a probability of entry. For example, if the player were to decide to enter with a given probability
independently of her type, we represent this choice with a constant function. This strategy does not
require learning. In contrast, if the player were to decide to enter if and only if her type is better
than a given threshold, this can be represented by a step function. However, for this, her signal has to
be sufficiently precise to know with certainty whether her type is above this threshold. This strategy
turns out to be very costly under our specification. In equilibrium, players typically choose an interior

strategy represented by a smooth, monotonic function, implying higher entry probability for better

types.



Our main result is that whether a regulator should aim for more transparency depends on the level
of competition. Typically, full transparency is preferred only if there is a large mass of players aware
of the opportunity and ready to enter, i.e. if competition is fierce. Otherwise either an interior level of
opacity or full opacity maximizes welfare. The intuition relies on two effects. First, full transparency
leads to insufficient entry because worse players do not internalize their beneficial effect on better
entrants. On the other hand, full opacity leads to crowding which is more severe if competition is more
fierce because players unaware of their types exert a negative externality on other entrants. Therefore,
less than full transparency might push entry closer to its efficient level especially when competition
is limited. Second, there is costly over-learning in our model because of the rat-race between the
players. This leads to a more subtle benefit of increased opacity. Less than full transparency might
help to reduce the overall cost of learning. While decreasing transparency, by definition, increases
the marginal cost of learning, it might reduce the amount of learning sufficiently that the overall cost
decreases. The benefit of this reduction in learning expenditure can more than offset the welfare loss
of increased crowding due to more opacity. Thus increasing opacity is more likely to improve welfare
if competition is limited because the welfare loss from crowding is less of a concern.

An additional result is that fiercer competition decreases welfare. First we show that unless the
mass of players is so small that the entry decision is trivial, increasing competition does not change
aggregate entry, which stabilizes at an inefficiently low or high level. To understand this result, note
that players adjust their entry decisions along two main dimensions as competition increases. First,
the marginal benefit of knowing your type more precisely before entering is increasing in competition
because there are more players with a better type, increasing the “rat race” among players. Second,
with more players, “crowding” becomes a bigger concern. We show that these two effects have exactly
offsetting effects on aggregate entry. Nevertheless, as competition increases, welfare decreases. The
key insight is that the “rat race” effect increases with competition, thus players choose to learn

more. While ceteris paribus more learning can alleviate inefficient over-entry (as stated above), more



learning due to increased competition does not change the amount of entry. Thus the higher learning
cost implied by more competition is socially wasteful.

We analyze two extensions. First, we show that when better types find socially more valuable deals
in the new market, then more competition often leads to an allocation that is “too efficient” compared
to the planner’s solution. The reason is similar to that in the baseline model, it is due to over-learning
that decreases welfare. Second, we also extend our model to the case in which there is heterogeneity
across players: some are more sophisticated and thus can learn at a lower cost than others. Keeping
the mass of all players fixed but increasing the share of sophisticated players might also decrease
welfare. Initially, increasing the fraction of sophisticated players increases welfare since it raises the
average sophistication of players and this can alleviate over-entry. However, further increasing the
fraction of sophisticated players beyond a certain threshold, less sophisticated players are afraid of
being ripped off and exit the market. Once less sophisticated players exit, sophisticated players engage
in a vicious “rat race” of learning which leads to decreasing welfare, similar to the baseline model.
Thus like in opacity, in many cases there is an intermediate mix of sophisticated and unsophisticated
players that maximizes welfare. Identifying the most sophisticated players as high-frequency traders
connects this result to the policy debate on the social benefit of ultra-high frequency trading.'

Our main contribution is to study the welfare effects of optimal learning in an entry game with
uncertain competitive advantage. Our paper is connected to various branches of literature. First,
there is a growing literature on the welfare effects of endogenous information acquisition, e.g. Myatt
and Wallace (2012) and Colombo, Femminis, and Pavan (2014). While this literature focuses on a
common-value learning, we analyze an environment when players learn about their relative advantage
compared to the other entrants.

Second, from a methodological view point we rely on the rational inattention approach pioneered

by Sims (1998, 2003). We follow the branch of the literature which allows for fully flexible informa-

1See, for example, Securities and Commission (2010).



tion acquisition as Matéjka and McKay (2015), but restrict ourselves to binary actions similarly to
Woodford (2008), Yang (2015,b).>

Third, there is a literature analyzing entry/exit in financial markets in the presence of externalities
induced by other investors. Stein (2009) introduces a simple model of crowded markets. More gener-
ally, there is a classic literature on socially inefficient entry, e.g. Tullock (1967), Krueger (1974), and
Loury (1979). We contribute to this literature by introducing a flexible, but costly learning technology
and studying its welfare effects. Relatedly, Abreu and Brunnermeier (2003) and Moinas and Pouget
(2013) show that the inability to learn about one’s relative position versus that of other investors’ is
a key ingredient in sustaining excessive investment in bubbles. This highlights our contribution in
adding learning to a model of crowded markets with potential over-entry.

Finally, there are numerous papers showing excessive investment in learning or effort. There is a
literature on the social value of private learning: e.g. in Hirshleifer (1971), private information can
be detrimental as it changes ex ante incentives for insurance, in Glode, Green, and Lowery (2012),
learning affects ex-post trading opportunities. These papers study welfare effects in markets with
asymmetric private information, while in our framework information is imperfect but symmetric.

The rest of the paper is structured as follows. In Section 2 we present our model. In Section 3
we analyze the optimal choice of entry and learning and the effects of opaqueness and competition on
crowding and welfare. In Section 4 we consider extensions of the payoff function and also allow for
heterogeneity in player sophistication. Section 5 concludes. All proofs are relegated to Appendix A.
Further analysis can be found in the online appendices: In Appendix B we analyze median entrants.
In Appendix C we give a structural microfoundation for the reduced form model and analyze its

economic implications. We analyze Gaussian signals instead of fully flexible learning in Appendix D.

2The other successful approach is to allow for continuous actions, but restrict the signals to be Gaussian. See Mac¢kowiak
and Wiederholt (2009), Hellwig and Veldkamp (2009) and Kacperczyk, Nieuwerburgh, and Veldkamp (2016) for intriguing
models using this approach.



2 A model of learning and investing in crowded markets

In this part we describe our setup. We first present the payoff function, then introduce the flexible
learning technology and define the real outcomes. Finally, we discuss potential interpretations and

microfoundations of our reduced form model.

2.1 Payoffs

Consider an entry game with a continuum of players of mass M, each with a type € uniformly
distributed over [0,1]. M measures the level of competition between the players. Each player can
decide to take an action: whether to enter the market or not. # characterizes the player’s ability to
identify better investment opportunities in this new market than others. Lower # implies a better

type. The utility gain (or loss, if negative) from entry is given by
Au(@)=1—-p5-b0)+a-a(d)—k-0 (1)

where o and § are constant parameters. b(6) denotes the equilibrium mass of entrants with a type
better than 6. a(f) denotes the equilibrium mass of entrants whose type is worse than . We show in
the microfoundation in Appendix C that it is natural to assume that that S > |«|. First, this implies
that, S+ a > 0, which is without loss of generality since it is simply consistent with the interpretation
that a lower 6 represents a better type. Second, it follows that 8 —« > 0, such that the median entrant
imposes a negative externality on others, that is, the market is prone to getting crowded from a social
point of view. It also follows that 8 > 0 while o could be positive or negative, though we focus most

of our analysis on the more interesting case of & > 0. When k > 0, better players have an absolute



advantage, that is, better types derive more utility from entering regardless of the entry decision of
others. We discuss this case in Section 4.1, otherwise we analyze the simpler case of x = 0.?
As we specify below, players do not know their type, but can gather information about it through

a costly learning process.

2.2 Learning cost based on entropy

Before entry, players can engage in costly learning about their type. Observe that if H (-) is any
intuitive measure of uncertainty then H (6) — H (6|s), the reduction of uncertainty after observing
signal s, is a measure of learning induced by signal s. Following Sims (1998), we measure uncertainty
by specifying H (-) as the Shannon-entropy of a random variable. Therefore, we specify the cost of
learning a signal s as being proportional to the induced reduction in entropy of 6 : H (§) — H (0|s) .
This quantity is often called the mutual information in € and s. As Sims (1998) argues, the advantage
of such a specification is that it both allows for flexible information acquisition and can be derived
based on information theory. Note that the payoff (1) for a given # in our model is linear in entry.
Woodford (2008) derives the optimal signal structure and entry decision rule for such problems which

we restate in the lemma below.

Lemma 1. Optimal signal choice. The optimal signal structure is binary: players choose to receive
signal s = 1 with probability m(0) and s = 0 with probability 1 —m(0), given their type 6. The optimal

entry decision conditional on the signal is: enter if s = 1, stay out if s = 0.

Thus, similar to Yang (2015) the conditional probability of entry m(#), or equivalently, the condi-

tional probability of getting a signal 1, is the only choice variable. The intuition for the binary signal

3In the main text, we work with the reduced form payoff (1). In Appendix C, we embed the reduced form game into
an explicit model of capital reallocation. Also, in an earlier version Kondor and Zawadowski (2016), we provide microfoun-
dations in various other contexts, including production with local spill-overs, consumption with externalities, and academic
publications. The critical feature of all microfoundations is that each player’s pay-off is lower if better types also enter, while
worse entrants can either help or hurt. These applications provide further insights on the interpretation of parameters «,f
and k. We summarize these applications in section 2.4.

“The entropy of a discrete variable is defined as > P(x)log %, where the random variable takes on the value x with

probability P(x), see MacKay (2003).



structure is that the only reason players want to learn about  is to be able to make a binary decision
of whether or not to enter. Given the linearity of the problem, the “cheapest” signal to implement
the optimal entry strategy is also binary, it simply tells the player whether or not to enter.

We now write the cost of learning, defined by the reduction in entropy, in case of a binary infor-
mation structure. Denote the amount of learning L using the mutual information in type 6 and signal

s (defined in Lemma 1) as

L(m) = H (6) — H (6]s) = H (s) — H (s/6) = (2)
e Y e P s

where the first equation is a property of Shannon-entropy. p denotes the unconditional probability of

entry and is defined by:

1 ~ ~
p= /0 m(0)dd 3)

The expression for learning (2) can be understood in the following way. There is no learning if the
signal is uninformative about the state, that is, if it prompts the player to enter with probability p
unconditional on its type 0. Indeed, it is easy to check that when m (6) is constant at p then L (m) = 0.
Thus, learning depends on how much information the signal contains about the state. Intuitively, the
steeper m(6) becomes in 6 (keeping average entry p constant), the more the player is differentiating its
entry decision according to its type and the higher the entropy reduction, thus the higher the learning
cost. The highest cost is achieved when m (6) is a step function. Note that L is bounded from above
but might generate infinite marginal cost of learning.

Our measure of the cost of learning induced by a signal defined in Lemma 1 is - L (m) where p is
an exogenous marginal cost parameter.  is our measure of the opacity of the market. We assume that
players have to decide about the amount of information acquisition ex ante without any knowledge
about the action of others. We interpret this as the cost of building an information gathering and

evaluation “machine” which includes the costs of gathering and optimally evaluating the right data.



Conveniently, standard results in information theory imply that the entropy of a random variable
is proportional to the average number of bits needed to optimally convey its realization. Hence, the
parameter p can be interpreted as the cost of building a marginally larger information gathering and

evaluating machine or writing a longer “code”.”

2.3 Competitive and planner’s solution

We define the competitive solution of the game as a Nash equilibrium: strategy profiles m;(0) : [0, 1] —
[0,1] for all ¢ € [0,1], such that player i’s strategy is a best response to all other players’ strategy.
We restrict our attention to looking for a symmetric Nash equilibrium in which all players choose the
same m(f) function, thus the i subscript is suppressed in what follows. Remember that the payoff
of player 6 depends on the mass of players with higher and lower # entering. In case of symmetric

strategies, the mass of players with types lower (i.e. better) than # who choose to enter is
0 ~ ~
b(0) =M / m(0)do, (4)
0
while the mass of types higher (i.e. worse) than # who choose to enter as
1 ~ ~
a(@) =M / m(6)de, (5)
6

and M -p = b(0) + a(0) is the aggregate entry of players.

Players aim to maximize their expected payoff from entering, net of learning costs:

1
- / m(9) - Au(6) 46 — - L(m), (6)
0

5An alternative would be to think of capacity as limited and p being the Lagrange multiplier of the capacity constraint.
Instead, our modelling choice captures the idea that in most relevant contexts learning capacity can be expanded, even if for
a cost. That is, the player can decide to use more complex code to evaluate data, hire new staff or spend more time with the
analysis before entry.



where Au is the utility gain of entrants defined by (1). We define welfare® as the total utility gain
from entry W = M -V, and aggregate revenue of the players as their expected payoff before taking
into account learning costs M - R = M - folm(e) - Au(f) df. In the competitive solution, each player
chooses m(#) and takes Au as given. The social planner can choose the strategy m(6) of all players

and takes into account that Awu also depends on m(0).

2.4 Applications

There are various applications which imply the reduced form payoff (1). The common theme in these
applications is that each player’s pay-off is lower if better types also enter (8 > 0), while worse entrants
can typically increase the payoff (o« > 0). Applications differ in the interpretation of a better type,
and in what the source of the externalities are.

In Online Appendix C, we consider the problem of a financial investor who develops a novel trading
strategy. Her problem is that she does not know whether she is among the first investors with this
trading idea or the strategy is already “crowded” as described by Stein (2009). In the latter case, not
only her realized return is expected to be smaller, but in the case of an aggregate liquidity shock, her
losses induced by fire-sales are larger. On the other hand, a larger mass of late players can help her
if she is subject to an idiosyncratic liquidity shock. This is so, because they can provide her liquidity,
i.e., better terms for exit. We show that in this application, a better type is the player who finds
the new opportunity early. The size of 3 is related to the price impact of early entrants, while « is
related to the benefit of liquidity provided by late entrants. 8 — « is higher when fire-sales are more
frequent and more severe. In this setting opacity can be interpreted as the amount of information

that is available about other traders’ trading strategy and the informativeness of price. The regulator

6In principle, there might exist applications were V, the per capita utility is a better measure of welfare than total utility
W. We have opted to focus on W because of two reasons. First, in the applications we have considered and summarized in
section 2.4, W tends to be a more relevant welfare measure. In these applications, Au tends to measure the productivity gain
on a reallocated unit of capital a potential entrant can transfer towards a new opportunity. Potentially, the economy benefits
more when more capital is reallocated. This potential benefit is measured by total utility and not per capita utility. Second,
our results showing that welfare might be decreasing in M are stronger if one consider the measure W. In fact, whenever W

is decreasing in M, V must be also decreasing.
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can potentially make markets more transparent by e.g. collecting and disclosing the amount of capital
devoted to different trading strategies.

In the working paper version Kondor and Zawadowski (2016), we provide further microfoundations.
For instance, our payoff function can be derived from the problem of potential entrants into a market
with scarce inputs and local spill-overs. Consider a technology start-up developing a new service with
network externalities. A late entrant might struggle to attract the best specialized engineers and other
scarce resources paying a premium. On the other hand, more late entrants can increase the value of
the product for all firms through the network externality. Large levels of opacity could result from
secretive product development to guard intellectual property. A planner could increase transparency
by mandating the reporting and publishing of product development plans and the amounts invested
in certain activities.

Finally, we also consider a tournament model in academic publications. When a researcher chooses
a subfield to work on, she has to make sure that she can write better papers than others. This might
not be clear without significant investment in understanding the connected literature and methodology.
At the same time, she would like to enter to a field where many others enter, otherwise her impact
might remain very low, even if her quality of work is high. In this setting opacity measures how hard
it is to figure out what other researchers are working on or planning to work on. A planner could
increase transparency by publicizing research plans and encouraging dissemination and feedback on

early stage research.

3 Model Solution

In this section we analyze the model. We start by the characterization of the no information (u = 00)
and full information (@ = 0) benchmark. We then formulate and solve the players’ and the planner’s
problem for general levels of opacity u. Finally, we derive the welfare effects of more competition

(higher M) and less transparency (higher p). This section contains the main insights of the model.
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We argue that opaque markets tend to be more crowded, opaqueness is likely to be beneficial if
competition is not too fierce, and that fiercer competition leads to more wasteful learning leading to
deteriorating welfare without affecting crowding. We also explain the main mechanisms behind these
insights.

In this section, we allow for any 5 and « in (1) satisfying our parameter restrictions but restrict £
to 0. We analyze the k > 0 case in an extension in Section 4.1 to show that results are qualitatively

similar in that case.

3.1 Full and no information benchmark

To better understand the optimal strategies and aggregate entry, we first look at the extreme cases
of full information and no information. These extreme cases highlight that the nature of externality
changes depending on the amount of information. While without information both « and 3 repre-
sent externality, with full information only 8 does. We show that this implies under-entry with full
information whenever o« > 0, and over-entry with no information regardless of the sign of «, both
compared to the planner’s solution.

The next Lemma characterizes optimal strategies and entry in the competitive solution and under
the planner in the full information benchmark, that is, when the marginal cost of reducing entropy,

1, is zero. We also refer to this case as full transparency.

Lemma 2. Full information benchmark. Under full information (1 =0), there is too little entry
in the competitive equilibrium if o > 0, and excessive entry if a < 0. In the symmetric competitive
equilibrium players’ equilibrium strategy is a unit step function m(0)|,—o = 1 {9 < MLB} , resulting in
aggregate entry

M - p|=o = min <%,M> (7)

12



In the social planner’s optimum, one of the many symmetric optimal strategies is a unit step function

ms(0)] =0 = 1 {6 < m} , and all of the planner’s optimal strategies imply aggregate entry

M-pszmin</81a,M>. (8)

Under full information, in the competitive equilibrium, each player enters if and only if her pay-off
is non-negative. The worst type entrant (with 6 = Miﬁ) earns zero revenue. This results in strategies
m(0) that are unit step functions. Comparing (7) and (8) shows that in case of o > 0 the competitive
and social solutions lead to the same entry if and only if M < % In that case, the mass of players
are so small that under both solutions all players enter. Apart from this trivial case, whether the
competitive solution implies under- or over-entry — compared to the social planner’s choice — depends
on the sign of a. There is excessive entry in the competitive equilibrium if a > 0, since players with
higher 6 do not take into account the positive effect of their entry that accrues to entrants with lower
f. This highlights the fact that under full information, externalities are fully captured by «.

We now turn to the of no information case, which we also refer to as full opacity. In this case

each player enters with a constant probability irrespective of its type 6 since learning about its type

is prohibitively expensive. This results in strategies m(f#) that are flat functions.

Lemma 3. No information benchmark. In the absence of information (i — o0), there is al-

ways excessive entry in the competitive equilibrium. The competitive entry function is constant at

m(0)| -0 = min (m, 1), implying aggregate entry of
. 2
M - ply—soo = min <m> M) 9)

The social planner’s entry functions is also constant at mg(6)|y—»00 = min (W,l), implying

aggregate entry of (8).
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Similarly, to the full information benchmark, the competitive and social solutions lead to the same
entry when the mass of total entrants is small, M < 57%, because all enter with probability 1. This
threshold is determined by a zero utility condition for the average entrant. This leads to a larger
threshold than in the case of full information where the threshold was determined by a zero utility
condition for the worst type (highest #) entrant. For interior solutions in the competitive equilibrium,
players are indifferent between entering and not. The planner restricts entry in order to increase
the payoff to players. In fact the interior solution implies excessive entry under any other parameter
values: twice as many players enter in the competitive equilibrium than under the planner’s choice.
The intuition is analogous to the “tragedy of commons”: Each player fails to internalize that her own
entry reduces the expected benefit of entry for all other entrants. This follows from the assumption of
B > |a|, thus entering harms other entrants on average and the market is prone to “crowding”. Since
players enter irrespective of their type, what matters is the net average externality on others, which
is captured by § — a.

Why does only « corresponds to an externality under full information, while both « and 8 do
under no information? After all, expression (1) suggest that both low type entrants affect the payoff
of better type entrants and vice-versa regardless of the amount of information. In the full information
benchmark the worst type entrant is the marginal type. This entrant finds that if no one enters with a
worse type, and everyone enters with a better type, her utility is exactly 0. When a > 0, the planner
would like to force a slightly worse type to enter also, as it would increase each better type’s pay-off
through the term a(#), compensating for this worst type’s negative private pay-off. The planner could
also take into account the negative effect of this additional entrant on all the worse type entrants
through the term b(), but those do not enter anyway. This is why S does not correspond to an
externality under full information.

In contrast, under the no information benchmark, each type enters with the same positive proba-
bility. That is, the median entrant is the marginal type. Her utility is exactly zero in equilibrium. The

median entrant effects the pay-offs of both the better type entrants through the term a(f) and the

14



worse type entrants through the term b(0). These effects are ignored in the competitive solution, but

not under the planner. This is why both a and 8 corresponds to externalities under no information.

3.2 Optimal strategies in the general problem

In this part, we derive and describe the competitive equilibrium.
The following Lemma restates Proposition 1 of Yang (2015) for our model, which delivers our first

order conditions.
Lemma 4. Competitive best responses. The unique best response of a player to all other players
playing m(0) is:
. ) .ol _AuwE)
i) m(0) =1 if and only if [y e~ » d§ <1;
.. . a1 Au)
i) m(0) = 0 if and only if [y e #» df < 1;

u(6) u(6)

A A
iii) m(0) € (0,1) if and only if fole wdf > 1 and fol e df > 1, the optimal m(0) is pinned

down by the first-order condition:

1—M-B-/Ogm(é)d9~+M-a-/Glm(é)déz,u- [1og<%>—1og<1’%p>]. (10)

To solve for the equilibrium m(#), we differentiate the first-order condition (FOC) (10) with respect
to 6. That gives an ordinary differential equation for m(f) where the original first order condition at
f = 0 is the boundary condition. This ordinary differential equation can be solved up to the boundary

value m(0).

Proposition 1. Competitive equilibrium. There is a unique threshold M > 0 pinned down by
—e  h —e m , (11)
such that

15



a) if competition is weak, i.e. M < M, all players enter without learning (m(0) = 1) and this is the

unique symmetric competitive equilibrium,

b) if competition is large enough, i.e. M > M, there is a competitive symmetric equilibrium in

which the optimal entry function is given by:

m(0) = ! (12)

_a+B p, 1-m(0) 1-m(0) ’
1+ W <6M £2-0+ 1205 +og (1t ))

where Wy denotes the upper branch of the Lambert function” and m(0) is pinned down by the

boundary condition:

1.0

o o o
N ) )

Entry function (m(6))
o
n

0.2 0.4 0.6 0.8 1.0

Type (6)
The figure shows the probability of entry depending on the player’s type (entry function m(6)) in competitive equilibrium for different levels of
opacity p and fixed 8 =4, a =2, M =1, kK = 0. The optimal entry function is a step function for full transparency p = 0 (thin dashed line), and
is flattening as opacity p increases: p = 0.2 (thick dashed line) and p =1 (thick line). Eventually for full opacity p = oo it is flat (thin line).

The entry strategy m(f) for different levels of opacity p is shown in Figure 1. For p = 0 we
have a step function as described in Lemma 2. As opacity p increases, the step is first smoothed at

moderate levels of opacity (1 = 0.2) reflecting that perfect learning of one’s type is too costly and

"The upper branch of Lambert function is defined by the following implicit equation: z = Wy(z) - e"o*) if 2 > 0.
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not thus optimal. m(6) then flattens out for higher levels (1 = 1) as learning becomes more costly
and eventually becomes completely flat as with full opacity (u = co) there is no learning as shown in
Lemma 3.

Note that for any level of opacity u, the planner’s problem is the same as in the benchmark
described in Lemma 3 and there is no learning in the planner’s solution. Players want to differentiate
between states, but the planner does not. Every player wants to know whether she is better than
the other players even if this is wasteful from the social planner’s point of view. We label this as the

“rat-race” effect and it is driven by the assumption 8 > |a|.

3.3 The Welfare Effect of Competition and Opacity

This part contains our main results on the welfare effects of competition and opacity. First, we
describe the two benchmark cases of full opacity and full transparency as a function of the degree
of competition M. Then, we proceed to the welfare effects of competition. Finally, we analyze the
welfare effects of opacity.

The welfare in the benchmark cases is presented in the following Lemma and illustrated in the

bottom right panel of Figure 2.

Lemma 5. Welfare in the no information and full information benchmarks.

1. In all cases, if competition M is low enough that all players enter, welfare is given by:

—
qull entry — M - <1 - M- ﬂ 2 > . (14)

a+8
282

2. In the competitive equilibrium, if M > %, with full information: W|,—o =

3. In the competitive equilibrium, if M > 57%, with no information: W|,—0c = 0.

4. In the planner’s solution, if M > B_La, both under full and no information: W= = 5—a)"
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Note first that welfare under the planner’s solution is the same under both benchmarks. This is so,
because k = 0, hence the planner cares only about aggregate entry as opposed to entry by each type.
Therefore, the planner can implement the full information entry in the no information benchmark by
imposing identical probability of entry for all types. Welfare is increasing in competition M as long

as competition is not excessive, i.e. M < 5%&

because below this level there are not enough players
to implement the socially efficient level of entry. Welfare is constant above that level as more players
do not influence the level of aggregate entry.

Turning to the competitive solution, under no information all players enter with probability 1 as
long as the average player’s utility is positive. This leads to a hump shape pattern in M as shown
in Figure 2. Welfare is increasing as long as the mass of players is smaller than what is required
for the efficient level, but decreases afterwards. Once welfare is zero, any additional increase in M
proportionally reduces the probability of entry keeping aggregate entry and welfare constant.

Under full information, only those players enter whose payoff is positive, keeping the average pay-
off strictly positive. Whether there is over or under entry in the interior equilibrium, depends on the
sign of a as we discussed above.

Finally, given Lemma 5, it is easy to see that for some levels of competition M, welfare is higher in
the no information benchmark than in the full information benchmark whenever o« > 0. The intuition
is that under full information entry is inefficiently low. No information leads to higher entry which
can be closer to the efficient level depending on M leading to higher welfare. We summarize this

observation in the following Corollary and return to this intuition in Subsection 3.3.2 when discussing

the effect of opacity on welfare.

Corollary 1. When the mass of players are in an intermediate range, M € (%, ﬂ_%>, welfare is

higher in the no information benchmark than in the full information benchmark.
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3.3.1 Competition

In this part, we analyze the effect of competition M on welfare for general levels of opacity p. As a
preliminary step we show in Propositions 2 and 3 that the aggregate entry of players is insensitive to
the degree of competition once M is above the threshold M defined in (11). However, M is in general

different from the socially optimal level of aggregate entry defined in (8).

Proposition 2. Crowding in competitive equilibrium. The level of aggregate entry in the com-

petitive equilibrium s M - p = min (M, M)

For the intuition, recall that changing M changes the optimal strategy m () for every player
through the rat race effect and the crowding effect. As the rat race effect primarily affects the slope
of the entry function, as opposed to its level, it has little influence on the average probability of entry
p. In contrast, due to the crowding effect the average entry p decreases in the mass of potential
competitors M. In equilibrium, the decrease in p is exactly proportional to the increase in M, keeping
M -p constant.® While aggregate entry is insensitive to the level of competition, it does depend on all
the other parameters of the model. In the next Proposition we characterize how the level of under-
or over-entry is determined by the relative strength of the externalities implied by the parameters «

and § for fixed level of opacity pu.

Proposition 3. Comparative statics of crowding. If there is sufficient competition, M >

max|M, B—La]’ the amount of aggregate entry in the planner’s solution is M, = ﬁ+o¢ Crowding 1is

defined by MM’ the relative amount of competitive aggregate entry to planner’s optimum, and is

1. decreasing in o, and

2. increasing in B if a > 0, decreasing in B if a < 0 and does not depend on B if a = 0.

8 Allowing players to flexibly choose their information structure is crucial in generating the result of constant entry as
the mass of players increases. With flexible learning, the players can optimally devise their information to exactly counter
the increase in the mass of players and thus enter at a constant aggregate rate. When learning is constrained, this is not
necessarily the case: we demonstrate this in Online Appendix D in which players can only buy Gaussian signals about their

type, subject to the same entropy cost as before.
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To better understand the effects of 5 and « for fixed pu, consider their effect on the difference of
social and private incentives in the benchmarks presented in Lemmas 2 and 3. In the full information
benchmark, crowding is A—%\ 0 = ﬂ% As « measures the social benefit of low-type entrants which
players fails to internalize, crowding is decreasing in a. In contrast, for fixed «, larger § alleviates the
effect of this externality. If players suffer more by better entrants (larger ), aggregate entry decreases
both under the planner’s and the competitive solutions. However, when « > 0, this decrease in entry
is relatively smaller in the competitive solution, because o > 0 implies under-entry. In contrast, in the
no learning benchmark, crowding is —]\]%| u—oo = 2, a ratio unaffected by the parameters. Therefore,
the effects driving the full information benchmark carry over for intermediate values of p.

Next, we show that while high levels of competition do not effect aggregate entry and thus the level
of crowding, it does have a detrimental effect on welfare because it enhances the rat-race between play-
ers. Figure 2 shows the level of welfare, aggregate entry and revenue and total learning expenditure as
function of the level of competition M for several different levels of opacity p. In line with Proposition
2, aggregate entry and thus aggregate revenue does not change with competition if competition is fierce
enough (M > M). On the other hand, while the presence of some players (M < M) unambiguously

increases welfare in the competitive equilibrium, with high levels of competition, welfare is decreasing

and tends to zero. We prove this formally in the following proposition.

Proposition 4. Welfare and competition. If M > M, aggregate entry and the aggregate revenue
of players stays constant as we increase M. However, welfare becomes decoupled from revenue, and
converges to zero from above as M — oco:

W(M) > lim W(M)=0. (15)

M —o0

The reason for welfare tending to zero in this case is due to learning expenditure, see Figure 2.
As the mass of players in the market grows, they start worrying about crowding, and thus their

relative type 0, inducing them to learn about it. A rat race ensues with increasing amounts invested
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Figure 2: Real outcomes as a function of competition
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The four panels show the effect of competition M on aggregate entry, aggregate revenue, total amount spent on learning by all players and welfare
of all players. For all panels the thin solid line is the social optimum. The light thin solid line shows the competitive outcome with full opacity
(= o0) and the light thin dashed line that for full transparency (u = 0). The thick (blue) lines are the competitive outcomes for intermediate
values of opacity p: the dashed line is that for 4 = 0.2, while the solid line for g = 1. The planner’s solution is a (red) line. The other parameters
are 8 =4, a = 2, k = 0. While aggregate entry and revenue are constant above a given level of competition, welfare in the competitive equilibrium
always tends to zero with increasing competition M for any level of positive opacity 1 > 0. Note that total learning expenditure is zero in the
planner’s solution and in the benchmark competitive equilibria for 4 = 0 and p = co.

in learning and reduced welfare. Thus increasing competition among players leads to a drop in welfare
not because of overcrowding as was the case for full opacity (Lemma 5) but because of increased
spending on learning. In fact, competition does not affect crowding at all, it only improves the type
of entrants (see Appendix B).

Note, unlike in the no learning benchmark in Lemma 5, welfare is strictly positive under competitive
solution for any parameter values. This shows that learning is useful under the competitive solution.
In fact, learning is a substitute for coordination. When learning is prohibitively expensive, each player

enters with a probability that is too large. When players learn, they can partially condition their entry
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on their type allowing for less aggregate entry. Indeed, as we later show in Proposition 5, crowding
decreases when markets are less opaque. The resulting coordination is inefficient, because social and
private incentives for entry do not coincide. Still, it is always better than no learning at all. In

contrast, the planner does not have to learn to coordinate as it can choose all players’ actions.

3.3.2 Opacity

We now turn to the welfare effect of opacity. Since the a policymaker might be able to make the
market more opaque or transparent, as explained in Section 2.4, the results help us understand what
kind of markets benefit from more transparency. We show that only markets with fierce competition
unambiguously benefit from more transparency. Less fiercely contested markets might even benefit
from more opacity, partially because it makes players spend less on learning.

Welfare depends on aggregate revenue which itself is a function of aggregate entry, and thus crowd-
ing, in the market. As a first step, in Proposition 5 we show that increasing opacity p unambiguously

increases crowding in the market.

Proposition 5. Comparative statics of crowding. If there is a sufficient mass M > max|[M, M)
of players, the relative amount of competitive aggregate entry to social aggregate entry MM , 1.e. crowd-

img, s increasing in opacity (.

More costly information leads to more crowding, because the game is closer to a tragedy of commons
problem as explained in Section 3.2. Figure 3 summarizes how aggregate entry, revenue, learning
expenditure and welfare change as function of opacity u. One might expect that in a market prone
to crowding, making the market transparent (i.e. decreasing 1) increases welfare. However, as Figure
3 shows, welfare is not necessarily decreasing in opacity p. In Proposition 6, we formally show that

there are levels of competition M when higher opacity increases welfare.

Proposition 6. Optimal opacity.

1. If M € (%, (Ba—tf)g-ﬂ) then mazimal welfare in the competitive equilibrium is attained at p > 0.
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Figure 3: Real outcomes as a function of market opacity
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The four panels show the effect of opacity p on aggregate entry, aggregate revenue, total amount spent on learning by all players and welfare of
all players. We show the competitive equilibrium outcome for three levels of a. The solid line is that for &« = 2 and in this case full transparency
(n = 0) is optimal. The dashed line is for & = 2.3 in which case an interior level of opacity u is optimal. For the dotted line a = 2.7, opacity above
a threshold or full opacity is optimal. The other parameters are § =4, M =1, k = 0.

2. If a is close enough to 3, there exists an interval of  in which welfare is increasing in opacity

(i.e. %—VX > 0) for any M > M .

The first result that full transparency is not necessarily optimal is driven by competitive under-
entry for o > 0. As discussed in Section 3.1, full information is not necessarily optimal in this case
because there is insufficient entry. As opacity increases, entry gets closer to the efficient level, which
increases welfare. While this above result is already apparent from Lemma 5, adding endogenous
learning allows us to analyze the optimal level of opacity. Numerical results show that in many cases
the optimal opacity of the market is inbetween full transparency and full opacity. We show the optimal

level of opacity as a function of o and M in Figure 4.
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Figure 4: Optimal Opacity
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The figure shows the optimal level of opacity as a function of o and M with 8 =4 and x = 0. In the upper left area, full opacity (u = oo) leads
to the highest possible welfare, keeping all other parameters fixed. In the lower right area, full transparency (p = 0) is optimal. Between the
two regions, in the light area, there is an interior level of opacity p that leads to the highest welfare. From the figure it is clear that if the only
difference between two markets is the level of competition, then less competitive markets benefit from opacity, while more competitive markets
from transparency.

The intuition for the second part of Proposition 6 is much more subtle and is driven by the
welfare loss from endogenous learning. Increasing opacity has two additional effects beyond increasing
crowding: First, it increases the expenditure on learning for a fixed amount learning. Second, by
increasing the marginal cost of learning it discourages players from learning. This second effect
dominates for large pu. This is illustrated by Figure 3: total learning expenditure is hump-shaped in
. Thus for intermediate values of u, increasing opacity has a stronger beneficial effect on decreasing
learning expenditure than the detrimental effect it has on increasing crowding. Strictly speaking, the
Proposition only shows welfare is locally increasing in opacity but numerical simulations in Figure 3
show that full transparency is not a global optimum in this case either. E.g. for o = 2.3 in the figure,
an interior level of y is optimal even though there is already excessive crowding as is apparent from
the decreasing aggregate revenue of players.

Overall, the increasing opacity entails a trade-off between potentially decreasing total learning
expenditure and making crowding worse. As shown in Figure 4, intermediate opacity is optimal if «

is high and the competition in the market M is fierce because in this case learning incentives are very
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high and curtailing them has a benefit. Full opacity is not optimal, since it leads to huge crowding
and zero welfare. On the other hand, full opacity is likely to be optimal at low levels of competition,
since in these cases insufficient entry is the main issue and not allowing players to learn about their
type increases welfare by moving aggregate entry closer to its socially optimal level. Overall, if the
policymaker can influence the degree of opacity a competitive market (change ), he should make
markets with lots of competition more transparent, while markets with less competition and high «

might benefit from less transparency.

4 Extensions

In our first extension we allow for £ > 0, i.e. the payoff to players with better types is higher irrespective
of what other players do. We show that our previous results, attained in the more tractable baseline
setting with k = 0, qualitative hold in this more general setting as well. Thus the assumption that
better entrants do not get a higher payoff, i.e. there is no social value to better types entering, is not
driving our results.

In our second extension, we slightly reinterpret our measure of opacity p: one can think of it not
only as a measure of the market but also as an attribute of players. Some players might be “smarter”
and thus have a lower marginal cost of learning than others. We show that increasing the share of

smart players is similar to making the market more transparent, thus might not be optimal.

4.1 Socially more efficient types

Until now we analyzed the case where payoff of a player # depends only on her rank among those who
entered. As a result, the type-dependent part of utility was simply redistributive. That is, the planner
was not interested in which type enters, only in aggregate entry. In this part, we consider the case of

K > 0, where better types are more efficient in both a social and a competitive sense. The model can
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only be solved numerically and the real outcomes are shown in Figure 5 as a function of competition.

The formal calculation of the equilibrium can be found in Online Appendix E.

Figure 5: Competitive and social optimum with socially more efficient types
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The four panels show aggregate entry, aggregate revenue, total amount spent on learning by all players and welfare of all players as a function of
competition M. The solid line shows the competitive outcome, while the dashed line the planner’s optimum. The parameters are: f =4, a = 2,
pw = 0.5, k = 0.5. The main difference compared to Figure 2 using x = 0 is that while aggregate entry is close to flat above a threshold M, it
is not completely flat. Also, there is positive spending on learning even in the planner’s equilibrium, though much less than in the competitive
equilibrium.

In this case, the social planner also wants to differentiate between states, the socially optimal
entry function ms(6) is no longer constant, it is also downward sloping. However, the incentive for
competitive learning is even higher since private incentives include the rat race effect. Every player
wants to know whether it is ahead of the others.

We can understand the effect of Kk > 0 by comparing Figures 2 and 5. As competition increases,
aggregate entry is slightly increasing in both the competitive and the social optimum because better

type entry has increasing benefit as the mass of players increases and there are more potential good
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entrants with low 6. In both cases, aggregate revenue is increasing faster in competition M than
aggregate entry because most of the additional efficiency comes from the better entrants, not simply
more entry. The main insight of the simpler model still holds, players are also motivated by the rat
race so there is excessive learning, though the welfare loss is partially offset by the welfare gain from
the shifting type distribution of entry towards better players. Nevertheless, the revenue gains from
better entrants, which is a side-effect of over-learning, cannot offset the loss from excessive learning,

thus welfare still converges to zero.

4.2 Heterogenous players

In this section we consider an extension with heterogenous players. E.g. in a financial market, one can
think of high-frequency traders and certain hedge funds as more sophisticated than pension funds.
Instead of changing the opacity u of the market, we analyze how changing the composition of players
influences welfare. We show that increasing the share of sophisticated traders does not necessarily
increase welfare because of the ensuing rat-race, similarly to our previous analysis. This allows us to
draw the conclusion that e.g. the increasing presence of high-frequency traders in markets might be
welfare-destroying.

We modify the model from Section 2 by considering two groups of players: w- M mass of players is
sophisticated and faces a lower learning cost of p,, while (1 —w)- M mass of players is unsophisticated
and faces a higher learning cost of uy > pr. Both groups of players have types 6 that are uniformly
distributed over [0,1]. We consider the symmetric equilibrium in which sophisticated players choose
the same entry strategy of mp (6), while unsophisticated players choose the same mp (). To simplify
the problem, we assume that the unsophisticated cannot learn at all, i.e. puy — oo, resulting in a
constant my in 6 as described in Lemma 3. Otherwise the solution would be a set of two joint
differential equations which cannot be easily solved. We relegate details on how to compute the

equilibrium in this case to Online Appendix E.
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Figure 6: Real outcomes with varying composition of players
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In this Figure we vary the portion w of sophisticated players who can learn with low cost uy, while 1 — w cannot learn at all, while the mass of
players M is kept constant. The first four panels show the same outcomes as in our original model, see Figure 2. The fifth figure shows the share
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We solve the above set of equations numerically since it is analytically intractable. In Figure

6, we vary the portion w of sophisticated players who can learn with cost ur. Thus, the overall
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mass of players M is kept constant but a growing fraction of players is sophisticated. At w = 0
only unsophisticated are present and thus they enter until revenue is zero (given that M is large
enough), yielding zero welfare. As w initially increases, welfare increases since the average player is
more sophisticated and overcrowding is alleviated. There are two effects leading to decreasing welfare
as w increases further. First, if the sophisticated are very sophisticated (low ur) then having lots of
sophisticated leads to under-entry for a > 0, thus decreasing welfare. Second, and more interestingly,
welfare can be decreasing in the share of sophisticated players w even for high u7 in the absence of
under-entry. Consider for example the case of uy; = 5 in Figure 6. Aggregate entry is well above
its socially optimal level of 0.5, still if w is high, increasing w is welfare destroying. The reason is
that as w increases, the unsophisticated are less likely to enter and above about w = 0.82 they are
completely driven out of the market. Once the unsophisticated are not present, welfare is decreasing
in w as the sophisticated engage in a rat-race of learning, as illustrated by the fast increasing learning
expenditure.

Figure 6 also highlights the intricate interplay between the entry and learning strategies of the
sophisticated and the unsophisticated. First, the remaining unsophisticated are less likely to enter
as the fraction w of sophisticated increases because there is more and more aggregate entry at low
0, cream-skimming the market and leaving less revenues for unsophisticated players who enter indis-
criminately. Second, unsophisticated players are completely driven out of the market for high w when
sophisticated players are also not perfectly sophisticated (if pz > 0), thus they are competitors of
the unsophisticated, cannibalizing their revenues and eventually driving them out. The intuition is
similar to that in high-frequency trading where some players may stay out of the market because they
are afraid of very fast players front-running them.

Interestingly, if the sophisticated players are sophisticated enough (uz close to zero), unsophis-
ticated players will never be completely driven out of the market, see Figure 6. The reason is that
perfectly sophisticated players follow cutoff strategies with the last entrant at the cutoff getting zero

payoff and being indifferent. If only sophisticated players are present in the market, then an unsophis-
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ticated player with a uniform prior about its # knows it can get positive payoff if its 8 is smaller than
the cutoff of the perfectly sophisticated players and gets zero payoff (equal to that of the last perfectly
sophisticated to enter) with € higher than the cutoff since there are no other entrants with higher 6 in
equilibrium. Figure 6 shows that in the case of py = 0.04 if there are only few unsophisticated players
(w close to one), all unsophisticated enter.

The above analysis also highlights how a not very well informed (unsophisticated) player should
behave if she learns about an investment opportunity. She should enter with relatively high probability
if she thinks players in the market are predominantly sophisticated but only if she believes that the
sophisticated players are very sophisticated. On the other hand, she should not enter at all, if she
thinks the other sophisticated players are not sufficiently sophisticated. She may also choose to enter

if she thinks that players are predominantly unsophisticated.

5 Conclusions

We analyze a novel entry-game with endogenous information acquisition to study the welfare effects
of opacity and competition. Since players in an opaque market are uncertain about their competitive
advantage relative to others, they construct optimal signals to learn about it subject to an entropy
cost. The opacity of the market is captured by the marginal cost of learning, while the extent of
competition is modelled by the mass of players standing on the sidelines. In general, the individually
optimal entry and learning decisions are socially suboptimal. Players always over-invest in learning
and more opaque markets tend to be more crowded. Nevertheless, transparency is not always op-
timal as more opaqueness might still lead to higher welfare by discouraging costly learning without
excessively increasing crowding. Opaqueness is more likely to be beneficial if competition is not too
fierce, while transparency is preferred if competition is excessive. Fiercer competition leads to more
wasteful learning leading to deteriorating welfare without affecting crowding. Also, a larger share of

sophisticated players can be welfare destroying.
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A  Proofs

Proof of Lemma 1

Proof. The proof follows that of Lemma 1 in Woodford (2008) which is identical to that of Lemma 1 in Yang (2015). For a detailed

proof, see the working paper version of Yang (2015). O
Proof of Lemma 2

Proof. Under complete information, in the competitive optimum the player with the highest § = 0 to enter is indifferent between

entering and not:

-M-B-0+1=0 (A1)

yielding 0 = ﬁ Clearly if § > 1 in the above, then even the last player finds it optimal to enter and m(#) = 1. This yields (7).
To derive the planner’s choice, note that welfare is by definition aggregate revenue minus total cost of learning. We show that

with Kk = 0 aggregate revenue M - R only depends on the aggregate entry M - p.

1 1 0 — 1 .
M~R:M~/O m(6)~Au(0)d6’:M-/O m(6)~(1—M-B-/O m(e)de+M.a-/9 m(e)de)dez (A.2)
1 0 1 1
2 n %y 2 0 n _
Mep—M .5./0 m(e)/O m(8)d6do + M ~a~/0 m(e)/9 m(8)dddo = (A.3)
1 r1 N . 1 r1 N .
M-prQ-,B-/O /O m(@)-m(9)-1{9>9~}d9d9+M2-a-/0 /0 m(6) - m(B) - 15_gd6d0 (A.4)

By symmetry, each double integral can be simplified by splitting it into two identical “halves” which then can be rejoined. We

show this formally for the first one but the same can be shown for the second integral.

1 1 ~ ~ 1 1 01 ~ ~ 1 1 1 ~ ~
/O/(;m(0)~m(9)~1{9<§}d0d0:5~/(; /O m(0)~m(0)~1{0<9—}d0d0+5~/0 /0 m(0) - m(@) 1. 5ddd0 = (A5)

Lot Nadao = L. [Tm g L2
5./0 /O m(9)~m(9)d9d672/0 (e)de/o (B)do =2 -p (A.6)

Thus the aggregate revenue M - R simplifies to a function of aggregate entry M - p:

M R=Mp= M5 - p M a2 p? = (Mop)— (8- ) 2 - (M-p)? (A7)

1
2

All that remains is thus to pin down the optimal average (and thus aggregate) entry that maximizes (A.7). The first order

condition for the maximum yields:
1 1
M B—ao

p= (A.8)

33



Clearly if the resulting p > 1, then the optimal strategy is ms(0) = 1, leading to (8). Because learning is free, we could choose
many symmetric entry functions. For simplicity, let us choose the strategy in which all players with 6 < @ enter, the others stay

out.? O
Proof of Lemma 3

Proof. Under no information, in the competitive equilibrium every player enters with probability p and they are all indifferent

given they do not know their 6 and use a uniform prior. Expected payoff to entering:
1
/ M-a-(1-0)-p—M-B8-6-p+1)d6 =0 (A.9)
0

yielding the unconditional entry probability in (9). If M is low and the implied entry is larger than one, then the revenue is not
driven to zero and everyone enters for sure implying p = 1.

Only aggregate entry matters for the revenue and the entropy function penalizes any learning that leads to a non-constant
conditional entry function m(#). Thus in the social planner’s optimum, the planner maximizes welfare by choosing a constant

conditional entry function m(#) = p that maximizes welfare:
1
W(p):/p~(M~o¢~(1—9)~p—M~6~9~p+1)d9. (A.10)
0
Taking derivative with respect to p and setting to zero, this implies the entry probability in (8). As before, if the implied entry
probability is larger than one then everyone enters for sure m(6) = 1 implying ps = 1. O

Proof of Lemma 4

Proof. This Lemma is the adaptation of Proposition 1 of Yang (2015) for our model (which itself is based on Lemma 2 in Woodford
(2008)). For a detailed proof, see the working paper version of Yang (2015). For exhibitional purposes we restate the most important
part of the proof that derives (10).

First note that if the strategy function of all other players is m(0), then

Au(@)=1—M-3- /09 w(B)dd+ M - - /elm(é)da. (A11)

We use a first order perturbation method to devise the first order condition. We set m(0) + x - €(8) as m(0), while we keep the

entry decision of the others m fixed:

1
/0 ((m(0) + x - €(0)) - Au(m, ) — - L(m(0) + x - €(6))) d6. (A.12)

9n fact for the case x > 0 this is the unique solution.
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We then take derivative with respect to x and then set x = 0 yielding the FOC:

1 5 m(6) [ m(0)do B
/0 e(9) - (Au(m,@) — - |:log (1—7771(9)) — log <W>D dé =o. (A.13)

Since the original equation is an optimum, the above equality has to hold for any €(#): thus the part multiplying €(6) has to be

zero for all f. Setting m = m we arrive at the symmetric solution and get (10).

Proof of Proposition 1

Proof. First, from part i) of Lemma 4 the symmetric solution is m(0) = 1 if and only if the following condition holds:
1 Au) 1 1-MBoO+M-a-(1-6)
/ e n db :/ e 0 do <1 (A.14)
0 0

where we simply substituted Au(#) using m() = 1. Simplifying and rearranging this yields M < M where M is defined by (11).

Now we show that (11) has a unique solution M for all admissible parameters. To show this first observe that the second derivative

_1-8-M _14a-M M(a+B)
e no +e # in M is negative if and only if a? < B2e” = which holds for all M > 0 because

of the function W -
by our assumptions |3| > |a|, a4+ > 0 and p > 0. Thus, the above function defining M is continuous, concave, has the value 0 at
M = 0. It is also increasing in M at M = 0 because the first derivative is positive if oo + 8 > 0, which holds by assumption. It is
also true that the function diverges to —oo as M — oo if 8 > |a|, which again holds by assumption. Thus, it has a unique positive

root M. In this case Lemma 4 states that m() = 1 is a unique best response, thus this is also a unique symmetric equilibrium.

Second, m(#) = 0 is never a symmetric equilibrium since if it was, then the following would have to hold
1 Au) 1
/ e n do=er <1 (A.15)
0

where we simply substituted Au(0) using m(6) = 0. This can never hold because p > 0.
Third, if M > M we must thus be in case iii) of Lemma 4 and therefore have a symmetric interior solution. Differentiating

the first order condition (10) we arrive at the following differential equation:

w-m'(9)

(M.a+M-B)~m(9)=*M'

(A.16)

Thus, the competitive equilibrium strategy m(6) in the symmetric equilibrium (m = ) has to solve the above differential equation
with the original first order condition (e.g. evaluated at 6 = 0) as a boundary condition which is (13). The solution of (A.16) is
1-m(6)

1
setay + 108 (M) oL ?
M(c+ 8) Iz

(A.17)
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for an appropriate constant C. Setting § = 0 above and subtracting from the above we can eliminate C' and thus arrive at

1 1 —m(0) M(a+p8) , 1 1 —m(0)
W“"g( () ) - "’*mm)“‘)g(W) (4-18)

Taking logs and using the definition of the Lambert function (upper branch if z > 0) yields (12). Note that we have only proved
the existence of a symmetric equilibrium, as the above is a solution to (10) which — according to Lemma 4 — describes the unique
best response to the others playing the same interior strategy. Note that we do not prove that (A.17) is a unique solution to the

differential (A.16) but based on numerical simulations this is likely to be the case. O
Proof of Lemma 5

Proof. In neither cases are there any learning costs, as either learning is free (1 = 0) or because there is no learning (if u = o00).
Thus in all cases W = M - R and the expressions in the Lemma directly follow from plugging in the aggregate entry levels (from

Lemmas 2 and 3 into (A.7). O
Proof of Proposition 2

Proof. To show that M - p is constant in M once the solution m is interior, first write the system of 3 equations determining p.

First, the difference of first order condition (10) at # =0 and 6 = 1.

(1o (+57) — log (i)

= A.19
P M(a+ B) ( )
Second, the boundary condition (10) at 6 =0
m(0) P
M 1= 1 — ) -1 a—— . A.20
T “(Og(lfm(O)) Og(lfp)) (420
Third, the implicit (A.18) for m(6) evaluated at 6 = 1
log (ﬂ) flog( m{) ) = M(at5) + 1 (A.21)
1 —m(0) 1—m(1) I m(0) m(1)
Substituting
m(0)
=1 —_— A.22
S te0) (22
and
m(1)
=1 A.23
o= (720 (22
the system of three equations can be written as:
o — 21)
=—" A.24
?= M B) (A2
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aMp+1=np (mo —log (%)) (A.25)

-p
M
To —T1 = M+ 5) +e 0 —em L, (A.26)
W

Note that p > 0 by definition (3) which implies g > x1 by (A.24). Substituting out p from (A.24), (A.25), (A.26) we arrive at a

system of two equations:

o ) (2 )
G=MOEB) (o aye0 — e =0 (A.28)

0

To prove M - p is constant, it is sufficient to prove % = 0 which from (A.24) is equivalent to

oxg oz
-1 A.29
OM  OM ( )

We apply Cramer’s rule both for zo and z1 to the system of equations (A.27) and (A.28):

OF  _OF
dxg oM
oG _ 909G
61‘1 _ dzq oM (A 30)
oM OF  oF
oxg oxq
oG oG
oxg oxq
_OF  OF
oM o1
_0G 909G
oxg _ oM Oz (A 31)
oM OF  oF
odxg oxq
oG oG
oxg oxq
First, we show that the denominator,
OF 0G OF 0G (A.32)

Oxg Ox1 Ox1 Oxg

is always positive. For this, note that (.?TI; + g—fl = p. Hence, we can rewrite the denominator as

oOF (090G  0G oG
R (e AN I (A.33)
Oxg \Oxrg Oz Oxo
As % = —ﬁ < 0 and (using zo > 1),
oG | %G =e %1 —e%0 >0, (A.34)
8(20 81’1
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it is sufficient to show that 5> > 0. This is implied by the observations limy;_,¢ gzo = aLfB > 0 and

Vg p2(a+ B)
oM — (M(a+ B) + p(z1 — x0))> > 0. (A.35)

Second, we show that the numerators of the Cramer rule for the two derivatives are equal, yielding the sufficient condition

(a4 B)e=m0=71 (eP0F =1 (M (o + B) + p(x1 — 20)) — pe™ + pe™)
M(a+ B) + p(z1 — z0)

—o0. (A.36)

It follows from (A.26) that the denominator is non-zero if ¢ # x1. Thus it is sufficient to prove that

M(a+B) 11

+ (z1 — o) + - =0, (A.37)

ero er1

which is exactly the function G = 0 defined in (A.28). Thus the identity holds and we have proved that M - p is constant in M for

interior solutions. O

Lemma A.1. Technical properties of M. Let us define

M(a+B) aM+1
A=e » =2 » +1 (A.38)
and
aM+1 M(a+B8) aM+1
B=p (e n—e H ) +a (e w— 1) . (A.39)
For any set of feasible parameters, A > 0, B < 0, and
_ M(a+B)
B-M+e = —1<0. (A.40)
Furthermore,
dM
B = - ( o+ 1) —a) (A.41)
M
—_— = ( B+ 1) M3 — a) (A.42)
da
_ Nrets
dM - D 1
— = M+ L (A.43)
du B o

Proof of Lemma A.1'°

10y thank Gébor Lippner for helping us with this proof.
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Proof. First note that rearranging (11) defining M yields:

M
M
e (A.44)
= (a+h)
Let us start by showing that A > 0. Using (A.44), (A.38) can be rewritten as:

(at+p)- M 1 M (at+pB)- M4 e(DhLB)'%il 2
A=ce nwo—2.en-e n f+1l=¢e w—2.— 4 1=e"——.(e*=1)+1, (A.45)
(a+8)- 4 z

where we denote z = (a+ 3) - % Note that z > 0 by assumption thus it suffices to show that z- A > 0 for all z > 0. This follows

from the fact that lim,_,o4+ A -z = 0 and that the first derivative of A -z is 1 — e*(1 — z) which is strictly positive for z > 0. The

latter statement is obvious for z > 1 and for z < 1 it reduces to showing e* < 1:2' Using the Taylor series of e* around z = 0 it

holds that e* < 142+ 22 for z < 1 since 332 5 & < 1. It is thus sufficient to prove 14 2+ 22 < - which holds for all z € (0, 1).
Thus we have shown A > 0.

7 —o L 7 —a-M
In order to prove B < 0 it suffices to prove that % e~ “w . B <0 since % -e” % > 0. Using (A.39) one can thus write:

M _a.M M 1 M gm M _am Mo oM M .74 M _q.0
— e a#~B:(a+,3)-—-e#—ﬁ-—-eﬁ#—oa‘—-e *u =P —e a“—,3~—~eﬁ#—oz-—e Y (AL46)
I 2 w p 1 2
1
where we substituted e* from (A.44). Thus we only have to show:
M M M M M oM
e’BH—,B = <e a#—(—a —) e n (A.47)
p p

(e Byer (o)

Since - % > —a- %l follows from B+« > 0. If a < 0 then (A) follows from the fact that f(¢) is a monotone decreasing function if

t > 0 since f/(t) = —t-e! < 0 (and it is monotone increasing if ¢ < 0). If & > 0 then we use that by our assumptions that 8 > |a|.

Thus f (—a~ %) > f (—[3- %) since f(t) is a monotone increasing function if ¢ < 0. Thus in this case it suffices to show that

f (6 . %) <f (—,B~ %) which means all we need to show that is f(t) < f(—t) for all t > 0, i.e. €2t - (t —1)+t+1>0for t >0

which is obvious for ¢ > 1 and for ¢ € (0,1) reduces to showing % > e2!. An upper bound on e?! using the Taylor expansion is

e?t <14 2t+2t2 4 % + 2t* for t € (0,1), which follows from approximating all fourth and higher order terms from above using
k 3

> Qk—, < 2. Thus it suffices to show % > 142t +2t2 + % + 2t* which simplifies to % +2t2 > %t and is true for all t € (0,1).

Thus we have shown B < 0.
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M (a+B)

In order to prove B- M +e #~ — 1 < 0 we first multiply it by i -e” % >0 and thus have to show
—o M M 1 AL o M
e Y —B+—~(e5u—e“u)<0 (A.49)
1 "
using (A.46) this can be rewritten as
AL —aM M gix M _oM
(eﬁﬂ—eaﬂ)(l—l—l/p)—ﬁ—eﬁu—a—eaﬂ <0 (A.50)
" 1
_ _ 1 R
Let s = % and t = 704%, by our assumptions s > t. Using (A.44) i =loger = log %, substituting this into (A.50), one
needs to show:
e’ — et se® — tet (s —1t)e® es—t
1+1o < =t+ =t+(s—t)——— A.51
g(s—t) es —et es —et ( )es—t—l ( )
Note that 1 + log (e::it) =1+1t+log (e:_j;1>, thus denoting z = s — t > 0, it suffices to prove
z
1+log(e® —1) —logz — z— 1 <0. (A.52)
er —

At z — 0+ the left hand side evaluates to zero, thus it suffices to show that it is monotonically decreasing in z. Taking the

derivative, we need to show
—1—e?* +e*(2+22)
z(e* —1)2

<0 (A.53)

Since the denominator is positive, we need to show —1 — e2? + e%(2 + 22) < 0 for 2 > 0. Note that at z = 0 this evaluates
to 0, thus it suffices to show that —1 — 2% + e%(2 4 22) is monotone decreasing. Taking the derivative again, one has to show

e? (z2 + 2z — 2e* + 2) < 0 which simply follows from the fact that the Taylor expansion of e® implies e* > 1+ z + % for z > 0,

_ M(a+8)
as we can neglect the other positive terms. Thus we have shown that B- M +e ~ —-1<0.
For the derivatives of M recall that M is defined implicitly by (11):
M - _1-BM _1taM
poM(a+B) A= e (A.54)
o
- OF
Thus, % for any parameter “.” becomes: ,gj by the implicit function theorem. Then, (A.42)-(A.43) are given by simple
oM
algebra. O
Proof of Proposition 3
_ M
Proof. Ms = ﬁ+a follows from (8). Using it the derivative of interest 345 for any parameter “.” becomes:
a2 aNp (B —
M a) -
s — . —a)+ ——= .M. A.55
d . B-o a. (A.55)
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Basic algebra and Lemma A.1 yields

proving the first statement, and

(A.56)

(A.57)
the sign of which is the same as the sign of «, proving the second statement in the proposition
Proof of Proposition 4

Aggregate revenue and welfare in this full entry case are

Proof. By Proposition 1 when M < M all players enter with probability 1. Hence, all equilibrium objects are the same for the
planner and in the decentralized solution. In particular, average entry of a player is p = 1 thus expected aggregate entry is M

1
M-R=W MRS_WS:M-/(M-a~(1—€) M-B-604+1)d6 =M —
0

2
To arrive at a formula for W(M) for M > M, we first express aggregate learning from (2) and rearrange by using the fact that p

(A.58)
M-L=M-. (plog B] +(1—p)log [ﬁ]) fM-/Ol( 0) log [mt@)} +(1—m( ))log[
~ ) 1og [ 1 | = m(0)10g [ | = (1 =m0 10s
M- /me) log{ ]+(17 m(6)) - log[

_ M? (B - a)
is constant in 6 and that p = fo m(6) do

(@D 0=
M~/01p10g|:%]+(1

1
4] a6 =
1—m(60)
1 m(6)
1 0) 1 —— | df =
| 108 ] oo [0
! m(6) 1-p
M - 0)- (1 —_— ) - do — M - 1 ——— ) dé. A.59
fy o (s (7 2500) s (:25)) e () (459
Multiplying the above by p and replacing the interior part of the first integral using the first order condition expressed in (10)
yields:
1 . 0 . 1 1— D
M-p-L=M / m(0) [M a~/ m(0)d0 — M - 3 / m(0)do + 1} de — M / - log (7) de. (A.60)
0 0 0 L —m(0)
Thus the first integral is exactly the definition of aggregate revenue. Since M - p is constant if M > M (see Proposition 2), so is
aggregate revenue M - R. Rearranging yields the below expression for W

W(M):M-,u,~/ollog( 1=p

1—7m(6‘)) de

(A.61)
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We now show that welfare converges to zero for M — oco. Since both m(6) — 0 and p — 0 in this case, one can use the first

order approximation that

—-p

li 1 ——— | =limlog(1—p)— log (1 — m(0)) =~ m(0) — A.62
i tog (I ) = i o (1 =)~ lim1og (1 = m(6)) = m(6) ~ » (4.62)

1
Since m — 0 it holds that lo(g(j’)i) — 0 and log (1 — m) — 0 thus the implicit equation (A.17) for m(#) can be approximated to

first order by
1

0
i M(a+ 8) (C + ;) =0. (A.63)

A closed form solution can be obtained in this limit case:

B p
") = a8 (CrT ) (A.64)

for an appropriate C. By the definition of the average entry p this implies

penr. [ . (L )
M-p=M /0 m(o)dh = o tog (- +1). (A.65)

From Proposition 2 we know that M - p is a constant for any M > M, thus (A.65) yields:

C= ! . (A.66)

M-(atB)
)

Now we turn back to showing that welfare converges to zero for M — co. Using the first order approximations of m(6) and p

as expressed in (A.64) and (A.65), one can thus write:

1
p@))d&: lim “'/o M-m(0) — M-pdf = (A.67)

1 1—
lim W(M)= lim M- pu- / log | —————
M— 00 M—00 0 1—m( M—00

[ st st ()= [f o e( )
“/o(<a+/s><0u+e> avp Blent))Y =013 /ocwe‘” ele, 1) =0

V=w
M

Thus W (M) — 0 and this convergence happens from above, since the payoff per player cannot be negative, otherwise players

would choose not to enter. O

Proof of Proposition 5

Proof. Following the logic of the proof of Proposition 3 basic algebra and Lemma A.1 yields:

v _ VI (o+B)
AN g et ~1 B-
. _ te ¥ Bza sy (A.68)
du B m
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Proof of Proposition 6

Proof. Part 1 of the Proposition follows directly from Lemma 5.

Part 2 follows from using the expression for W from (A.61) and differentiating with respect to u:

1 _ 1
op 0 L —m(0) 1—pou o 1—m(0) Ou

Also, differentiating (A.18) with respect to 6:

_ 1 om(0) _ 1 om(0) M(a+B) »
W2O)1—m(@) on  mE0)(1-m(0) o 2
When 0 = 1:
B 1 om(1) _ 1 om(0)  M(a+B)
m?(1)(1 —m(1)) op m2(0)(1 —m(0)) Op p?
(A.70) minus (A.71) yields:
B 1 om(0) 1 Bm(l)_}_M(a—i—,@).(l_e)
m2(0)(L—m(6)) o m2(1)(L-m(1) Oop p?

Next we solve Om(0)/0p and Om(1)/0u. (A.19) is equivalent to:

e @) T P P

The latter equality used the fact that M - p is constant in M once the solution m is in interior. Define

_ M(e+5)
5,

Y

Differentiate (A.73) with respect to p:

1 om(0) 1 om(1) _ oY

m(0)(1-m(0) o  m1)A-m1) o  Ou

From (A.71) and (A.71):

1 om(0) | . M@+s) oy

T ) e = moy i (MO e )
1 om(1) | o M@+ oy

W0 —m) op m(ﬂ)—mu)( ©-FFR )
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(A.70)

(A.71)

(A.72)

(A.73)

(A.74)

(A.75)

(A.76)

(A.77)



Calculating (0) m(l) -(A.76) + -(A.77) and then substituting (A.70) and (A.72):

(1)
m(O m (1)

m(0) —p . 1 om(0) p—m(1) ) 1 om(1)
(1) m2(0)(L—=m(0)) op  m(0)—m(1) m*(1)(L-m(l)) o

:m(mim(l) (”' (i:m E) = m(0) = m(1) (%*%)

=

| |+~

From (A.70), (A.72) and (A.78):

1 om(0)
w2@) (1~ m(®) op
L (Y Y\, mO-p Ma+iB)  p-ml) Matp)
=0 o ) ) ) g ()

We begin from the last term of (A.69), substituting (A.79):

! 1 om(0)
/ @) op "

L (Y YN m©) —p  M@+p) [, ,
_m(O)—m(l)( +8M)/ (6)do + () —m(D e /09 (6)do

o) Mt o
m(0) — m(1) / —9)

From (A.16):

Applying integration by parts:

Ma+8) [ty 2pao— L [Tg. ™ O
e /09 (0)do = H/o 6 9)d0

= " /0 0 d(log(1 —m(9))) = " {log(l —m(1)) — /o log(1 — m(@))d@]

Similarly:

M(a+5) ' — 0)ym? =1 1o —m —log(l—m
- [a-o (9)d9—u[/0 log(1 — m(6))df — log(1 (o>>}

Substitute (A.82) and (A.83) into (A.80):

R G PR R L P e
/ol— m® op "m0~ m(1)<u+0u>/o (6)d0 ufolg(l (0))d0

1 mO=r q_m 1 p—m®
() —m( B I m(D)

log(1 — m(0))
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(A.78)

(A.79)

(A.80)

(A.81)

(A.82)

(A.83)

(A.84)



Next we study the second term of (A.69), using (A.79):

% _ 1 8m(9) _ 1 Z 8_Y 1m2 .
op 7/0 op  m(0) —m(1) (“ + Bu)/o alet (0))do

m@0)—p M(a+p) [t
+ S /Oem (0)(1 — m(0))do

m(O) m(1)
m(l)  M(a+8) [!
m(o) R / (1 — m(6))d6 (A.85)
Applying integration by parts and using (A.16):
M(a+8) Y, ,
T/o om2(0)(1 — m(0))d 77/ 9. m' (0)do = ~ [/ m(0)d6 — m(l)} Lo —m) (A.86)
Similarly, using (A.16) and applying integration by parts:
M@+8) [ om0y (1 —m 1 m Lim
2 /o (1—-6)m=(6)(1 (0))do = p |: (0) — / d0:| (m(0) — p) (A.87)

Substitute (A.86) and (A.87) into (A.85):

3—2 m<0)1 (Y )/ m*(O)(1 =~ m(©)ds (59

Substitute (A.84) and (A.88) into (A.69):

1 oW m(0)—p
Mo 77”(0) —— log(1 — m(1)) +

p—m(1)
m(0) — m(1)

+2 (1ogt=p) — [ 1081~ m(@)as

log(1 —m(0)) — log(1 — p)

t i (e 5 ([ o= 2 [0 - monw) (a5

In the last section, we prove that when a/f — 1, there exists a range of p such that 9W/du > 0 for any M.

First, the function log(l + z) — =z +

_m(0)—p.
1-p °

-x2 > 0 for x € [—a,0). Let a = %)p_p. Substitute in z = I]_Tngl) and

1
2-(1—a)

xr =

p—m(1) 1 p—m(1)\?

log(1 ~ m(1)) > log(1 —p) + 1 —2(1_a)( o ) (A.90)
m(0) —p 1 m(0) —p 2

log(1 —m(0)) > log(1 — p) — - 72(17@( - ) (A.91)

45



m(0) - p—m(1) L (p—m@)(m(©) —p) 1
IO g1 = m(1) + L g1 = m0) —tog(1 - p) 2 - LD L
1O -m)? 1-p __1(m)=m1) mO1—m1) __1(m0)-m1)?

2T a2 I-m@ > 8 (-p?  m)A-m@) 8 (1—p? ’ (#.92)

where the last equality comes from (A.73) and (A.74).
Second, log(1 — ) is a concave function of z. Taking a Taylor expansion and using Jensen’s inequality for all third order and

higher terms:

—p)— o -m 1 min _ ' m2(6) — p? 1 m
og(1 =)~ [ ot -m@)w0 > 3 _min A [0 -ty = ot [0 -pw (a9
Let 0, be the value such that m(60,) = p is satisfied, using (A.16)
1 0p 1
/ (m(0) — d9—/ (m(0) — )2d9+/0 (m(Gp)fm(O))2d926ghi)n1] (m'(0))* [/O (afap)2d9+/0 (9p0)2d9]
e 2 2(q 2
> [FEEE 2 —mo)| - 3 6+ 0-00%) 2 15 1)1 - m(O)? (A94)
From (A.20) and (A.22):
1 1 M(a+B) Mpa+p) Ma+p) .
) om0 o oa . 4P (4.95)
Substitute (A.95) into (A.94):
! 1 M?(a+f)? _ 1 (m@1) —m(0)* m*(1)(1 —m(0))*
[} @ —pptan > 5 O 1)1 o) = 5 I (A.96)

Substitute (A.96) into (A.93):

1 L (1) = m(O)? m2(1)(1 = m(O)?
et =) = [ ot =m(0)0 2 33 B
_ 1 )~ m()? m(o) m()
a2 (e e )
() —mO)? -
= A 2y (A.97)

where the last step used (A.19) and (A.74).
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Third, we provide a lower bound for the third term in (A.89). Define g(6) = m(8) — m(1), where g() is non-negative for

0 € [0, 1] and decreasing.

/Olm2(0)d6—ﬁ Olm(G)(l—m(Q [/ m3 0)d0—/ m(6)do - / m? d@}
[/ (m(1) + g(6))3do — /(m(1)+ge) de/ )%1@}

LIy |:m(1)3 +3m2(1) /01 9(6)d8 + 3m(1) /01 $(6)d6 + /01 g3(0)d9}

:ﬁ

+ﬁ : [m(l)3 — 3m?(1) /01 9(6)d6 — m(1) /01 G2(0)d0 — 2m (1) (/01 g(9)d9) ‘L /O1 g(g)do/ol g2(9)d9}
- ﬁ . <2m(1) [/0192(9)d9 _ (/01 g(e)d9)2 n [/0193(9)(10 _ /01 g(g)de/olgz(g)deD (A.98)

For the first term in (A.98)

2

/ ' g2(0)d0 - (/ 1g(e>d9)2 -/ ' (s~ [ 1g<9)d0) -/ {(m(6) - m(1) — (p— m(1)? = / () -p?  (A99)

Now define 6), such that m(6,) = p, and then take the second order Taylor expansion of m(0) around 6. (A.99) can be approximated
by

0p 1
/ (m(0) = p)? > min_ (1(9))” {/0 (0_9,,)2d9+/0 0, —9)2[19} > % Jmin (m'(0)* (A.100)

€lo,1] Y

Since both g(#) and g?() are decreasing functions of §. From Chebyshev’s sum inequality,

/01 (0)d6>/ de/ (A.101)

Plugging (A.99), (A.100), (A.101) into (A.98) one arrives at the following lower bound for the third term in (A.89):

! 2 _L 1771,2 —m le .- min m/ 2
| om0 - [ 200 = m@)io > - m) min (m'0))

6 0€0,1]
_1 o1 (m(1) —=m(0))* m2(1)(1 —m(0))?
=5 i -m(1) - TESE . 2 (0) (A.102)
where we used the same steps as in (A.94), (A.95), and (A.96).
From (A.95):
mO) —m() _ M@+p) | Mepa+d) 1-p_ M-(+h) 1-p_Y(-p) 10
m(0)m(1) B B P B P p
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rearrange to get

Y _ 1 D
m(0) —m(1)  m(0)ym(1)1—p (A.104)
Combining (A.104) and (A.102)
1 oY 1 1 1
(0) —m(1) (Y+u- a—#) (/0 m*(6)df — =/ m2(0)(1 — m(e))de)
pooY Y 11 (m(1) —m(0))* m*(1)(1 —m(0))
= (H Y ap) ) —m@® 61-p" Y T a2 m2(0)
_L p 9Y (m(1) —m(0)? pm?(1)(1 —m(0))>
6( JrY 6u) (1-p)? (1 —p)2m(0)3
Ly 0V ) =m0)® m*M)1=m©)> 1/  p oY\ (m1=-m0)* _s
26 ( Y 8},1/) (]_ — p)2 m(0)3(1 _ m(l))3 = 6 (1 + % 8;,6) (1 —p)2 (A105)

(A.92), (A.97) and (A.105), using (A.89), imply that 8W/du > 0 for any M if the following sufficient condition is satisfied:

Ly 1 oy 1 _ay w0
—— — — 1 0 A.106
¢ Tt Yy o) (A.106)
This is true if Y < 0.03 and
)4 1
A (A.107)
Y “w 3

(A.107) is equivalent to:
T 3 11 (A.108)

Note that (11) can be rewritten as:

1 1 _B o
ek = (ea+ﬁy —e a+BY) , (A.109)

1 1/ 2oy ey _ B—a
;_log< (e +8 e +B )) _Z+72(Q+B)Y (AllO)

where Z is defined by

eY/2 _ o—Y/2
Z = log — ) (A.111)
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and limy _,g Z = 0.

(A.108) holds if and only if:

Note that lim, 00 Y = 0 and taking a Taylor expansion of % -

1
lim — -
p—oo Y
Rearranging (A.114) we need to show that
1 dz
4. (2= _2
Y dy

N W

<IN

N

3 Z
2 Y

B —a
a+ B
%% around Y = 0 yields

3 Z\ 1

2 Y 48
1 -«
Y a+p

(A.112)

(A.113)

(A.114)

Using (A.113), for high enough u, the right hand side can be bounded from below by e.g. i. Now for the fixed Y associated with

this p, one can find an alpha close enough to 8 such that the right hand side is smaller than

M > M (for the M associated with the chosen u) thus we are in an interior equilibrium that (A.61) can indeed be used.

Thus we have shown that for high enough p, %—VX > 0 for all M above the threshold M.
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. For high enough M we have



